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1 Differentiation in R"

1.1 Shrinking lemma

For B = Bj (0) and every continuous g :B — R™ with |g(x) —x| < eforallx € dBand 0 <e < 1
we have Bi_(0) C g[Bi (0)].

Proof: Assuming there exists a y € Bi_.(0) \ g[B] we also have y ¢ g[dB] and hence y ¢ g [E}

such that we can define a continuous h : B — 6B by h(x) = g:gg%r For x € 6B we have
x-y—-gx)=x-y+x-(x—g(x)) —x-x<|y|+e—1<0 and hence x - h(x) < 0, particularly

x # h (x) in contradiction to Brouwer’s fixed point theorem [10, 22.11].

1.2 Differentiable functions

A function f : U — R"™ on some open

U Cc R™ is differentiable at x € U iff ©

there exists a linear g—g(x) : R™ — R

. . --===‘==_~‘~ Suwany

with Jim L |f (x+h) —f(x) ~ $ ()h| = 0 FErs
|h|—0 ===-==-=—-=-==\§\\ = V'\-

or equivalently f(x+h) = f(x) + g—g (x)h +
o(|h|) using Hardy’s small order symbol
o(r) = ¢(x) for any otherwise unspecified
residue function ¢ : R — R with al?ii%@ = 0.
In the same context we somtimes use Hardy’s
large order symbol O (z) =z - ¢ (z).

In the case of (total) differentiability the lin-
ear map g—g (x) is represented by the Jacobian

matrix whose elements (g—g (x)) = gg (x) =
ij

M are the partial derivatives of the componentsin f =3 f;e; according to defini-

lim

h—0 i=1

tion [8, 11.1]. The existence of partial derivatives may not be sufficient for (total) differentiability: The
2_ .2

function f : R? — R with f (0;0) = 0 and f (z1;22) = 3122, has partial derivatives 3%1 (x) = 2a(ef—o1)

= x%—‘,—x% (Q%er?)z

resp. % (x) = M and 8@ (0) = -Z (0) = 0 although it is not even continuous at 0. The prob-
2 (z2+a2) &1 082

lem is that the linear approximation is restricted to the direction of the coordinate axes with

gradient zero wheras any deviation from these two direction results in a jump to a singularity.

1.3 Continuous differentiability

A function f : U — R™ on some open U C R™ is continuously differentiable at x € U iff all

partial derivatives gg (x) exist and are continuous.
Proof:
: : atives i — i JiGthe)—fi(x) s ((EGxthle) —f(x))ei) s 1/ df
=>: The partial derivatives 5! (x) = ilzli% L = ilzl—>mo ] = ,11135|h| < ¢ (x) [h]e;,
(g—g (x)) . exist and they are continuous since ggj (x) — gg; (y) = <§—£ (x) ej,ei> - d—g (y) ej,ei> =
ij

<(% (x)f%(y» ej,el-> for1<j<mresp. 1 <i<n.

<: According to the hypothesis for any € > 0 there is a By (x) C U with ‘gg; (x) — ggj (y)’ < & for

m J
every y € Bs (x). Forh =3} hje; with |h| < 0 we define hg = 0and h; =3 hiey, for 1 < j < m such
j=1 k=1

3



3

that f (x +h) —f(x) => (f(x+h;) —f(x+h;_1)). Since x+h;_1 € Bs(x) and Bs (x) is convex

7j=1
the segments {p (x +h;) + (1 —p)(x+h;):0<p <1} C Bs(x) whence the mean value theorem
8, 12.11] gives a 0 < p; < 1 such that f (x +h;) —f(x+hj_1) = h; (x+h] 1 +pjhje;) = h;

n
8% (x)+9;h;- < for some 0 < ¥J; < 1 and every 1 < j < m . Note that we uase the derivative 2 aTj :Zl
1=

gg? - ; of the simple vector valued function p; — f (x +h;_1 + p;hje;) whose components coincide
J

with the partial derivatives ggj of f. Summing up we obtain |f (x +h) —f(x)— Z h; 05] (x)] <

m

m 1 h; < |h|-e. Hence f is totally differentiable at x and the continuity of all components
j:

gg (x) extends to the derivative %,

1.4 The product rule

For differentiable f,g : U — R” on some open U C R™ with a continuous bilinear map - :
R™ x R™ — R? the product f - g is again differentiable with % (x) = % (x)-g(x)+ f(x)- % (x)
meaning the linear map dfg (x) : R™ — R™ with Cg—}',g (x)y = % x)y-g(x)+ f(x)- % (x)y.
Proof:

f(x+h)-g(@z+h)—f(z) g

=f@+h)-gl@+h)-f(x)-gx+th) +f(z)-g(®+h)-f(z) g
=[f@+h)-f(@)]-g(®+h)+f(z) [gx+h)—g@)]

= (£ )b+ |hles (b)) g(@+h)+ f (@) |8 ) R+ |hle, (h)]

— 98 () hg (2)+F (2)-%8 (x) bt ] [45 () (- [g (@ 4+ h) — g (@)] + o7 (B) - g (@ + h) + £ (@) -, ()].
with ¢y = f (x +h) — f (x) — 4 (x) h resp. ¢, = g(x+h) —g(x) — & (x)h.

Since g is continuous for |h| — 0 the last bracket vanishes and the formula is proven.

1.5 Integration by parts

For f € C1 (U), g € C}(U) and 1 <i < n we have ng—gi(m)-g(w)dw:—fo(x)-g—i(a:)da:.

Proof: Every h € C}! (U) can be extended to R” by h (z) = 0 for every & € R™\ supp (h). Due to the
Heine Borel theorem [10, 9.10] there is an R > 0 with supp (h) C [—R; R]" so that the fundamen-
tal theorem of calculus [8, 12.10] yields [~ R 8h “(x)dz; =h(x+ e (R—x;)—h(x—e (R+)) =
0 — 0 = 0 and with Fubini’s theorem 8, 8.5] we infer ah_ (z)dx = f[ RiR) (%LZ_ (z)dx = 0. The
product rule 1.4 applied to h = f - g € C} (U) provides § 8h (a:) = ng( )-g(xz)+ f(x)- g—fi (x) and
hence the assertion.

1.6 The chain rule

For differentiable g : U — V resp. f : V — RP on some open U C R™, V C R" the composition

f o g is again differentiable with dfoy (x) = g—g (g(x))o % (x)




Proof: f(g(x+h)) - f (g ())
:%mw»k( ) + [k (R >r o5 (I ()

= (g ()0 <> 9 (g (@) |l @y (h) + [k (h)| oy (s ()

= 4 (g(x)o h+|h|[ o (h) + (48 (%) 1y + 09 (B)) oy (ke ()]

with k(h)=g<w+h>—g<w>=§<x>h+\hwy<h>=|h| (48 (0 iy + 0 (B)-

For |h| — 0 we have ¢4 (h) — 0 resp. k(h) — 0. Since for |k| — 0 we have s (k) — 0 the bracket
vanishes and the formula is proven.

1.7 The mean value theorem for vector spaces

For every continuously differentiable f : U — R"™ on an open and convex set U C R™ such
that the straight path {(1—7)-a+7-b:0<7 <1} C U thereisa 0 <t <1 with f(b) — f(a) =
d((-t-a+t-b) (b—a).

Proof: We combine the mean value theorem [8, 12.11] for vector valued functions with the chain
rule 1.6 for g : [0;1] — R™ with g (7) = (1 — 7)-a+7-b to obtain f (b)—f (a) = f(g(1))—f (g (0)) =

T2 =E(gW)oEBM)=9((1-t)-a+t-b)-(b—a) for some 0 <t < 1.

1.8 The inversion lemma

For every continuously differentiable f : U — R™ on an open set U C R” with 3—2 (a) =id € (R™)"
at some a € E such that 2 [Bg( )} C Bc(id) for an r > 0 with Bs(a) C E there is an inverse
f=1: B_g5(b) = Bs(a )forb—f( ).

Note: The condition Hg—g (x) — idH < e refers to the euclidean norm |||| on the dual space (R")".

Proof: For every y € B(;_¢; (b) we consider the function gy : R" — R with gy (x) =x —f(x) +y
such that gy (a) = a—b+y € By_gs(a), ddgg (a) = 0 and Hdgy (x) H < € for x € Bs(a). By
the preceding mean value theorem 1.7 we conclude |gy (x) —a+b—y|| < e-|x—al < er for
x € Bs(a), ie. gy : Bs(a) » By (a—b+y) C Bs(a) such that we may apply the contraction
principle [10, 14.12] to infer the existence of an x € Bjs (a) with x = gy (x), i.e. f(x) = y which
proves the theorem.

1.9 The inverse function theorem

For every continuously differentiable f : £ — R"™ on an open set E C R" with invertible
derivative g—g (a) at some a € F there exist open U,V C R" with a € U and b = f (a) € V such that

f: U — V is bijective and the inverse f~! : V — U is again continuously differentiable on V.
Proof: Since the derivative is continuous and invertible for h = (Z—g (a))_lof and every € > 0 there
is a 0 > 0 such that H % (x) — idnH < e for every x € Bs(a) C E. By the preceding inversion lemma
1.8 there is an inverse h™! : V' — U with for every y € V = Bj1_¢;s (b) and U = (g—g (a))_1 [Bs (a)].
Hence we have an inverse f~! = h™! (dg (a)>_1 : Bs (a) = B1—¢s (b).

The inverse h™! and consequently f~! are continuous since for any x1,x2 € Bs (a) another recourse
at the mean value theorem 1.7 yields

[x1 —x2| < ||h(x1) —h(x2)[| + |[h (x1) — x1 — (h(x2) — x2)
< |h(x1) — h(x2)|| + €||x1 — x2|



whence

[x1 — %2 <

—— I (x1) b Ge2)]

_ -1
The inverse f~! is differentiable with % (y) = (j—g of~! (y)) since for every y,y1 € B(_gs (b)
the differentiability and the continuity of f~! give

[t - (et @) )|

ey —x— (jg <x>)_1 (F (1) — f<x>>H

g —x — <Z§ (X))_l (ZZ (x) (x1 —x) +o(]|x— X1||))H
df

_ (d£ (x)> ollx- X1||))H
() e - )|
()"

_ -1
Finally the derivative % (y) = (g—g of~! (y)) is continuous since its components £~ : R® — R”,

g—g : R" — (R™)" and the inversion (R")* — (R")" with ||f7!|| = ﬁ are all continuous.

o (lly = yall) -

1.10 The implicit function theorem

For every continuously differentiable f : U x V — R” on open U C R™ resp. V C R" with
f(a;b) = 0 for some (a;b) € U x V and an invertible partial derivative % (a;b) : V —» R"
there exist open a € U, C U resp. b € V,, C V such that there is a continuously differentiable

-1
g: Uy — R"” with g (a) = b and f (x;g(x)) = 0 for every x € Uy and Z—%z—(%) 0%2-

Proof: The function F : U x V. — R™ x R" with F (x;y) = < f(;{( v) ) is continuously dif-

o6 In on o¢ on
such that we can apply the preceding inverse function theorem 1.9 to obtain an inverse F~! :
UpxW — Ugx Vo with F~1 (a;0) = (a;b) and F~! (x;y) = (x; f;l (X;y)) such that f{l (x;f(x;y)) =
f(x;fn’1 (X;y)) =y for (a;0),(x;y) e Uy x W C U xR"resp. b e Vy C V C R™. With g(x) =
f! (x;0) we obtain (x;f (x;g(x))) = F (x;g(x)) = F (x; £ (x; O)) = (FoF™!) (x;0) = (x;0), i.e.
every x € U is a solution of the equation f (x;g (x)) = 0. The function g is uniquely determined
since from 0 = f (x;g (x)) — f (x;8' (x)) € R” follows 0 = (x;f (x;g(x))) — (x;f (x;8' (x))) € R
whence 0 = F~1 (0) = (x;g (x)) — (x;g (x)) and consequently g (x) = g’ (x) for every x € Uy.

. . dF idy, O . daF ! idm 0
ferentiable with TEm = of of | and inverse (m) =1 _ <(af)—1 . af) (af)—l

Note: In the linear case with f = (f¢;f,) € M (n x m +n) and f; € M (n xm); £, € GL (n) the
equation f (x;g (x)) = 0 holde for every x € R™ with g = _fn_l ofs : R™ — R™.



1.11 Second-order partial derivatives

For every twice continuously differentiable f : U — R on an open set U C R? we have
9?2 9?2

858’; (x;y) = 8775; (z;y) for every (z;y) € U.

Proof: For B (z;y) C U due to Fubini’s theorem [8, 8.5] and the continuity of the two mixed

2
derivatives % resp. gg on the one hand we have

flex+Ax,y+ Ay) — f(x+ Az,y) — f (2, y+ Ay) + f (z3y)

y+Ay H
:/ g (f (x+ Az;n) — f(x;m))dn

y+Ay rr+Azx 2f
—/ / 9om f(&n)dédn

82
:/[0'1]2 8§afnf(m+s‘A§;y+t‘An)-Aﬁ‘An-d)\z

_ *f 0 f . Pf .. 2

0% f
= A Ay (a@n (#:9) +0(|A£'|A77H)>

but on the other hand
f(z+Ar,y+Ay) — f(z,y+Ay) — f(x + Az, y) + f (2;y)

z+AE 6
—/ §y+Ay) — f(&y))dE

- /:W/y o an £ (&) dndg

ono&

5?2
:/[0_1]2 6778f£f(x+3'A£53/+t'AT))~A§-A77.)\2

92 f
=A¢-Ap- B0E (z3y) + O (JAS - [An]])

Since the two expressions have equal value we conclude % (x;y) — (%afn (z;y) = O (JAE - |An]|) and
hence the assertion.

