5.3. Prufungsaufgaben zur Kurvenuntersuchung ganzrationaler Funktionen

Problem 1a (10)

Find intercepts, extrema and inflexion points of f(x) = %x3 - gxz and draw its graph including all significant points.

Solution
f(x) = %xz(x —3) = Intersects Sx1(0]0) (double = Max/Min) and Sx2(3|0)

ver _ 3, _ 3

f'(x) 2x 3X 2x(x 2)

f'(x)=3x-3

f"(x) =1

Relative maximum: (f'(x) = 0 and *(x) < 0): Max(0|0)
Relative minimum: (f'(x) = 0 and f'(x) > 0): Min(2]-2)
Inflexion point: (f"(x) = 0 and f"(x) = 0): Inf(1]-1)
Graph

Problem 1b (10)

Find intercepts, extrema and inflexion points of f(x) = %xe' -3x%+ gx and draw its graph including all significant points.

Solution

f(x) = %x(x —3)? = Intersects Sx1(3|0) (double = Max/Min) and Sx(0]0)

fi(x) = gx2—6x+ = =(x*—4x+3)= g(x—l)(x—S)

N | ©
N w

f'(X) =3x—-6

f"(x) =1

Relative maximum: (f'(x) = 0 and *(x) < 0): Max(1|2)
Relative minimum: (f'(x) = 0 and f*(x) > 0): Min(3|0)
Inflexion point: (f'(x) = 0 and f"(x) = 0): Inf(2|1)
Graph

Problem 1c (10)

Find intercepts, extrema and inflexion points of f(x) = % x3+x2+ g x and draw its graph including all significant points.

Solution

Achsenschnittpunkte: f(x) = % X3+ x%+ %x = % X(X + 3)? = S5,1(0]0) und Sx2(—3|0) (doppelt)

Ableitungen: f*(x) = %Xz +2x + x+3)xx+1),’x)=x+2und P’(x) =1

N | w
N |+

Extrempunkte (£(x) = 0 und £’(x) </> 0): H(=3|0) und T(-1 |—§ )

1
Wendepunkte (£°(x) = 0 mit VZW): W(-2|- 5)
Graph
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Problem 1d (10)

Find intercepts, extrema and inflexion points of f(x) = $x3 - %xz - %x and draw ist graph including all significant points.

Solution
Intercepts: f(x) = ix3— 1x2— §x L X(x? — 3x — 9) = Syx1(0]0) und Sxm(— = \/_ 510) )
12 4 4 12

o 1, 1 3_1 ) 1
Derivatives: f*(x) = ZX - Ex - = Z(X Nx+1), °(x)= —(X 2)und £7°(x) = 2 2)
Extrema (f'(x) = 0 and £°(x) </> 0): Max(—1| E) and Min(3|— %) 2)
Inflexion point (f°(x) = 0 and f*“‘(x) # 0): Inf(2|— 1—61) 2
Graph (2
Problem 1e (10)
Find intercepts, extrema and inflexion points of f(x) = —% x3 — gxz - ?x and draw its graph including all significant points.
Solution

) 1, 6, 18 _ 1 .,

Intercepts: f(x) = fEx - gx -7 X = fﬁx(x +12x + 36) = Sx1(0|0) und Sx2(—6/0) (double) )

A 3 12 18 3 3 3
Derivatives: f'(x) = —— X2 — ——x — — =—— (X +B)(Xx + 2), f’(x) = —= (X + 4) und £’ (x) = — > 2

(x) 10 R 10( J(x +2), £(x) 5( ) und £7°(x) = 2

Extrema (£(x) = 0 and ’(x) </> 0): Min(—6|0) and Max(-2| ?) 2)
Inflexion point (f°(x) = 0 and f***(x) # 0): Inf(—4| %) 2)
Graph 2

Problem 1f (10)

Find intercepts, extrema and inflexion points of f(x) = %x3 - gxz + ?x and draw its graph including all significant points.

Solution
. 1., 6, 18 1 ,
Intercepts: f(x) = Ex - EX + Ex = EX(X —12x +36) = Sx1(0]0) und Sx2(6]0) (double) 2
Derivatives: f*(x) = 3X2 - Ex @ = —( -6)(x—2),’x)= = (x 4)und £’(x) = § 2)
10 5 5 5
Extrema (f(x) = 0 and £’(x) </> 0): Max(6|0) and Min(2|— E) 2)
Inflexion point (£°(x) = 0 and **“(x) # 0): Inf(4|— %) 2)

Graph 2



Problem 1g (10)

Find intercepts, extrema and inflexion points of f(x) = % x3— 1 X2 — %x and draw ist graph including all significant points.

5
Solution
) 1, 1, 1. 1 .,
Intercepts: f(x) = —x®— = x2— =x = — X(x2 — 6X — 15) = S,1(0]0) und Sxz3(3 * 2/6 |0) 2)
30 5 2 30
1 2 1 1 1 1

Derivatives: f'(x) = —X?— =x— = = —(x = 5)(x+ 1), ’(x) = = (X -2) und () = = 2

erivatives: f*(x) 10 c X >~ 1o x=5x+1), %) c ( ) un (x) c 2

4 . 10
Extrema (f'(x) = 0 and £°(x) </> 0): Max(—1| E) and Min(5|— E) 2
. . 23

Inflexion point (f’(x) = 0 and £**“(x) # 0): Inf(2|— I ) 2)
Graph 2

Aufgabe 2a (10)

Untersuche das Schaubild von f(x) = %x“ - %xf‘ auf Achsenschnittpunkte, Extrem- und Wendepunkte. Skizziere seinen Verlauf.