1.12 Higher derivatives

The repeated differentiation of a p times continuously differentiable functlon f € CP (R™;R) results
in symmetric and mulitlinear mappings % (x) € L™ (R"";R) with & dEm = (%) (Azy; .. 'Axm) =
% (x) (Axo(l); s AT g(m, )) for every permutation o : {1;...;m} — {1;...;m}. The gradient % e (x) €
L (R™;R) and the Hessian matrix % (x) € L? (R”Q;R) have a special geometric interpretation as
direction of maximal increment resp. measure for the curvature of the plane {x; f (x)} C R" x R:



function value
Px

feCr®RR) - f(x)€ER
d
d¢ d% direction of maximal increment
\ i ] .
derivative Ox \ gradient oA increment in direction Ax
decrt(RLERGR) ) > L (x)eL@®R;R) ——— L (x)AxeR
dé dé de
~ R" ~ R"
d d
d€ g
' second derivative ' Hessian matrix
d Px a2y n n Pax_ g2y n PAX g2y
L4 e "2 (R L(R™ L(R™;R)) ez (x) € L(R"; L (R™; R)) L (x) Ax e R" = f (x) (Ax; Ax) €
_,_/ —_———
<L (R R") =R ~ [ (R™;R") = R™ = L? (R")
3 a
: : dg P(Ax;Ax%)
d d
d¢ m-th order derivative g
m Px m n n PAx PAx m
et ecrm (]R";L(]R";..‘;L(R”;R)...)) > et () € L(RYLGLRMR)L) T L T 9ot (x) (Ax; . ;Ax) € R
~ L(R™..;L(R™R")...) ~ L(R™;...L (R™;R™)...)
g ann g an. g Lm (Rn)

1.13 The Taylor expansion

For every p times continuously differentiable function f € CP (U;R) on an open U C R" with
ac{a+t-x:0<t<1}CU and the k-tuple x*) = (x;...;x) we have the Taylor expansion

p—1

1 d°f L—pPt ap
fla+x)= Zk:' dEk (k)+/0 ((p—t)l)' dg'ﬁ(a—kt x) xPdt.

Proof: By the fundamental theorem of calculus [8, 12.10] and integration by parts 1.5 with
we obtain

f<a+x>=f<a>+/01j;<a+t.x>xdt
0
a)+/ j‘é(a—i-(l—i—s)-x)xds

d 0 g2
= f(a)+ dé() [18 d{é(a+(1+s) x) xxds
df 1d*f

=f(a)+ = (a)x +§T§ (2+/ 5

— 0 (_g\p—1
+Z;v dgk (k)+/ S Y (ak (14 5) ) x s

whence follows the assertion.



1.14 Continuity under the integral sign

Let f:R™ x I — R be a function and I C R an interval such that
1. t— f(x;t) is continuous for every & € R"
2. x +— f(a;t) is integrable for every ¢t €

3. There exists a Lebesgue integrable majorant F € L' (R™;R) with |f (z;t)| < F (z) for every
(z;t) € R x I.

Then g: I — R with g (¢) = [ f (x;t) dz is continuous on I.

Proof: For every sequence (t,), .y With lim ¢, =t we have lim f(z;tn) = f (x;t) on account of 1.
n—oo n—oo
and due to 2. and 3. the dominated convergence theorem [8, 5.14] yields

lim g (t,) = lim [ f(x;t, dﬂz—/hmfmt daz—/fa:tdx—g()

n—oo n—o0

and hence the assertion due to [10, 3.2].

1.15 Differentiability under the integral sign

Let f: R"™ x I — R be a function and I C R an interval such that
1. t = f(x;t) is differentiable for every x € R"
2. x — f(ax;t) is integrable for every t € [

3. There exists a Lebesgue integrable majorant ' € L' (R";R) with ‘% (m;t)‘ < F (x) uni-
formly in t for every (z;t) € R" x I.

Then g : I — R with g () = [ f (z;t) dx is differentiable on I with ¢’ (t) = [ % 8 (x:t) da

Proof: For every sequence (t,),.y With Jim £, = t we have lim %ﬁzm = %{

count of 1. and a sequence (7,),cy With Tn [tn,t] resp. [t;t,] and in particular lim 7, = ¢ such
n—,oo

that %{n@t") = ‘;{ (z;7,) according to the mean value theorem [8, 12.11]. Owing to 3. we

can apply the dominated convergence theorem [8, 5.14] to obtain ¢’ (t) = li_)m W =
n—00 n

Jgngofmtinm = lim f‘;{ (x; 1) da = f lim 5{ (x;1n)de = [ ‘;{ (x;t) de and hence the as-
sertion.

(z;t) on ac-

2 Holomorphic functions

2.1 The Taylor expansion for complex functions

A function f : U — C on some open U C C is (C-dlﬁ'erentlable at z € U iff there exists a

C-linear dd—Jé (2) : C — C with |}llilmor,ll| ‘f(z—l— h)—f(z)— 4L h‘ = 0 or equivalently f(z+h) =
—

f(2) + ( ) h + 0(\h|) If we omit the argument z and write d—c for g—fé (z) the C-linearity im-
plies d% (c u) = a- dcu for arbitrary c;u € C, in particular 3—]2 = c- j—’é = 3—]2 - ¢ in the case

of u = 1. Hence the derivative must be a complex number d—é € C and the isomorphism

C - {(Z _ab>:a;beR} C M (2 x 2 R) with a + ib (“

b _ab > applied to the derivative

yields

ORef ORef

df [ orec gm

dC Olm Olm
ORe(  9Im(
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which implies the Cauchy-Riemann differential equations

ORef  Olmf and ORef  Olmf
OReC 8Im( dIm( ~ ORe(

for the partial derivatives in the Jacobian matrix. With the differential operators

—1( 0 —ia> and3—1<a+ia)
2 \ORe( OIm( 2\ 0Re¢  9Im¢

of =0

they take the form

and the total differential becomes
df
ac =
__ORef  0Oilmf  Of
~ ORe¢  ORe¢  OReC
1(8Ref Oilmf  ORef 8@'Imf)1< af n of )
ORe(  ORe( = 0ilm¢  9ilm( 2 \ORe( = 0ilm(
_ ORef n Oilmf  Of
0ilm¢ ~ 9ilm¢  9ilm(

i.e. a directionless complex number providing C-linear approximations in every direction. Of
the preceding theorems the integration by parts 1.5 , the product rule 1.4, the chain rule
1.6, inverse function theorem 1.9 and the implicit function theorem 1.10 all carry over from
R?" to C™ under conservation of the C-differentiability. The multilinear higher derivatives in the
Taylor expansion 1.13 on the vector space R? are reduced to simple powers on the field C:
For every p times continuously differentiable function f € CP (U;C) on an open U C C with
ac{a+t-2:0<t<1} C U we have the Taylor expansion

! (1—t)P~t arf
fat)=f@+ Y 5 o#+ [0 D a

2.2 Goursat’s theorem

For every C-differentiable function f : U — C on an open set U C Cand every triangle A C U we

Proof: The triangle A with the vertices a;b;c may be parametrized

by A(a;b;e) = {a+s(b—a)+t(c—a):s;t € RT As+t <1} such that c
the integral assumes the form [5, fd\ = fol fla+s—a)) (b—a)ds+
1 1 . . )
Jo f(b+s(c—=0b))-(c=b)ds+ [y f(c+s(a—c)) (a—c)ds. By induction
4 )
and according to the drawing we decompose the triangle A, =) A}, ) ) )
i=1

into four congruent parts A; 11 and choose the component with the max- ¢ b

imal integral, ie. A,4; = A}, such that ‘f(mnﬂ fd)\‘ > UMZH fd)\‘ resp. ‘fmn fd)\‘

4‘[5A”+1 fd)\’. Hence we obtain a decreasing sequence (An)nzo of closed sets with Ag = A,
| [5a fAA] < 47 ‘féA , diameter sup{d(z;y) : z;y € Ap} = 6(A,) = % and path length
Ll dt = |6A,] = \5A\‘ Cantor’s intersection theorem [10, 14.9.2] yields (,,>0 Ay = 20 €

Jawyesnn
A. Since f has a derivative at zp we can find a 6 > 0 such that ‘fi(zo) df (zo)‘ < € for every

z—20

10



z € Bs (z9) CU. For § (Ay,) = 65%) < 0 we have zp € A,, C By (2,) and since due to the fundamental
theorem of calculus [8, 12.10.2] the integrals [5, 1dz = [;5 (dz = 0 vanish over closed paths such

that
/fd)\‘<4"-/ fd)\‘
AN [ YANS

AL (o=t - L e -0 a

§4”/

(t)es
<4". / — 2o
()i,
J(A
)

dz

— | dt
dt

Jre-re0-L e -

dz

dt
dt

n) - |64

“€-
<0 (A) - [0A].

I
('h

2.3 Morera’s theorem

Every continuous f : U — C on an open set U C Cwith [, fdA = 0 for every triangle A C U has
a primitive F': U — C with ‘é—f = f.

Proof: Since f is continuous for every € > 0 there is a § > 0 such that |f (¢) — f (20)| < € for
(;20 € Bs(a) C U. For z € Bs(a) C U and the path [a;2] = {a+t(2 —a):0<t <1} define
F(2) = [l fdA = [y fla+t(z—a)) - (z —a)dt = [i,.0 fdA+ [,..) fdA. Hence

W—f(zo)‘ == [ Q-

zZ— 20 2 = 20 J[z0;2]
|z — 2| sup {|f (¢) — f (20) : € € [20; 2]} - = — 20
— sup {1 (€) = f (20)] : € € [0 2]}
< €.

2.4 Holomorphic power series

For every power series

a—l—z ch

neN
there is a radius of convergence R > 0 with % = limsup ]cn\l/ " such that the series converges
n—oo

absolutely and uniformly for z € B, (0) with » < R and diverges for any z € C\ Br (0). In the

case of a positive radius of convergence R > 0 the function f : Br (0) — C is holomorphic, i.e.
infinitely often C-differentiable with

d* f

dck

n‘ —k dk
a+z ————— ¢, 2" %, in particular —5- (a) = k! - ¢,
( )= 1%% (n—k)! dck (a)

for z € Br (0). In the case of R = co we speak of an entire function.

Proof: The convergence inside and divergence outside of B, (a) are obvious by comparison with
N

the geometric series Y 2" = ‘TN;% for x = W We show the power series expansion
n=0 n
of the derivatives by induction: For k = O there is nothing to prove. For arbitrary k£ > 1 as-
k
sume g (a+ z) = % (2) = 2>k = k),cn ¥ for z € Br(a). Then the power series h(a + z) =

D on>kt1 #!_mcnz”*kfl =2k (n+1-k) (n(ﬁ'i)k')cnﬂz ~* has the same radius of convergence R

because nli_{réonl/” = lim e!/*™(") = 1. Furthermore for z,w € B, (0) and 7 < R we note that in the

n—oo
following estimate

11



e the summand n = k vanishes since the two ¢; cancel each other out
e the summand n = k£ + 1 vanishes since the bracket n this case assumes the value 0

o the summands n > k + 2 by polynomial long division are divisible by (z — w)2

such that
gla+z)—glat+w n! L .
( ;_w )—h(a—i-w)‘: Z (n—k)'cn< T w —(n—k) 2"k
>k+1 ’
Z < n' n—k—1 1 & 1
= ——cp (2 —w) pew'T T >
n>k+2 (TL o k)' i=1
! (=B —k=1) s
n>k+1 :
=0(|z —w|)

since due to the induction hypothesis >, ~1 1, (nﬁilk)' -cp T F=2 < 00 and the convergence extends to
the series above by the root test as before.

2.5 The local Cauchy formula

For every C- continuously differentiable f : U — C and every r > 0 such that z € B, (a) C U we
have f(2) = 5 faB - ZdC with B = B\ B.

Proof:
1. According to 1.15 the function g : [0; 1] — C defined by g (t) = 2” %ds is continuously
. . . d 27 a—z)re a—z)ire 2
differentiable .\‘mth 2 =fy st = [WM}O = 0 and ¢ (0) = 27 hence
g(1) = 02” a+;zz:_zds = 2.

2. Analogously to 1. and due to the hypothesis h (t) = 02 g f(ert(Zi:;S:zz))'m ds is continuously

differentiable and by the chain rulel.6 we obtain 9 (¢) = [ (djg (z+t(a+re —2))- reis) ds =
—L[f(z+t(a+re — z))] =0 for 0 < t < 1. According to 1. we have h(0) = 27 f (z) and

since ‘fl—h is continuous this implies A (1 ) 02” %ds =2nf(z2).
3. According to 1. resp. 2. we have 2 faB Z)df h(1)—g(1)-f(2) = 0 hence fsB 1 2 d¢ =
Jss g(zz)dc F(2) JiT e ds = 2mi - f( ).

Note:

The proof is a special case of the homotopy principle. For exam-
ple the circles 0B, (a) and dB, (z) are homotopic, i.e. there is a
continuous

h:[0;1] x [0;27] — B, (a) \ B, (2)

with the starting path '
ho(t) =bra(t) =a+7r-e”

0By (z0) = ho

continuously shrinking via

to the end path

12



2.6 C-differentiable functions are holomorphic

[(z) = jni 2m flztret)

- 2mxrm JO etnt

Every C-differentiable f : U — C is holomorphic with &
z €U and r > 0 with B, (2) C U.

dC D dt for every

Proof: At first we prove the assertiounder the assumption of continuous C-differentiability. For

a fixed z € B, (a) C U and every ¢ € 6B, (a) we have |Z=2| = |z7a‘ < 1 whence according to 2.1 the
1

Taylor series C%z = o—G=a) = Y neN % converges unlformly and absolutely. Considering

again f (¢) < B for ¢ € B, (a) and by the local Cauchy formula 2.5 (hence the provisional assump-

tion) and dominated convergence [10, 5.14] we obtain f (z) = 5= JsB. () f(C) 2dC =Y entn (2 —a)"

£(Qd¢_ _ 1 p2n f(atre®)
) (C—a)"TT — 27 JO remnt

then follows from 2.4 with ZC’{ (a) =n!-cp.

with coefficients ¢, = 5 [ Br(a -dt and convergence radius r. The assertion

Due to the theorems of Goursat 2.2 and Morera 2.3 every C-differentiable function has a
continuously C-differentiable primitive which according to the above proved assertion is holo-
morphic. Due to 2.4 the holomorphy extends to every derivative and in particular to f.

2.7 The binomial series

For every a € R we define the generalized binomial coefficients by < g ) =1 and

(a) a-(a—l)-...-(a—rm—l).

n n!

o0
Then we have (14 2)* =3 ( Z ) 2" for |z| < 1 and in the case of a > 0 also for |z| = 1.

n=0
Proof: For nonnegatives integers o € N the series condenses to the finite binomial sum. Otherwise
for a,, = Z and n > [a] + 1 we have |24l = ‘f;:f' = 57 s ke nap — (n+1)apt1 = aa, >0

such that (nan),>[4)41 is a positive decreasing sequence with hm (nan) < oo whence for |z| < 1 we

+ [0}
have }[ Jood” ( n )z" < }[ JooX - ay, = Jim 1 Lo ]n— 1L (kay — (k+ 1) ags1) = [ L—Ha[a]ﬂ _
nh_{]go (nan) < oco. Thus the convergence radius of f, (2) ) ™ is r > 1 and according

o0
to 2.4 for |z| < 1 we can differentiate term by term to obtain df—g (2) = Z ( @ )nz”_l =
n=0

(nill—l > n+1)z" = « § ( aT—ll 2" = afa—1(2). But we also have (1+2) fo—1(2) =
a2 5 (O )=t S )02 )| =2 (0 )2 = fae) when
ano n = P n o1 Z_nzo | #" = fa(2) whence
(1+2) 92 (2)=afa(z) _ .
(1+2) dfa( ) = afq (2). From 4 € ( 1+z ) = (Hz)aﬂ and ({Jr(oo))a = 1 we conclude that

dal =1 for |2] < 1 vesp. |2| <1 due to [10, 7.13].

2.8 The Leibniz rule

By induction one ca easily prove the following useful extensions of the product rulel.4 for higher
derivatives of n- th-order C-differentiable functions f;g: C — C:
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2.9 Liouville’s theorem

Every bounded entire function is constant.

Proof: Due to the hypothesis there is an M > 0 such that |f| < M < oo and owing to the Taylor

expansion 2.4we have ‘ﬁ < M for every r > 0 hence 4"J — (0 whence the assertion follows.

— 2mrn

dcn dcm =

2.10 The fundamental theorem of algebra

Every non constant polynomial p (z) € C(z) has a complex root a € C with p(a) = 0.

n n
Proof: On the one hand p(2) =3 apz® = 2™ Z apz" " withap € C,ap, #0,n>1and 0< k <n
k=0

is unbounded, i.e. VM > 03R > 0: |p(z)] >MV| | > R whence el ( < LV |z| > R. On the other

hand assuming 0 ¢ p[Br (0)] and since p : C— C is continuous there is an ¢ < 0 with |p(z)] > €
resp. ﬁ < 1 V|z| < R such that the entire non constant function % is bounded in contradiction
to Liouville’s theorem.

2.11 Conformal maps

A C-differentiable function f : G — C is conformal on a connected open set G if 3—’2 (z) # 0 for
every z € G and if it preserves angles on G, i.e. for any differentiable paths v1;v : I — G on an
interval I C R crossing in zg = 71 (t1) = 72 (t2) we have

arg (f om) (t1) —arg (f 0 72) (t2) = arg 7 (t1) — arg 5 (t2).
Theorem: Every holomorphic function f : G — C with g—é (z) # 0 for every z € G is a conformal
on G.

Proof: Assuming v} (t1) # 75 (t2) # 0 and zp = 1 (t1) = 72 (t2) we have

arg (fom) (t1) —arg (f o v2) (t2) = arg (f' (1 (1)) - 71 (1)) — arg (f (72 (t2)) - 75 (t2))
= arg (f' (71 (t1))) +arg (71 (1)) —arg (f' (72 (t2))) — arg (73 (t2))
= arg (t1) — arg 7, (t2)
Note: The converse is also true, i.e. every C-differentiable conformal function f :— C on a con-
nected open set G if 3—’2 (z) # 0 for every z € G is holomorphic.

2.12 Zeros of a holomorphic function

For a holomorphic function f : G — C on a connected open set G C C the following properties
are equivalent:

1. {f =0} has a limit point in G.

2. There is an a € G with ZCT{ (a) = 0 for every n € N.

3. f=0.
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Proof:

1. = 2.: Since f is continuous and G is open we have f (a) = 0 for the hmlt pomt a € Bgr(a) CG
of {f =0} and some R > 0. Hence with the smallest integer n such that 9 aoT I (a) # 0 the Taylor

expansion in Bg (a) yields f (2) = >2y>, ar (2 — a)®. Then g (z) = D k>n 0k (2 — )™ is holomorphic
in Br (a) with f(2) = (2 —a)" ¢g(2) and g (a) = a,, # 0 such that there is an r > 0 with g (2) # 0 in
B, (a) in contradiction to f (z) = 0 for some z € B, (a).

2. = 3.: The set A = ,en {d%}: = O} is closed in G since for every z € A there is a sequence

(2k)peny C A with khm 2 = z whence z € A due to the continuity of the d%n' But A is also open
— 00

in G since for every a € A there is an R > 0 with B (a) C G such that f(z) = > p5par (2 — a)”
for z € Br(a) with a; = %‘;Z—{ (a) = 0 for k € N whence Bgr(a) C {f =0} and by repeating the
argument from the first part we obtain Bg (a) C A. Since G is connected we conclude A = G.

3. = 1. is obvious.

4. Corollary: Each zero of a holomorphic function f : G — C on a connected open set
G C C not vanishing on G has finite multiplicity, i.e. for a € G with f (a) = 0 there is an
n € Nsuch that g : G — C with g (2) = (2 —a)™" - f (2) is holomorphic on G with ¢ (a) # 0.

Proof: According to 1 there is an r > 0 with f(2) # 0 for z € B, (a) \ {a} and due to 2 a smallest

n € Nwith ZCZ (a) # 0 whence the argument from 1. = 2. from the preceding proof yields the desired

function g.

2.13 The maximum modulus theorem

A holomorphic function f : G — C on a connected open set G C Cis constant iff there is a
maximum modulus point a € G , i.e. |f(z)| < |f (a)| for every z € G.

Proof: According to the hypothesis there isan R > 0 With Bpgr (a) C G such that by the local
Cauchy formula 2.5 we have |f (a)| = 5= Ise 7 o) 2d¢ = ‘271’ f(a+ret) dt‘ < sup |f ()] for every

B = B, (a) and 0 < r < R whence |f (a)| < |f (2)| for every z € Bgr(a). Hence \f( )| = |f (a)| on
Bg (a)

2.14 Montel’s theorem

A family F of holomorphic functions on an open set U C C is normal iff it is locally bounded.
Proof:

=: Assume F fails to be locally bounded, i.e. there is a compact set K C G and a sequence
(fn)peny C F with sup{|f, (2)|: 2 € K} > n. Since F is normal there is a subsequence (fn,),cn
converging uniformly on K to a f € H (G;C) which due to [10, 9.8] resp. Heine-Borel [10, 9.10]
must be bounded on K contrary to the assumption.

<: Owing to Heine-Borel [10, 9.10] and the Arzela-Ascoli theorem [10, 19.6] we only have to
show that F is equicontinuous in every a € G: From the hypothesis there is an » > 0 and m > 0
such that B, (a) C G and sup{]f(z)\ :ZEF} < M for all f € F. For |z—a\ <ir feEF, y(t) =

a+re', 0 <t < 27 Cauchy’s integral formula 2.5 yields |f (a) — f ()] < &= ’fv ASwlla=z)_ dw‘

(w—a)(w—2) a)(w z)

hence the proposition.

< % la — z|, i.e. Lipschitz continuity which according to [10, 19.2.1] 1mphes equicontinuity and

Note: Montel’s theorem is used in the proof of the Riemann mapping theorem which states that
every connected open set in C is analytically homeomorphic to the unit circle.
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3 Some special functions

3.1 The Gamma function

The Gamma function I' : RT — RT with I'(z) = [*t"le7ldt =

nh_}rréo m is well defined and uniquely determined by the follow- y

ing three properties: (Bohr-Mollerup theorem)

6 ]
1.T(x+1)=2-T(z) 5
2. T(1) = 4]
3 ]
3. InT" is convex. 9 1
Proof: The three porperties determine a unique function I' : RT — RT 1+
with T'(z) = m Because of 1. we can confine the argument to 0 +—F+—F+—+—=
0<z<1l Weexamine Inf withInf(l)=0andInf(z+1)=Inz+Inf(x) o123

resp. Inf(n+1+z) = Inf(z) + Infz-(z+1)-...-(z+n)] (*). Due to
the convexity of In f the difference quotients M

are nondecreasing, whence Inn <
lnf(”+1+x)_lnf("+1) <Inn+1. Substituting (*) yields 0 <1In f (z)—1In [x("'—"z} <zln ( )
on

z+1)-...(x+n)
Since the last expression tends to 0 as n — oo the Function f is uniquely determined by the expressi

in the middle.

The integral I (z) = [5°t* te~!dt is well defined for 0 < z < co: We split the domain as well as
5.7

the range of the integral into [0;1] and [1;00]: In the case of x < 1 we consider fol tr e tdt <

fnlg%ox[l/n;()] N T hm fl/ne t*ldt = hm (1 — —) = £ < oo whereas for > 1 we have

5.7 5.7
Jot*le7tdt < [le~tdt =1~ 1 < co. The remainder converges in any case since [°t*~le~tdt <
fl [x-i;l dt — [x-‘rl] < 0.

¢

An integration by parts [8, 13.5] delivers the functional equation I (x +1) = z - I (z) for 0 <
x < oo. Since I (1) =1 we have I (n + 1) = n! for n > 1. Finally Holder’s inequality [8, 6.4.1] with

f@t) = (tx_le_t)l/p resp. g (t) = (tx_le_t)l/q delivers I (% + %) < IYP (z) - IY4 (y) for % - é =1
such that In I is convex for 0 < x < co. Owing to the first part we have I =T

3.2 The Beta function

For z,y > 0 the Beta function is B (z;y) = [j t*~ 1 (1 — )Y ' dt = Fé?;fézj)

Proof: As above for each fixed y we find B (%—i—‘%,y) < BYP(xy) - B9 (2q) for % + % =
1, i.e. the function In B (z,y) is convex in z. Also we have B(l,y) = i and B(zx+1,y) =

Tdy— - 2 r—1 z X
Iy (1 t) (1—t)"vtdr = mfol (ﬁ) (ﬁ) (1—t)"dt = 71y B (z,y). Hence the function

f(x) = F%:C(Z)y ). B (x,y) satisfies the three characteristic properties of I' and we can apply the Bohr-

Mollerup theorem 3.1 to conclude that f =T.

3.3 Further useful formulae

We have

1. % t=sin®d o fw/2 sin®)* - (cos )% d¥ which in the case of x =y = 3 gives

2. T (%) /7 and by another application of the Bohr-Mollerup theorem

3. I'(z) =

re)-r (%ﬂ) The original integral yields the identity
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t=s? oo 2r—1_—s2 O A _ 1 .
4. T'(z) = 2[,° s e”* ds which in the case of x = 5 gives
5. Gauss’ integral [e *’ds = /7 resp [e % /2ds = /2.

e e . T'(z+1)
6. Stirling’s formula: whngo\/f( 2y =1
Proof: The substitution ¢ = = + sv/2x gives

I'(z+1)

- /OOO tTetdt = 2z (i)x = /_oj/% <1 + s\/QTx) —sv2z gy ( ) /\/97 o2 ha(s) g

with h, (s) = 8% (s@—xln (1 +s\/2/7x>) = W (s\/2/7:1:— In (1 +s\/2/7x)>. Thus we have

. . . Xk
Jim hy (s) = ng%u% (u—In(l+u)) = thlgbl% ’;::2 “- = 1. Furthermore h; (s) > 0 for every u > —1

resp. s > —y/x/2 and h, (s) > 1 for every u > 0 resp. s > 0. Hence we can apply dominated
convergence [8, 5.14] with the Lebesgue integrable majorant

0 for s < —\/z/2
mg(s) =41 for —\/x/2<s<0

e~ for s >0

to obtain

lim e ha(9) g —/ lim X e [6_82'}”(5)(15 = /e_52ds =7
ZE/ xX o0

r—o0 J_ T—00

and hence the assertion.