Ldsung
_ 9., 3.,_3,3 . . 8
f(x) = EX - Zx = Zx (gx — 1) = Achsenschnittpunkte Sx1(0|0) (dreifach = SP) und SXZ(E |0) (2)
9 9 9 1
F(x)= =x3—- =x2= =x3(=x-1 1
(x) 3 2 1 ( > ) 1)
27 9 9 /3
f'(X) = —x?- =x= =x(=x-1 1
(x) 8 o ( 1 ) (€
27 9 9.3
f"X)= —x—- - =—(=x-1 0
(x) 2 >3 ( 5 ) )
Tiefpunkt: (f'(x) = 0 und '(x) > 0): T(2|—%) 2)
Wendepunkte: (f*(x) = 0 und f"'(x) = 0): W1(0|0) (Sattelpunkt) und Wg(% |—g) 4
Aufgabe 2b (10)
Untersuche f(x) = x* — 7x% + 12 auf Achsenschnittpunkte sowie Extrem- und Wendepunkte. Skizziere seinen Verlauf.
Ldsung
f(X) = (X2 — 3)(x? — 4)= Achsenschnittpunkte Sy1/2(+ /3 |0) sowie Sy1/2(x2]0) und S,(0]12) )
fi(X) = 4x3 — 14x = 4x3(x — g) [€h)
f'(X) = 12x2 - 14 = 12(x? - %) Q)
(x) = 24x (0)
Tiefpunkte: (f'(X) = 0 mit VZW von — nach + oder f'(x) > 0): Ty(z g |—%) 2)
Hochpunkt: (f'(x) = 0 mit VZW von + nach — oder "(x) < 0): H(0|12) 2
Wendepunkt: (f'(x) = 0 mit VZW oder "(x) = 0): Wl/z(i\/z | %) 4
Aufgabe 2¢ (10)

1 . . - .
Untersuche f(x) = — 3 x* + 3x2 — 4 auf Achsenschnittpunkte sowie Extrem- und Wendepunkte. Skizziere seinen Verlauf.



Losung
fx) = —% (X2 — 2)(x? — 4)= Achsenschnittpunkte Sy1/2(% /2 |0) sowie Sy1/2(2|0) und Sy(0[12)

f(x) = —2x3 + 6x = —2x(x> - 3)
f'(X) =—6x + 6 = —6(x — 1)
£(x) = ~6

Hochpunkte: (f'(x) = 0 mit VZW von + nach — oder f"(x) < 0): Hy(x J3 |%)
Tiefpunkt: (f(x) = 0 mit VZW von — nach + oder f"(x) > 0): T(0|—4)
Wendepunkt: (f"(x) = 0 mit VZW oder f"(x) = 0): W1/2(J_rl|—g)

Exercise 3 (10)

Find the intercepts, extrema and inflexion points of f(x) = %x5 - % x% + 4x and draw its graph.

Solution
1 4 25 2
f(x) = gx(x - ?x + 20) = Intercept Sx1(0]0)
F(x) = x4~ 5x2 + 4 = (¢ — 4)(0 — 1)
f'(x) = 4x3 — 10x = 4x(x? — g)

f"(x) = 12x - 10 = 12(x — g)
. - , . . 38 . 16
Relative minima: (f'(x) = 0 and f'(x) > 0): Mml(_”_E) and M|n2(2|E)
: : . " 16 38
Relative maxima: (f'(x) = 0 and f'(x) < 0): Maxl(—2|—E) and Max(1| E)

Inflexion points: (f*(x) = 0 and f"(x) = 0): Inf1(0|0) and Infy3(x g |i§\/§)

Graph
Exercise 6 (10)

Find the intercepts, extrema and inflexion points of f(x) = ,% x° + %xe' and draw its graph.

Solution
f(x) = NERCRLE —ix3(x2 - 25)
150 6 150
Symmetry: f(x) = —f(—x) = Symmetry with respect to the origin
Intercepts: Sx1(0]0) (triple) and Sxz/3(£5|0)
Derivatives: f'(x) = S x4 — 1 X% = L X3(x? - 15), f"(x) = 2 x®—x and f"(x) = 2 x2—1
30 2 30 15 5

Extrema: f(x) = 0, £**(x) </> 0 = rel Max(+/15 | v/15 ) = Max(3,87|3,87) and rel Min(-+/15 |- +/15 ) = Min(-3,87-3,87)
Saddle point: £*(0) = 0, £*(0) = 0, £***(0) # 0 = saddle point S(0|0)

Inflexion point: f*“(x) =0, f*“‘(x) # 0) = Infy(x % |+ % \/%) ~ Inf1p(22,74|5+2,40)
Graph
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