3.4 Rotational symmetric functions

For a compact sphere K = {x ¢ R": p < || < R} C R" with 0 < p < R and every continuous

f € L' ([p; R;R) we have [ f(|z|)de =n"T, prf(r) "~ 1dr with the volume 7,, = F(”;fl) of
2

the unit sphere (cf [8, 8.13]) .

Proof: For N > 2 and 0 < k < N we define r;, = p% (R — p) and corresponding partitions of
the interval [p; R[ by Ay = {x e R":rp_1 < x| <7} for 1 < k < N. Due to [8, 8.13] we have
N (Ag) = A" (By,) = A" (Br,_,) = T (r,’; — 7"1?—1) and according to the mean value theorem 8,
12.9] there is a & € Jrg—1; 7| such that A" (Ag) = n 7 - &1 (g — 71 1) =n-Tp &N ([res 1)

For the step functions ¥y —Z f (&) - xa, resp. oN = n - Ty Z (&) - f,?_l “X[rgire_q| and

considering the A™-null set {|:1:] R} we then have [, ¢Ynd\" = f[p .g) PNdA. Furthermore since

f (Jx|) resp. f(r ) n=! are uniformly continuous on the compact 1nterval [p; R] we have pointwise
]\}lm U (|2]) = f (|x|) resp. A}im on (r) = n-p-f (r)-r"1. Since all concerned functions are bounded
—00 —0

on the compact set K resp. [p; R| we can apply the dominated convergence theorem [8, 5.14]
twice to obtain [, f(|z|)dx = [ lim ¢n (|z|)dx = lim [N (|z])de = lim [ men(r)dr =
N—o0 N—oo N—ooo [o;R]

f[p;R] ]\}EHOO‘PN (rydr=mn-,- ff f(r)- rldr.

3.5 The multidimensional Gauss integral

.12

By 3.4 and monotone convergence [8, 5.12] we have [, el dgp °L £

2
lim el de = n. 1, -
A Jiai<r "

— 2
lim fo e~ lelPpn—1gp = ng, 202 'Rlim fORQ/Z e~t"/2 1t = 2.1, T (2) = 7/2 with the definition
—00

R—o00
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resp. functional equation 3.1 of the Gamma function as well as the volume 7, = —~ - n”n/i
r(3+1)  51(3)

of the unit sphere according to [8, 8.13].

3.6 Moments of inertia

We compute some moments of inertia O, = [ (3 + 23) - p - do of compact bodies K C R? with
constant densities p > o for rotation around the zi-axis and in relation thier mass myg = [} p - da:

1. For the hollow sphere K = {x € R®: p < |z| < R} with mass mx = p73 (R® — p?) we have

15.5 R
On = Jic (e3+a5) - p-de =3 fic (s} + o3 +af) - p-dow = § izl - p-de = 2pms [rtdr =
1 4 3. 1 2 T2 2 T3 2 . x;:xi/ai
2. For the ellipsoid K = {x € R” : (a—l) + (a?) + (a—d) <1pwithmassmg = [, p-dx * =
pf\m’lél ayasazdx’ = aiasazpts we have
K
_ 2 (.12 2 (.2 /
= ajazazp /ngl (aQ ()5 + a3 (= )2> dx
2 2
— a1a2a3pa2 + as / ]a:"2da:’
3 /| <1
1
15:5 a1a2a3pPT3 (a% + ag) / 7=4d7‘
0
1
ng (a% + a%) .
14.14

3. For the tube K = {mER3:O§x1 Sa;pﬁx%—l—a}%SR} with mass myg = fK,o-da: =
14.14 -
apr (R? — p*) we have Oy, = [j (23 +23)-p-dx =" [ 02 pr r’pdrdedry = Zapr (R3 — p?) =

3 3

2
5K Rz—p2-

4. Steiner’s theorem: For an axis L’ with distance d to the axis L through the center s of
gravity we have O, = O +md?: W.l.o.g we set the center of mass at the origin such that s =
Ji xdx = 0 and particularly fKEQI3 x1dry = 0 on every cut Ky,., = {y € K : yo = x2;y3 = z3}.

T =x;+d;
Also we choose L = {x9 =23 =0} resp. L' = {x9=dy;x3=d3} such that Oy ' =

[ ((:cg +do)* + (23 + d3)2) pdx = [ (23 + 23) - p-dx+2 [ (daxa + d3xs)-p-dx+ [5 (d5 + d3)-
p-dx =0 +0+md.

4 Differential equations

In this section we restrict ourselves to one variable and write ¢’ () = ’é—f (t) resp. ™ () = Z:—f (t).

4.1 The Picard-Lindelof theorem

For every first order differential equation x’ = f (¢;x) with a locally Lipschitz (cf. [10, 19.2.1])
continuous f : U — C" on an open U C R x C" and every (t9;X¢) € U there is an € > 0 and a
unique solution x : [ty — €;tp + €] — C" with initial value x (ty) = xo.

Proof:

Existence: According to the hypothesis there is a » > 0 and a Lipschitz constant L > 0 such
that [f (1;y) —f(;x)] < L-|(1;y) — (7;%x)| = L - |y — x| for every (7;x),(7;y) € B, (to;x0) C U
and also an upper bound M > 0 for the continuous function f on the compact set B, (tp;%o). For
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e = min {r; {7} and I = [ty — €;to + €] the functions xj : I — C" with x;, (t) = xg resp. xp41 (t) =
X0 + ftto f (1;xi) dr for k > 1 are well defined and converge to the desired solution x = kli_}rgoxk.
Both assertions can be proved by induction: Concerning the integrability we only have to show
that (¢;xy (t)) € By (to;xo) C U. This is trivial for £k = 0 and assuming the claim for k¥ > 0 we have
|xp41 (t) — 0| < ‘ftto (75 Xg dT’ < M -|t—to] < Me < r. As to the convergence we show that

Ixpi1 () —xp (1) < MLF =t for ¢ € I. The induction start is provided by the estimate above

(k+D)!
and assuming the assertion for k& > 0 we have |xx11 (t) — xx (t)] = ‘ftg (f (r;xp) — £ (T3x5-1)) dT‘ <
ftto L-|xp (T) — xg—1 (7) A fto 7 —to|Fdr = ML* |t(ktj)r|1), Owing to this majorant the limit
x(t) = khm xi (t) = hm Z (xj4+1 (t) —x; (t)) of this absolutely and uniformly convergent

series of continuous functlons is again a continuous function x : I — C" with x (¢9) = x¢ and by
the dominated convergence theorem [8, 5.14] resp. the continuity of f we obtain x (t) = x¢ +

lim ftt f(ryxi)dr = x0+ftt lim f (7;x3) dr = xo—l—ftt lim f (T; lim xk> dr = Xo—i—ftt lim f (7;x) dr.
k—oo " "0 0 k—o0 0 k—o0 k—o0 0 k—oo

The assertion then follows from the fundamental theorem of calculus [8, 12.10].

Uniqueness: By applying the above comparison of subsequent approximations Xjy1;Xy to two so-
lutions x;y we obtain |y (t) — ‘fto T;y) — f (7;%)) dT’ < fto ly(r)—x(r)|dr < L -
|t —to| - M (t) with M (t) = sup{|y( ) —x(7)|: 7 € By (tg)} for |t —to| < r. Hence we have M (t) <
L-|t—to|- M (t) whence M (t) = 0 for |t — tp| < min {r; %} It remains to show that M (¢) = 0 for
|t — to| < e. Since x and y are continuous we have y (1) = x (t1) for t; = sup{t > to: M (t) =0}

and assuming t; < tg + € there exists some r; > 0 such that the Lipschitz condition holds
in B,, (t1;x(t1)) € U. But then a repetition of the preceding argument yields M (t) = 0 for

t—t1| < min<ry; L1 in contradicition to the definition of xz;. Hence t; > to + € which proves
Ly
the uniqueness.

4.2 Examples
1. The Gauss equation 2’ (t) = —t-x (t) for (¢;z) € R? with initial value z (0) = 1 yields the Picard
approximation z (t) = 1— [ 7-1dr = 1—%, zo(t) =1—[5 (1 — %) dr = 1—§+%,...whence

. . . X k a2k 42/
by induction we obtain z (t) =3 (=1)" 57 =e .

2. The harmonic oscillator equation z” (t) = —x (t) for (¢;z) € R? with initial values z (0) = 0
/
resp. 2’ (0) = 1 is reduced to first order by ( 2 Eg = _:[;;1(2) with xg (¢) = (1) )
t ¢ _e _2
so that x; (t) = <1>,x2(t): ( _t2>,x3(t): ( _t62>’x4(t): ( _t2j_t4>
2 2 2 T 24

S 2k+1 .
> ( l)k (ék++1)' =gint

,...whence by induction we obtain x (¢) = { *3° -
’;—:0 (—1) ék), = cost

4.3 Peano’s theorem
For every first order differential equation x’ = f (¢; x) with a bounded and continuous f : U —

R”™ on an open U C R"™land every (to;xp) € U there is an t; > ty and at least one solution
X : [to;t1] — R™ with initial value x (¢y) = xo.

19



Proof: The corresponding integral equation x (f) = x¢ +
ftz f (r;x (7)) dr leads to a recursive approximation x, (t) = Y
x0 + ftto f (7’; Xp (7’ - %)) dr with stepwidth At = L: Due to
the hypothesis there is a K < oo with |f (t;x)| < K for (¢;x) € U
and an € > 0 with B (to;x0) C U. Choose a t; > to such that
[to; t1] X Bex (x0) C U. Then start with x, (t) = x¢ for t < ¢. Yo

-
L

“}y®=fMy@)

5y =+ [l sy (s)
At =1 :

n
hence obtain x,, (t) = x¢ + ft'; f(1;x0)dr for tg <t < to+ % t
For the k + 1-th step we use the previously calculated values
X (7‘— %) for 7 — % < tg+ % to compute x, (t) = x¢ + fth(T;Xn (7‘— %)) dr = x, (to—l— %) +

For the first step tg < 7 <ty + % we have x,, (7- — 1) = xg and

n

to [10, 19.2.1] is equicontinuous since due to the hypothesis there is a K € R with |f (¢;x)] < K
lezf(T;xn (T— l))dT‘ < K-

T n

j;fto+k/n f (T;Xn (7’ - l)) dr. Hence we obtain a family H = (x, : [to;t1] — R"), 5, which according

for (t;x) € U yielding a Lipschitz condition |x,, (12) — x, (11)] <

|70 — 71| for tg < 71 < 1 < t;. Since the preceding estimate does not depend on n the family H (t) C R
is bounded for every 0 < ¢t < 1 whence by Heine-Borel [10, 9.10] its closure H (t) is compact such
that by Arzela-Ascoli [10, 19.6] there is a subsequence (xj),c; with I C N uniformly converging

on the compact set [to;t1] to a x : [to; t1] — R™. Hence ‘Xk (7‘ — 1) — X(T)‘ < ’Xn (T — 1) — Xy, (7')‘ +

n n
|xp (T) —x(7)| < % + € for large enough k, i.e., x, (7’ — % also converges uniformly to x(7) in
[to; t1] whence the continuity of f with the dominated convergence theorem [9, 5.14] yields
ftz f(r;x(r))dr = nh_}rlgo ftg f (T;Xn <T - %)) dr = nli_}rgoxn (t) —xp = x (t) — xo.

Note: Peano’s theorem only requests a bounded f as opposed to a Lipschitz continuous one
and hence does only yield compact convergence of a subsequence instead of uniform and
absolute convergence. Thus uniqueness cannot be guaranteed any more: The differential equation
z' (t) = /x (t) for t € [0; 1] with initial value = (0) = 0 according to Peano’s theorem has solutions but

the Picard-Lindelof theorem does not apply since f (¢;2) = /2 (¢) is not Lipschitz continuous in any
0 t<t

neighbourhood containing 0. Actually there are infinitely many solutions x4, (t) = (1—t0)? . - to
> 1o

for every ty € [0;1].

4.4 Linear differential equations

1. For every linear differential equation x'(t) = A(t)x + b (¢t) with continuous A4 : I —
M (nxn;C) resp. b: I — C" on an interval I C R and every (tp;x9) € I x C" there is a
unique solution x : I — C" with initial value x (ty) = xo.

2. The set Sp, = {x:I — C":x'(t) = A(t)x} of solutions for the homogenous equation is an
n-dimensional vector space over C. A family (x;),.,o; C S is linearly independent iff
(xj (t0))1<j<x € C" is linearly independent for some tg € I. A fundamental system of
solutions is a basis (x;),.;., C Sy =span{x; : 1 < j < n} of Sp.

3. For every solutiony € S;, ={y: I = C":y'(t) = A(t)y + b (¢)} of the inhomogenous equa-
tion we have S;, =y + Sy, i.e. S;, is an affine space.

4. Variation of constants: For any fundamental system of solutions X = (x;;...;x,) with
inverse X! and every differentiable solution u : I — C" of the equation Xu' = b with
u(t) = ftto X1 (7)b(r)dt + c and ¢ € C we have y = Xu € Sj;. In the one-dimensional case

we simply multiply the given fundamental solution with a “variable constant” u to obtain
(uz)' = 'z + uz’ = Auz + b with Az = 2’ whence v’ = 2 resp. u(t) = fti) ﬁdt +c.

5. Constant coefficients: For every linear differential equation x’ (t) = Ax+b with constant
n

coefficients A = (aij),; ;,, € M (n;C) and b € C" there is a unique solution ; (t) =3
—%J = ]:1
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x0; - €%t with initial value x (tg) = xo.
Proof:

1. Follows from the Picard-Lindel6f theorem 4.1 since due to the continuity of A on the
compact set [ we have a global Lipschitz constant L = sup{|A(¢)|:t € I} < oo with
f(m;y) —f(mx)| < L-|[(5y) = (m5x)| = L+ [y — x| for f(r;y) = A(7)y + b (7). Hence in
the proof of the theorem we can choose r = sup {|t — to| : t € I} and since the continuity resp.
integrability of f extends to the entire domain U = I x C" the approximation sequence converges
for e = r, i.e. on the whole interval I.

2. Owing to the linearity of the operators % on the left hand side and A (¢) on the right hand side

k
of the equation its solutions S}, obviously form a vector space. If the equation > a;x; (to)

7=1
has a nontrivial solution with «; # 0 for some 1 < ¢ < k according to 1. the solutions
x;(t) = > %XJ' (t) must conincide for all ¢ € I. Since there are at most n linearly

1<j<k;j#i
independent initial values (x; (fo)),<;<, C C" it follows that there are at most n linearly
independent solutions (x;), <j<k C Sy,. Hence Sy, is of dimension n.
3. S;n Cy—+ S5y since for every z € S;;, we obviously have z — y € S, and conversely y + S, C S,
since for every x € Sy, clearly y + x € Syp.

4. Since X' = AX we have Ay + b= AXu+b=Xu+b=Xu+ Xu =y

4.5 Reduction to first order

1. For an interval I = [a;b] C R and f : I x C" — C the function x € CP (I;C) is a solution of
the n-th order differential equation z(™ t)y=1f (t; R ACNE 3:('”_1)) with initial conditions

((L'(i_l) (to))1<.< = xp iff the function x = (z1;...;2,) € CP(I[;C") is a solution of the first
<i<n
order system of differential equations
x) = x9
T =Ty 7
Ty, = f (G155 T0)
ie. x' =f(t;x) with £: I x C" — C" defined by f (¢;x) = (z2;...; 2n; f (t; %)) and initial value

X (to) = XQ.
2. In the case of a linear f (t;x;:c(l)...;sv(”_l)) :Zn: ai ()@ (t) + b(t) the solutions S;, =
i=0

n .
{y eCr(I;C) : yW =% aiy(l)} of the homogenous system form an n-dimensional vector
i=0

space over C. A family (xj)1<j<k C Sy, is linearly independent iff the vectors (x; (to))1<j<k C

C" with x; = (wj; xgl); ___;xg_n—l)

system of solutions is a basis (xj)1<j<n C Sy, = span{x; : 1 < j < n} of S), with invertible

Wronskian matrix (xy—l))” € GL (n;C).
ij

) are linearly independent for some ty € I. A fundamental

n .
3. For every solution y € S, = {y eCP(I;C) : y™ =3 ay + b} of the inhomogenous equa-
i=0
tion we have S;, = y + Sy, i.e. S;;, is an affine space.

Proof:

(k=1) for 2 < k < n and < is equally obvious with x = x7.

1. = is obvious with z1 = z resp. zp = =
2. Follows from 1. and 2.

3. Follows from 1. and 3.
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4.6 Separation of variables

For every differential equation 2’ (t) = f (¢) - g (z) with continuous f: I — Rresp. 0 #¢g:J — R
on intervals I; J C R and (to; o) € I x J there exists a unique solution x : I’ — R with x (ty) = x¢

and we have ftto f(r)dr = f;o(t) % = ftto %cﬁ for every t € I' resp. in simplified notation
sy = f ().

Proof: Since G' = % # 0 the function G : J — R with G (z) = ffo(t) % is strictly monotone

whence by the inverse function theorem 1.9 there is a continuously differentiable inverse
G7! : G[J] — R. According to 1.15 the function F : I — R with F(t) = fth(T) dr is also
continuously differentiable. From 2z’ (t) = f(t) - g(x) follows F (t) = G (z(t)) such that we
have a unique continuously differentiable solution z = G"'o F : I' = (F" 10 G)[J] — R with

=G @) () =F ()= [ (1), ie o' (t) = [(t) - g ().

4.7 Reduction of order

For every second-order differential equation z” + az’ + bx = 0 with continuous a;b : I — R on
an interval I C R and a given solution 0 # z : I — R a second linearly independent solution is

given by y = z - u with u (¢) = ft’; (x%(ﬂ exp (— Jia(9) dﬁ)) dr.

Proof For non constant u the functions y = x - u and z are linearly independent. We have v’ (t) =
x2 exp( ft a(r)d ) resp. u”’ = — (2—931 —|—a) -u' whence vy = 2’ -u+z-u resp. y’ = 2" -u+2x"-u' +
z-u'" =2"-u—a-z-u'. Thus we obtain 3y’ +ay +by = 2" - u+a-z-v'+a-2" - u—a-z-v'+b-2-u=0.

4.8 Examples
1. For t > 0 and p = 0 the Bessel function Jy (t) :kijo (—1)* k})Q (%)ﬂ€ and the Neumann
function Ny (t) = 2 (InL +C) Jo(t) + 2 ki_o:l (—1)* (2!;32 (%)Zk with ¢ _Zk:l L and the Eu-
ler Mascheroni-constant C' = nll)nolo (1;21 % —1In n) ~ (0.5772... are solutions of the Bessel

differential equation t?z” + tz’ + (t2 — p2) =0.

8

drm \ et

2. For t > 0 the Laguerre polynomials L, (t) = 'L <ﬁ> are solutions of the Laguerre
differential equation tz” + (1 —t) 2’ +nxz = 0.

3. For —1 < t < 1 the Legendre polynomials P, (t) = m%% (t2 —1)" are solutions of the

Legendre differential equation (1 —t?) 2" — 2t2’ + n(n+ 1)z = 0.

4. For t € R the Hermite polynomials H,, (t) = (—1)" ethd—ne_ # are solutions of the Hermite
differential equation (1 —t?)2” — 2tz’ + n(n+1)x = 0.

4.9 Differential equations with constant coefficients

The linear differential equation

Proof:

4.10 Spectral theorem for linear differential equations

Proof:
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5 Fourier transforms

In this section LP;C&, etc. stands for LP (R™; C), etc. if not specified otherwise.

5.1 Convolutions

For every f € L' and g € LP with 1 < p < oo their convolution f x g : R® — C defined by
(f*g)(z) = [ f(z—y)g(y)dy is also p- integrable with || f x g||, < [[f[|; - lgl,- Since the convo-
lution is associative, commutative and bilinear the space L' (R";C;+; ) is a Banach algebra.

Proof: The algebraic properties of the convolution are obvious resp. (in the case of associativity)
tedious. According to the hypothesis resp. the translation invariance [8, 8.8] of A for every ,y € R”
the functions y — |g (y — )" with [|g(y— )P dy = gl and @ — [g|}2 - f () are Lebesgue
integrable. Hence we may apply Holder’s inequality [8, 6.4.1] with 1% + é = 1 and Fubini’s
theorem |8, 8.5] to obtain

59l = [ |[17@F oty - @)1 @) do
z/’/f(w)-g(y—w)d:vpdy
6?/( 1 @) l9 - d- (/If(w)ldw>§>dy

2 [([latw- o) If @) do- 7]
= llgll? - 1711y - £

p
dy

= llglly - IF117-
5.2 Examples
We examine the effect of a convolution on f = x(,1:
With x(0.1] ( — ¥) = X[z—1:2] (¥) We compute L (FxH W)
fly—=) !f (z)
P
(£ ) @) = [ X101 @) Xor )y /
1y-1 0 v 1 m

= /X[:Efl;x]ﬁ[o;l} (y) dy

A

(f=f*1) ()
0 0 ) (£ 1) @
X

_ ) X W) dy = 0<z<l1 % : .

I XporyW)dy =2—2 :1<x<2 av-1 o0y 1 )

0 :2<z

N (f*f*0) (@)

=sup{0;2 — |z|} 4
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0 rx <0

Xz—1:z]n[0:1] () -y - dy 0<z<l1
(# = ) (@) = § 4 Xemtenton ()
S Xfe—tapz ) - 2—y) - dy 1<z <2
0 2<x
0 cx <0
I X02) W) -y - dy = 5a? 0<z<l1
2
=3/ X121 (¥) -y -dy+fx[1~x (2-y)-dy=—(v-3) +3 1<2<2
S X120 2 —y) - dy = § (z —3)° 12<x <3
0 3<x
5.3 Bessel functions y

For p > 0 the Bessel functions of the first kind

Jp (z) = frgpg )fo sin?Pt - e~ COStdt are gen-

eralized trigonometric functions solving the radial
component of the Laplace equation in cylindrical
coordinates as well as the radial component of the
Helmholtz equation in spherical coordinates, i.e.
the Bessel differential equation

2 2
557:]; (r) + 2% ()+<1—f2> Jp (r) = 0.

r or

We have the explicit formula

2 sinx
Jij2 (z) = Tz

and the recursive formula

Jpy1 (x) = —% () + =Jp (x)

Proof: Preliminarily we examine the functions
k
fp(z) = [ sin? t-e~TcStdt with %TJ;” (z) = (—i)*- o cos® t-sin?P t- e~ ostdt. With cos®t = 1 —sin?¢

2
and omitting the argument x for brevity we obtain % = fpr1 — fp (*). In order to express fp41 in

terms of 65@ we compute
x

5 s
ﬁ =—q- / cost-sin?Pt - e TSt
ox 0
s
=0+71- / sint - (cost - 2p - sin? "t 4 sin?t -z sint) cemTeost gy
0
9fp
=-2 —x-
p - S fp+l
2
resp. (2p+1) %2 p — _p. fp+1 (**). Hence we can substitute f,1; in equation (*) to obtain 65;;” +
2p+1 5fp

+ fp = 0. Since J, = ¢, - 2P - f, and dividing by ¢, =

1 1
————— we have
x V2T (p+1)
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2 2 2
1) Jp+1M+<1p> Jp: <p(p1).$P—2,fp+2p,xp—1‘(isf‘il’joP.M’)
X

0x?2  z oz 2 S22
1 -1 Jf, p2
%'(p'xp -fp+~””p'5gf)+<l‘xz 2l
5f 5f
— P JP . pp—1 p—1) . ZJP
== 522 +<2p x +x ) 5z

+(p(p—1)-2"2 4 p-a? 2 4 ab — pPaP ) - f,
2
-y <W+2p+1.5fp+fp>

ox2 T ox

=0
For p = % an elementary integration yields Jy 5 (z) = /5% fo sint-e 7 CoStdt = — = e~ weostdcost =

o 1 . [,—iz-cost]™ _ __ 1 [tz —ix )T _ 1 o9 _ /2 sinz : : g
51 [e lo=—\/5zt e ey =/ 2sine = \/; - The recusive formula is de

rived from (**) considering the functional equation of the Gamma function I’ (p + %) = (p + %)

r (p + %) by substituting (2p + 1) (2p -T (p + %)) % (x7P-Jp) = —x_p~(2p+1 -T (p + %)) Jp+1 whence

(2p+1) (—p ~xPL. Jp+aP- %) =—x7P.2 (p + %) - Jp4+1 resulting in the desired formula.

Note: For noninteger p € R\ Z the func-
tions J, and J_,, are linearly independent and
form a basis for the solutions of the second
order differential Bessel equation. In the case
of integer n € Z we have J_,, = (—1)" J,, and
need the Bessel functions of the second
kind resp. Weber resp. Neumann func-
tions Y), (z) = T (x)'cﬁflzzgzr;‘]’p(x) for noninte-
ger p e R\Z and Y, (z) = ;EI}LY;D (x) to de-
fine the vector space of solutions of the Bessel
equation.

5.4 Fourier transforms

Due to [8, 5.18] for every (Lebesgue) integrable f : R® — C the product = — f () - e ¥4
is again (Lebesgue) integrable and the Fourier transform f (§) = W [ f(x) e @8 de is
s

continuous due to 1.14 and in the case of f € L' bounded since ‘f(&)’ = (2llf)|lj/2 according to [8,
5.15).
5.5 Examples

L. For f(x) = X1, We have = \/25125 whence %f%d{ =1 (0) =1.

Yy
[ sing
sin
1A J 3 d§
0 sinx
x
|
0 i i ——— f = I
2 4 6 8 10 12 14

2. For f(z) = e 1*l we have f (&) = \/gﬁ
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3. For f(z) = e’/ we have F©=re

A Jn
4. For f (x) = X B (0) (x) we have f (§) = |€/|2n(/|§|)

5. For f(x) = e 1#1*/2 e have FE&=re©

6. For f (x) = e ®42) with any symmetric and positive definite A € R"*" we have f(&) =T]
k=1

\/;Tk - e~ TR/ with positive eigenvalues di > 0 of A.

Proof:

R o . 13.10 1 —ige =1 1 —izl _o—izf 2 sin&
L f (&)= g [ Xy e "ode =" = [e—z‘f L:,l =vm T VR

2. By splitting the integral into two parts we get

- 7= /e_m e dy
I P 22 —ixt
27T/ lim X[O;R] e (e +e )dm
li T, (e—ixg —iz) g
o NG et /X 0;R] +e ) -
1310 1 . [e—x(1+l§) e—x(l—if) ‘| z=R

2 1
R | T1—ie T Titic

_\/7 1
V142

3. Due to |3 (x;€) ‘ = ‘—w: e™®/2 . emiel] = |z| . e7**/2 € L} (R;R) for every £ € R and according
to 1.15 the function f (£) = \/% [e /2. =iy is differentiable with

55 (5/) = _\/Z.Q? /-’13 . 67m2/2 . eimgdﬂ?

= 2 p cx-e T2 gl gy
T —00

A4 2 Rhm x Lo T2 pmiag gy

T R—o0

R ) ‘

=0- 2 Rhm e*x )

v — 00
=—¢f(6)

making use of dominated convergence [8, 5.14] resp. integration by parts [8, 13.5]. Con-
sidering 3.5 we have the initial value f(0) = 1 so that the differential equation is solved by
PN 2

F=et7=71().

4. On account of the rotational symmetry of the integrand we can restrict the computation to
&€=1(0,...,0,&,) such that
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>

1 :

7 /XB v(o) (@) - e "8 da
27T)

B 1

)2

1

.y /XB (0) xl,.. xln) ~iTndn g
(27r

_ n—1 n—1 Lo 1Tnén
- (2m)? //\ <(Bl )In> ‘ (e
1 .
(271-)"/2 R 1—22

1 —1)/2 .
Tn—1 / (1_xi>(n )/ o gy
1

Tpn=COS 1 (n=1)/2 4 i
n=¢C t — ) s . a / sin™ ¢ - efz{ncostdt
(2m)"? T (3+1)Jo
35 T2 (€]
€[/

using the Bessel functions of 5.3. A direct calculation results in

F(O0) = G A" (BY) = gy

5. F(0) = G [ =2 e e = [ (G [ o2 e intiday ) R oA/ = ool

6. According to [2, S. 312] we have the decomposition A = O~!DO into an orthogonal O €
O (n;R) with O~' = O” resp. |detO| = 1 and a diagonal D = (dkOki)1<pi<y containing
the positive eigenvalues d;, > 0 for 1 < k < n. Hence with v D := (VdiOki) | < p.i<,, and

(\/5)71 = (\6/%)15k;i§nwe obtain

G- / o~ (@AT) | —ilw8) g

(27_[_)71/2
y=0z 5 1)n/2 / e~ DY) . =408 gy,
v
L) )
/2 : —ilz (v2D) 0¢)) ———d
e 2 ¢ exp (=i (=, (V2D) " 08) ) (o

5. deti/@-exp (1 '(\/ﬁ)_losD
det@ e (5 ((v0) "6 (vD) Te))

. —x2 /4dk

Hm

5.6 Properties of the Fourier transforms

For integrable f,g: R" — C we have

. -1
L (foA) (€)= |detA| - fo (AT) (&) for every linear transformation A (x) = Az with A €
GL (n;R)

am™

2. (fooa) (&)= - f (g) for every homothety o, () = ax with o € R

3. (fora) (&) = e a8 . f(£) for every translation 7, (z) =  — a with a € R"
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e

(f*9)" (&) = 2m)™*- F (&) §(&)

5. (20) @) =i f(e)for fect

® N o

(i )" (€) = i (&) for a:f € L
T f @) (w)dw—ff( )3 (y)dy

‘g ﬂ n/Q lg — flly, in particular for any sequence (fy),cy C L' converging in mean to

an f € L the Fourier transforms ( fn) o Converge uniformly to f .
n

Proof:

1.

_i<mTAT’(AT)_1£>

Follows from the change of variable theorem [8, 14.8] with e ) — ¢

)

. Asin 1. with ‘det (%)‘ = o%n and e~ 4@€) = g~iloa(@)&/e),

As in 1. with ‘det (%)‘ =1 and e 4*4) = g~ial) . o—i{ra(x).£)
By Fubini’s theorem [8, 8.5] resp. 1. we obtain

(f*9)" ( 27r1)”/2//f z—y)g(y)dy- e "0 da
27r1)" / (/ (e ce e d (x — y)) g(y)dy-e WOz
= (2m)"2- F(&)-9(&)

Since e~ € is continuously differentiable we can apply integration by parts [8, 13.5] to get
AR b *
(75) (@ = G [ 3 (@) 70 9da = — s [ f (@) - e @ 8da = i€ ] (€)

Since
& — f () - e @4 is differentiable for every x € R”
x — f(x) e @8 due to [8, 5.18] is integrable for every & € R

T — )f( cxp - e ’5>‘ is a Lebesgue integrable majorant for f (x) - %e*“‘”*@

we may exchange the order of integration and differentiation according to 1.15 whence

( X f) n/2/f A e ’§>d

2m)
5
B <27f>n/z [ @) e e
1
)

1) 1)
- _'L<m7£>d
1@ .

-
- [ ([ e =az) - )y

=[fy) gy dy
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8.

5.7

1.

Directly follows from the definition subsec:Fourier-transforms.

Hermite functions

2 an _ :C2

T (e ) with n € N we have the
recursive formula H, o () = 2zH, 11 (z) — (2n + 2) H,, () and the differential equation
L H, (z) — 20 L H, (z) + 2nH, (z) = 0.

For the Hermite polynomials H, (z) = (—1)" - €®

. The Hermite functions h, (z) = H, (z) - ¢ /2 are the solutions of the differential equation

@y (2) — 22y () + (204 1) hy (z) = 0.

dz?

The Hermite functions h,, are othogonal in L?.

~

The Hermite functions h,, are Fourier eigenfunctions, i.e. hy, (z) = Ay, - hy, (z) with eigen-
values )\, € C.

Note: By spectral theory the eigenvalues can be determined by A} — 1 =01i.e. \, € {£1;4i}.
Proof of 5.7.1:

We first prove the recursive formula by induction:

n=20:

Hy(z)-e®

.2
eI

2 2 2

=e " Hy (2)-e® =2z Hy(2)- e = (—2 + 422) e = (2zH, (z) — 2Hy (z))-

n=n+1:
Hps (:B) : 6712

= _ (d (2zHpq1 () — (2n+2) Hy, (2)) — 20 Hypyo (@) e

d

0 (Hn+2 () - 67902)

= (o Husa (0) - 2eHain @) e

2

2

dzx
d

= (23;Hn+2 () —2H 41 () — 22— Hpqq () + (2n 4+ 2) iHn (w)) e

= (2zHpt2 (v) — 2Hp11 (2) — 27 (20 Hpy1 (v) — Hog2 (7)) + (20 + 2) (20 Hy, (2) — Hpg1 (7)) €77
= (2zHp12(z) — (2n+4) Hpy1 (z) + 22 [Hpyo (2) + 22Hp 1 (2) — (20 +2) Hy, (7)]) -7
= (22Hn+2 (x) — (2n+4) Hppa (2) +0) - e

dx dx

2
2

2

The differential equation then follows from

i.e.

Hpyi(2) e = —% (Hn(2)-e7™) = - (CZan (z) — 22H, (:r)) e

d
%Hn () =2xHy () — Hpy1 ()
and
Hoa () = 2 (1 @) o) = (5ot () — 40 1, () + (402 = 2) Ho (@) e
n+2(2) 7" = o (Hu () - € = | gt (= v H (@ x ()| e ™,
i.e.
d2

~_H, (2) = Hypys (z) + 4oL, (z)— (4952 - 2) Hy, (z) = Hypro (2) — 4z Hp 1 (2) + (4x2 + 2) H, ()

dx
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whence by the recursive formula we obtain
L H, () — 22 - L H, (2) + 2nH, (z)
= Hyyo (2) = 4xHy 1 (2) + (422 + 2) Hy () — 422 H,, (2) + 20Hp 1 () + 20H, (x)

= Hyyo(2) — 20H, 41 () + (2n + 2) Hy, (z)
—0

Proof of 5.7.2:

With ] ]
e _ (4 . 7?2
(1) ( L Ho ()~ Hn(;v)) ¢
and ) )
. _ (T 0, 2 22
gl (@) = ( 5 (v) — 22 dan(x)—l—<x 1) Hn(a:)> e
we have

%hn () + (A — %) hyy ()

_ ((j;g () 20, () + (2 1) - Hy <x>> + (20 —1-2%) Hy <m>> e

Proof of 5.7.3:

By integration by parts we obtain (hy; hy) = [ b (2) b (2) dz = [ Hy (2)- Hp (2) €% dz = .
Proof of 5.7.4:
By 5 and 6 the differential equation %hn (v)—2%hy, (2)+(2n + 1) hy, (z) = 0 transforms to the identical

A R R R
equation 0 = (s — 22, + (20 + 1) hy ) (€) = ~€%hn (€) + b (€) + (204 1) hy (€) = 0 having
the same solutions up to a complex constant, i.e.h, = A, - Bn with A\, € C.

5.8 The Riemann-Lebesgue lemma

Let Cp the vector space of all continuous functions f : R® — C vanishing at infinity, i.e.
| 1|im |f (z)| = 0. Hence we have C. C Cy C C and also the following inclusions:
Tr|—00

1. For every f € C¥ with k € N there exists an M > 0 such that ’f (E)’ < ( for every £ € R”

_ M
N 14+[gh*
and particularly f € C¥ N L'

2. For every f € L* we have f € Cp.
Proof:

n n
1. We define multiindices a € N” with || =) «; for use in situations as e.g. ® =[] z;" and
i=1 R i=1
g:—z = %. Hence owing to 5 for |a| < k we have (6%) (&) =ilol . £>. f (&) whence

ox
e F o) < St | #

< @ |52 |, < o0 since Cf C L'. Consequently there is an M > 0 such that
(L+ 6]+ 4 [€a]) ’f(ﬁ)‘ < M for all £ € R™ which proves the assertion.

2. According to [8, 14.4.2] there is a g € C} with ||f — g||; < € whence ‘f({) —J ({)‘ < W for
every & € R” so that the assertion follows from 1.
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5.9 Integrability of Fourier transfoms

According to 5.15.2 the Fourier transform f (¢) = Smg from 1 is integrable with [ Sigfdf = 7 but

not Lebesgue integrable any more, since for every k& > 1 we have fkkﬂ 5125 > % whence
(2N+1)m si 2 N N oo 2 Y1
N %déZEzﬁ_Wzm— AN 2. 5 2 5 forevery N> 1.
k=N k=1 k=1
5.10 Lemma

For any Lebesgue integrable functions f,¢ € L' with [ (z)dx = 1 and v, (§) = O%nlb (g) we
have lim |1 — f %], = 0.

Proof: Due to [8, 14.4.2] it suffices to prove the assertion for f € C2°. Hence there is an R > 0 such
that supp (f) < Bg (0) and for every € > 0 we can find a § > 0 with |f () — f (y)| < 3 (B (0)) Tl
for every z,y € R" with | — y| < §. Owing to the monotone convergence theorem [8, 5.12] and

| € L! exists an a > 0 such that Jig1>s |Va (€)1 d€ oo Jiw|>5/0 1V (@) d2 < T, e have

I = Fevals (_/M @ =1 @=&)- [¥a €) dg) o

v (/ @ -6 wa(s)ms) o
|z|<R \J|£|>6

<N (Brar ) s 1f @) = F )l Wl + 20l [ (€)1

|lz—y|<d

IN

_.I_

DO

€
2
€

5.11 Fourier inversion formula

For Lebesgue integrable f, f € L! we have \"-a.e. f (x) = ff(ﬁ) &) e e f=foo_q resp.

F=1
Proof: According to 5.8.2 we have foo_; € Cy. Also for ¢ (£) = W - e~ 1€1*/2 holds Clyigbw (a€) =

1 with monotonically increasing (¢ (af)),~( for every & € R™ such that we can use monotone
convergence to obtain

[ 7€) celag ™ vy ([ Fe) e (ag) )

LA (/go”) GRUTENIGEY

a—0

1786 1. (/ (forg) (&) (booa) (€) dE)

a—0

2 (e 5()
1
—

hm(/f E+x)- o
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since due to the preceding lemma 5.10 we have 1in%) | f — f *all; = 0 such that according to [8, 5.10]
oa—

a subsequence converges \"-a.e. to f.

5.12 Trigonometric integrals
The fourier inversion yields some convenient formulae for integrals of real valued trigonometric func-
tions with Re (e*!) = cos (tx):
SN2
1. According to 5.2, 1 and 4 we have sup {0;2 — |z|} = 2 [ (%) cos (x€) dr and in particular for
N2
¢ =0 we obtain [ (%) dx = .

2. From 2 follows [ Cfitﬁ) de = me~ .

5.13 Lemma

For every f € L' N L? and every € > 0 there is a ¢ € C¥ such that ||f — ¢||; < eand ||f — ¢|, < e
Proof: According to [8, 14.4.2] for € > 0 and h, () = e~ there is a ) € C&x with ||f — |, <

mln{Q, 2||h B } Since hq T 1 for @« — 0 we can invoke monotone convergence [8, 5.12] to find

an o > 0 such that || — f - hall; = [[f (2)]” - |1 — hq (2)|" dz < §. Hence on the one hand we have
| f ha—1-hally =|f =] Hh o < Ilf =%ly < § and owing to Holder’s inequality [8, 6.4.1]
on the other hand there is || f - ho — ¥ - hall; < ||f =¥y - |hally < §. The assertion now follows with
the triangle inequality for p = 1;2 for o = ¢ - hg,.

5.14 Plancherel’s theorem

There is a L?’-norm-preserving isomorphism " : L? — L? with ||f|, = HfH2 for f € L? and
fe = = f (@) e~ w8 dy for f e L' N L2
Proof: According to the preceding lemma 5.13 for every f € L'NL? there is a sequence (fK)peny C CF

converging in the first and second mean to f. Due to 1 we have ( fkeN) heN C L'and with 6 follows

~ 112 AT N _ ~
H kaQ = [ fofud\" = [ fifud\" = [ fufrdA" = | f]|2. Hence ( fk)keN is L2-Cauchy, which due to [8,
6.7] converges in the second mean to a g € L? and according to [8, 6.9] a subsequence converges

A"-a.e. to g. But owing to 8 the entire sequence (fk) uniformly converges to f which means
ANae. g = f e L*(R"). Also we have HfH = lim kaH = lim || fx|]ly = ||fll- Thus we have
2 k—>oo k—o00

shown that the Fourier transform “: L' N L? — L? is L?-norm preserving. Since L? is complete and
C& C L' N L? C L? according to [8, 14.4.2] is L?- dense in L? it can be extended to L? as usual by
assigning to every f € L? as Fourier transform the L2- resp. A"-a.e. limit f = hrn fk € L? of the

L?-Cauchy sequence ( fk) heN C L? of Fourier transforms of any sequence (f) ken C L1 NL? converging

in the second mean to f. Owing to the L?-norm preserving character of the Fourier transform and
in particular kaH2 = || fxll5 resp. the positive definiteness of the norm due to [8, 5.8] the Fourier
transform f is A"-a.e. determined and in this sense independent of the approximating sequence. The
same argument applies to show that the Fourier transform is injective and finally it is surjective

since the set of all Fourier transforms is closed with respect to the L?-norm and includes the L?- dense
subset Cgr.

Note: In the proof a sequence ( fk) ken C L' N L? converging in L? and A"-a-e- to f is used to define
the extended Fourier transform f hm fk € L. In the following example we will use the inverse
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direction and take a sequence (fk>k N C L' N L? converging in L? and A\"-a-e- to f to find its inverse
€

f = lim ﬁ € L%
k—o0

5.15 More trigonometric integrals

2 2 J2
L[5 ‘Jn/Q (r)| & = % for every m > 1 since on the one hand we have H)%B? ) 1614 ”fg‘(yllwdf 12:5

T
2
) 8.13 T, so that the formula follows from

2
)‘ % and on the other hand HXB{L

n-Tn- fooo ’Jn/Q (T
Plancherel’s theorem 5.14.

2. We want to show that fT: f and thereby compute the integral [ Siggdé : The Fourier transform

f= ﬁ% € L? of f (x) = x[—1,1) (z) € L? from 1 is integrable due to [8, 5.24] and square
integrable owing to 5.12.1 but not Lebesgue integrable. Hence we cannot directly apply
the inversion formula 5.11 and have to invoke Plancherel’s theorem 5.14: The sequence

N2 R . N
(fk)k>1 C Ly with fx = f- X[—;x) converges to f? pointwise and owing to monotone conver-

gence [8, 5.12] the sequence (fk)k>1 C LiN Ly converges to f € L? in quadratic mean. Due to

Plancherel’s theorem subsec:Plancherel’s-theorem the sequence (fx),~; = <fk> C LiNnLy
- k>1
converges in quadratic mean and due to [8, 6.9] also A"-a.e. to x|_1,1) (¥) = f (7) = klim fr(x) =
—00

lim fi (@) = T (= e (©) - F () - 8dg) = L+ Hm [ x( o () - 225 - cos (a€) dg "2

% - % - cos (z€) d€. For x = 0 we obtain 1 = % . kli_)rgof%df whence f%df =.

6 Umordnung von Vektorsummen

6.1 Einleitung

Nach dem Riemannsche Umordnungssatz lasst sich eine bedingt konvergent Reihe reeller Zahlen so
umordnen, dass die Partialsummen gegen jede beliebige reelle Zahl konvergieren. Da die Partial-
summen einer bedingt konvergenten Reihe zwar beliebig gro3 werden, die Betrédge der Summanden
aber gegen Null konvergieren, kann man eine Umordnung konstruieren, die eine beliebige reelle Zahl
approximiert. Die Verallgemeinerung auf endlichdimensionale Banachrdume und insbesondere die
komplexen Zahlen und den R™ gelang 1905 P. Lévy bzw. 1913 E. Steinitz [6]. Der elementare und
sehr aufwendige Beweis wurde von W. Gross [3], I. Halperin [4] und P. Rosenthal [5] vereinfacht. Der
mehr topologisch motivierte aber ebenfalls konstruktive Ansatz von T. Banakh [1] aus dem Jahr 2017
verkiirzt den Beweis deutlich.

Nach einem ersten Abschnitt mit bekannten Ausssagen zu bedingt und absolut konvergenten Reihen
wird im zweiten Abschnitt der Beweis des ersten Teils des Satzes von Lévy-Steinitz nach P. Rosen-
thal behandelt: Die durch Umordnung moglichen Grenzwerte einer bedingt konvergenten Vektorreihe
bilden einen affiner Unterraum. Der Beweis enthélt Ergebnisse zur Umordnung endlicher Vektorketten,
die auch fiir sich von Interesse sind. Im dritten Abschnitt wird der Beweis des Satzes von Lévy-Steinitz
einnschlielich der Aussagen zur Lage des affinen Unterraums nach T. Banakh dargestellt.

6.2 Absolute Konvergenz von Vektorsummen

Sind die Partialsummen einer Vektorfolge (v;);cy mit v; € R™ absolut konvergent mit 3, |vs| < 0o,
so ist der Grenzwert };cy vp(j) = v unabhéngig von der Permutation p.

Beweis: Fiir jedes € > 0 und jede Permutation p : N — N gibt es ein 49 € N mit >_,5, [lvi]| < € und fiir
il = Imax {p_l(j) : 0 S ] S ZO} gllt demnach HZZZO V; — Z,]ZO 'Up(])H S H20<i§i1 Vi — Zo<j§i1 'Up(J)H +
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+ 2¢ < 4e. Dabei wurde im vorletzten

Disiy il + 2554, “p(j)” < |Zio<i§i1 v — ZO(<J)’§1‘1 Up(j)
p(J)>i0

Schritt die endliche Summe 3o ;<;, vp;) so umgeordnet, dass die ,grofien® v, mit p(j) = 1 fir
0 <4 < ip zu Beginn stehen und sich mit den entsprechenden ,grofen” Summanden in » q_;<;, vi

aufheben. Die iibrigen ,kleinen* Summanden v;mit i > 79 und wy(;) mit p(j) > ip heben sich nicht
gegenseitig auf, lassen sich aber wegen der absoluten Konvergenz durch jeweils € abschétzen.

6.3 Bedingte Konvergenz von Zahlensummen und Riemannscher Umordnungssatz

Sind die Partialsummen einer Zahlenfolge (z;), . mit z; € R bedingt konvergent mit ;. z; < 0o,
aber Y,y |zi| = 00, so gibt es fiir jedes z € R eine Permutation p : N — N mit 2 jeN Tp(j) = T

Beweis: Wegen |z;| = z; +; und z; = ;7 —; sind die Reihen der Positivteile z; = § (|z;| + z;) =
max {2;;0} und der Negativteile z; = % (|z;| — z;) = min {2;;0} divergent: > ;cyzf = ZzeN x; =

i
oo. Fiir 0.B.d.A. x > 0 und n > 1 definiere zunéchst ig = jo = 0 und 4 —mln{zl>1 > :v+>’u}
=1

i1 Ji
sowie j; = min { =1y -y z; < a:} Anschlieend setzt man die Umordnung induktiv fort
j=1

i=1

mit

-/ . -/

Ym+1 Jm+1 tnt1

+ - +
in41 = min n+1>zn Z Z T — Z x; + Z T Zx
= 1=%m+1 J=Jjm=+1 1=in+1

sowie

n 41 j;n+1
Jn+1 = min j;+12jn32 Z af — Z Tp | s

m=0 \i=im+1 J=jm+1

Fiir die neugeordneten Partialsummen gilt

+ - +.,.—
S| X w- Y ey e <max{elia)
m=0 \i=im_1+1 J=Jm—-1+1

Da wegen der Konvergenz der Gesamtreihe lim |z;| = 0, folgt daraus die Behauptung.
1— 00

6.4 Korollar

Jeder affine Unterraum v + I des R™ mit v € R™ und einem Untervektorraum I' ¢ R"™ lasst sich
als Menge X der Grenzwerte der Partialsummen };cy vy aller moglichen Permutationen p: N — N

einer Folge (v;);cy € R™ von Vektoren darstellen, denn nach dem Riemannschen Umordnungssatz

gibt es fiir jedes 1 < j < m eine Permutation p; : N — N der Folge (z;);cy mit z; = (%m, so dass

2ieN Tp;(i) = Tj-
6.5 Eingrenzung von Polygonen

Fiir jede endliche geschlossene Vektorkette (v;),.; C R" fiir I = {1;...;m} mit Z v; = 0 und
Betrégen ||v;|| < 1,7 € I gibt es eine Permutation p : I — I mit p(1) = 1, so dass Vi e I gilt

J
vy || < Cp mit Cp =1 und C, < 407%_ + 1.
£ o] s0n v i

Beweis durch Induktion iiber n: Fiir n = 1 und 0.B.d.A v; > 0 wiéhle die folgenden vp,(2), vp(3), ... <
0, bis die Summe im Bereich —1 < vy + v,y +vp3) + ... < 0 liegt. Anschliefend wéhle wieder positive
Up(i), bis die Summe wieder im poitiven Bereich liegt, usw., bis alle m Vektoren verbraucht sind. Wegen
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lvi]] <1 kann man die v,,;) so wihlen, dass die Sume die Bereich [—1; 1] nicht verldsst, womit sich die
Behauptung mit C; = 1 ergibt. Fiir n > 1 wihle unter den 2™~ ! moglichen Kombinationen die Summe
v =101 +uy + ... + us mit {uq;...;us} C {va;...; v} und maximaler Lénge ||v||. Man betrachtet den

Vektor v als positive Bezugsrichtung und zeigt zunéchst mit Hife des inneren Produktes (...,...),
dass die vy, uq, ..., us in Richtung v ,d.h. (vy,v), (u;,v) > 0, und die tibrigen Vektoren {w;;...;w;} :=
{va; s um P\ {urs . sus} mit 1 +s+¢=m und v = —w; — ... — w; in Richtung —v, d.h.(w;,v) <0,
orientiert sind:

Angenommen, (v1,v) < 0, dann wére ||v; + wy +we + .|| > <(v1 +wy + we + ...), ||;|’|> = % +
||lv]] > ||v|| und damit vy + w; + wa + ... eine ldngere Vektorkette als L.

Angenommen, (u;,v) < 0, dann wére [jv — u;| > <(v — uz),”;‘j—”> = _(”fj'iv) || > ||v|| und damit
v — u; eine langere Vektorkette als L.

Angenommen, (wj,v) > 0, dann wére ||v + w;|| > <(v+w]) ﬁ> = <1ﬁ{)’|r> | > |lv|| und damit

v + w; eine lingere Vektorkette als L.

Sei nun v’ = u — {u, 7% die Komponente des Vektors v in dem n — 1-dimensionalen Unterraum
> Toll) Tl b

(v} = {u eR™: <u, H%H> = 0} orthogonal zu {v} := {u eR™: <u, W> = u} Wegen v/ = v} +uf +

.+ ul, = —w] — ... —w; = 0 gibt es nach Induktionsvoraussetzung eine Permutation ¢ auf {1;...; s},

so dass V1 < j < s gilt < Cp—1 und eine Permutation r auf {1;...;¢} mit ¢(1) = 1,

J
v+ 21 u;(i)
1=

J
so dass V1 < j <t gilt || Y w;,(i) < Cp-1. Die durch g bzw. r vorgegebene Reihenfolge der u, ;)
=1

bzw. w,;) gewéhrleistet, dass die Vektorketten beliebiger Liange orthogonal zu v nicht linger als
Ch—1 werden. Man sucht nun analog zum Beweis fiir n = 1 passende Teilketten abwechselnd aus
den ;) bzw. w,(;) so heraus, dass auch ihre Léngen parallel zu v nicht linger als 1 werden: Man

L> < 1 bzw.

[[]

beginnt in positiver Richtung mit v; mit 0 < <v1, ﬁ> < 1 und findet wegen <wj,
t1

t
‘21 <wj,”5—”> = |v|lein 1 <t <t ,sodass —1 < <01,W>+ El <w7’(i)’H%H> < 0. AnschlieSlend
]:

t1
sucht man ein 1 <51 < s, s0dass 0 < <v1, H%H> + Z; <wr(z~ >+ Z < (i) To H> < 1. Als néchstes

. . v a1 L)
kommt wieder ein t1 < t9 < ¢, so dass —1 < <vl,w>+ 1;:1 < (%) |v||>+ Z < Ok ||v||> ; tZH

<wT(i), ﬁ> < 0, usw., bis alle uy;) bzw. w,; verbraucht sind. Die gesuchte Anordnung ist also

(vl; Wr(1)s +es Wr(ty)s Ug(1)s -5 Ug(sy) s Wr(t141)s -+ Wr(ts)s ) Die Lénge der Vektorkette in Richtung v ist

hochstens 1 und orthogonal dazu in Richtung v+ fiir die u

Insgesamt gilt also C,, < ,/4C2 | + 1.

6.6 Korollar

q(i) Pzw. wy ;) hochstens Cp_1 + Cp1.

Fiir jede endliche Vektorkette (v;);c; C R" mit I = {1;...;m} < € sowie Betrigen

llvill < €,i € I gibt es eine Permutation p : I — I mit p(1) = 1, so dass Vj € I gilt Z Up(i)

o

I
—

€(Cp + 1), denn die v; lassen sich durch vy, 1 := — v; zu einer geschlossenen Vektorkette geméfl

7

J
2 Up(s)

i=1

2.1 ergédnzen, so dass < eC,, und damit > || L €Ch te
1<i<j

p(i)#m+1
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6.7 Korollar

Fiir jede endliche Vektorkette (v;),.; C R™ mit I = {1;...;m} und Betrigen |v;|| < €,i € T
sowie jedes 0 < ¢t < 1 gibt es eine Permutation p : I — I mit p(1) = 1, und ein j € I , so dass

J m
VUp() — tU e\/Cz_ +1mitov:=Y v; .
z; p(i) n—1 7,; 7

J
Beweis: Sei zunéchst n = 1 und 0.B.d.A v > 0 sowie 1 < j < m der kleinste Index mit Y v; —tv > 0,
=1

-1

dann ist Z v; —tv < 0 und wegen v; < € folgt
=1

Zv,—tv

=1

< ¢, womit die Behauptung fiir Cy := 0

erfilllt ist. Im Fall n > 1 betrachtet man wie im Beweis zu 20.4 die Projektionen v} := v; — (1),-, ”Z—”) ”Z—”

J
auf den orthogonalen Unterraum {v} . Wegen 3" v} = v/ = 0 und ||v}|| < € ldsst sich 2.1 anwenden
i=1

und liefert eine Permutation p : I — I mit p(1) = 1, so dass Vj € I gilt Zj: v’ | < €Cn-1. Fir
m

die Komponenten <Ui, ||%||> ror Parallel zu v gilt <UZ-, ||%||> < € und 121 <’Up(i) H lv]| = v, IR

so dass sich wie im Beweis fiir n = 1 ein j € I finden ldsst mit i < W> —t HUHH < e. Die

J
Differenz 3 v;(i) —tv der beiden Vektorketten und in Richtung v ist hochstens € und orthogonal dazu
i=1

J
in Richtung v+ hochstens €Cy,_1. Insgesamt gilt also || > Up(i) — tv C2 | +1.
i=1

6.8 Umordnungssatz

Besitzt die Folge (Sm),,>; der Partialsummen S, —Z v; einer Folge (v;);cy € R™ von Vektoren
i=1
eine Teilfolge (Sp,,) k>1) die gegen ein S € R" konvergiert, so lasst sich die Gesamtreihe durch eine

Bijektion p : N — N so umordnen, dass sie gegen S konvergiert: hm H p(m) — S H =0.

Beweis: Man verwendet 2.2, um die zwischen den Gliedern der konvergierenden Teilfolge liegenden
Vektoren vy, 41, ..+, Um,,—1 S0 umzuordnen, dass ihre Partialsummen und damit die Abweichungen

von Sy, minimal werden: Fir 63 := [|S),, — S| und €; := max {0 + 01, sup {|lvs|| : ¢ > my}} gilt
mk+1—1 M1 mi
ooy ( Sov — S) — (Z v; — S) — V|| < Okg1 + Ok + |lvps1]|l < 26, Gemaf 20.5
i=mp+1 i=1 i=1
J
existiert eine Permutation pyvon {my + 1;....,;m — 1} mit > Vp)| < 26 (Cn+1)Vmy +1 <
i=mp+1

Jj < myyq — 1. Setzt man p(m) := pg(i) fiir mp + 1 < i < mgyq — 1 und p (mg) := my sonst, so folgt

HSp(m) — S|l < 2€; (Cp, + 1) — 0 und wegen ||Sp,, — S|| = dx — 0 schliefllich die Behauptung.

6.9 Satz von Lévy und Steinitz |

Die Menge ¥ der Grenzwerte der Partialsummen ),y vy ;) aller moglichen Permutationen p : N — N
einer gegebenen Folge (v;);cy C R™ von Vektoren ist ein affiner Unterraum der Gestalt ¥ = X 4 I" mit
einem Untervektorraum I' C R".

Beweis: Fir ¥ = () ist nichts zu zeigen. Sei also v € ¥ # (), dann kann 0.B.d.A. vy durch v; — v
ersetzt werden und durch diese Verschiebung der gesamten Summe erhélt man 0 € S. Es geniigt nun
zu zeigen, dass X ein Untervektorraum ist:
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81,82 € X = s1+82 € X : Da es drei verschiedene Anordnungen gibt, die unabhingig von endlichen
Umordnungen gegen s1, 0 bzw. so konvergieren, existieren fiir jedes m > 1 endliche Indexmengen
{1;...m} C I, C Jpy C Ky C Iipy1 C ... mit ||Zi61m v; — 51H < 27 ||ZiEJm v; —0|| < 27™ und
HZieKm v; — 82” < 27™. Die Summe bewegt sich also auf I, in Richtung s1, dann auf J,, \ I, wieder
zuriick in Richtung —s; bzw. 0 und schlielich auf K, \ J,,, in Richtung so. Wenn man die Summanden
im Bereich J,, \ I, entfernt, werden die Restsummen gegen s; + so streben: Mittels einer endlichen
Permutation p : N — N lassen sich die Indexmengen I,,, Jn,, K, und I,41 aufsteigend sortieren, so
dass es Indizes iy < jm < km < imy1 < ... gibt mit I, = p[{1;...;im ], Jm =0 [{1; .5 Jm}], usw. und

im jm km km
: 1 1 1
damit || > Up(i) — S1|| < s > UVp@)|| < m und || > Up(s) — S2|| < 7 Wegen > Upi) — S2|| =
i=1 i=1 i=1 i=jm—+1

> Up@) — 52— X Upi|| < % folgt daraus fiir den Rest ||Z Vpiyt Do Upgy — (s1+ 52)|| < %
i=1 i=1 i=1 i=jm+1
P+ Jm —im) fOrip, <@ <ipm+ km — Jm
Wenn man den hinteren Abschnitt mittels p’ (p (7)) = S p (i — jm + im)  Fr i + km — Jim <4 < km
p(i) sonst
nach vorne in die Liicke schiebt, ergibt sich eine Partialsumme > Uplop(i) — (s1+s2)|| < %
i=1
und damit eine gegen s1 + so konvergierende Teilfolge, woraus nach 2.4 die Behauptung folgt.
s € ¥ = ts € XVt € R: Man verwendet 0.B.d.A sy mit den Anordnungen aus Teil 1. und nutzt die
eben bewiesene Additivitat, um sich auf 0 < ¢ < 1 zu beschrianken und damit 2.3 anwenden zu konnen:

Mit 4, = sup {va(i)

2= Jm + 1, ,km} gibt es eine Permutation ¢, von {p (jm +1),....,0 (kn)},

km, km km
so dass i:jzﬂ Vg (p(s)) — b i:jzﬂ Vp(iy || < Smr/C2 1 + 1. Wegen ||t i:jzﬂ Up() — ts2|| < % und
Jm Jm km
1 / 3
Z; Upi) || < 7m folgt Z; Up(i) T iz%+1 Vg (p(i)) — tso|| < Om Cg_l + 1+ ol Aus der Annahme ¥ # ()

folgt 1i£11 dm = 0, so dass die Teilfolge der so umgeordneten Partialsummen gegen tsy konvergiert und
m—0o0
aus 2.4 folgt wieder die Behauptung.

s € ¥ = —s € X: Man verwendet wieder so mit den Anordnungen aus Teil 1. und betrachtet

jm j’m+1 ,]m jm+1 k‘m
X vt X v — (=s2)|| = [ X vyt X vpei) — (Z Up(i) — 32> < on T T - Analog
=1 i=km+1 =1 =1 =1

zu 1. lasst sich durch die Riickverschiebung der letzten jp4+1 — (km + 1) Glieder eine gegen —so
konvergierende Teilfolge von Partialsummen bilden, so dass sich mit 2.4 erneut die Behauptung ergibt.

6.10 Komponentenweise bedingte Konvergenz

Eine Reihe ),y v; mit v; € R™ heifit bedingt konvergent, wenn es eine Permutation p : N — N
gibt mit ‘ZiGN Upi)|| < oo und komponentenweise bedingt konvergent, wenn die Summen

> ien (vi, w) der Projektionen in alle Richtungen w € R™ und insbesondere die Summen ),y vi; der
Komponenten v;; = (v;, ej) bedingt konvergent sind. Aufgrund der (Sesqui-)Linearitét des Skalarpro-

m m m
duktes und der Schwarz-Ungleichung gilt | > (v, w)| = <<Z vl-) ,w> < || > vi||-||w]| fitr alle m € N,
i=0 i=0 i=0

d.h., eine bedingt konvergente Vektorreihe ist insbesondere komponentenweise bedingt konvergent.

6.11 Folge der Summanden

Fiir eine komponentenweise bedingt konvergente Reihe ),y v; konvergiert die Folge der Summanden
gegen Null: lim ||v;]| = 0.

1— 00
Beweis: Angenommen, es gibt ein € > 0, so dass die Menge £ = {n € N: ||v;|| > ¢} unendlich
ist, und die Folge (”z—z”)leE C S auf der kompakten Menge S einen Haufungspunkt v, besitzt mit
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einem ng € N, so dass ‘ - UOOH < § fiir alle 4 > ng. Dann gilt |[(vs, veo)| = ||vi| - ‘<”Z—i”,vm>‘ =

Tor]
loill - | { g voo = i) + (i )| = € (1 = §) = § fiir alle i € E, so dass die Reibe Yex (i, voc)
nicht in eine konvergente Reihe umgeordnet werden kann im Widerspruch zur Voraussetzung der

komponentenweise bedingten Konvergenz.

6.12 Divergenzpunkte und absolute Konvergenz

Ein Punkt x € S = {o € R" : ||z|| = 1} heifit Divergenzpunkt der Reihe ).y v;, wenn die Menge
Ny = {z eN: H%H € U} fiir jede Umgebung U C S von x unendlich ist und die Teilfolge >y, [lvil =
oo divergiert. Die Menge D C S aller Divergenzrichtungen einer bedingt konvergenten Reihe ist nach
Definition abgeschlossen in S und als Teilmenge der kompakten und insbesondere abgschlossenen
Einheitsspire S auch abgeschlossen in R”. Im Fall D = () gibt es eine endliche Uberdeckung I/ offener
Mengen U C S, fiir die jeweils >;cn,, [[vil] < oo und folglich 37y [lvill < X pey Dieny, llvill < oo,
d.h., absolute Konvergenz mit I' = R", I't = ) und ¥ = {v} fiir v = 3,y vi-

6.13 Konvexe Hiille der Divergenzpunkte

Im Fall D # () enthilt die konvexe Hiille

co(D) = {Ztkajk:Ztk—l, tr €10;1], zx € D, OSkSm,meN}
k=0 k=0

den Koordinatenursprung, denn ansonsten existiert nach dem Satz von Hahn-Banach ([7, 5.2]) ein
w € R™ und ein € > 0 mit (z,w) > eVx € co(D) sowie wegen der Stetigkeit des linearen Funktionals

(...,w) : R" = R auch eine Umgebung U € U(x) mit (z,w) > §Vx € U, so dass } .y <vp(i),w> fir
keine Permutation p konvergieren kann im Gegensatz zur Annahme der komponentenweisen bedingten
Konvergenz von ;- vj.

6.14 Konvexe Hiille der minimalen Divergenzpunkte

Die minimale Teilmenge Dy C D mit 0 € co(Dy) ist affin unabhéngig

und besteht daher aus hochstens n + 1 Punkten, denn im Fall Dy = &
{Zoy .oy Tt} ist der Kern KerA = {t = (t1;...;tp+1) € R™TL I A(t) =0} 0:17°
n+1 1
der linearen Abbildung A : R""1 — R” mit Alt) =Y trxg A |+ +=1)
k=0
n+1 - i . . g 1 b
to = 1— > t fir xg,....,xp41 € D C R" ein mindestens eindi-

k=1
mensionaler und hochstns (n + 1)-dimensionaler Unterraum des R™*!

in der Form KerA = {t eR™  t =a+ nil Sybr,y S1y.ey Spy1 € R} mit

a € R™! und linear unabhingigen bl,...r:b;H € R sowie by # 0, der wegen 3.4 den Def-
initionsbereich [0;1]"" der konvexen Hiille und fiir jedes 0 < j < n + 1 mit (ej,b,) # 0
seinen Rand {(to, tnp1) €10;1"T2:30< i <n+1: tj = 0} schneidet. Dabei kann man sich
das Urbild A™![co (Dy)] der konvexen Hiille als mindestens eindimensionale und héchstns (n + 1)-
dimensionale Hyperflache vorstellen, die durch den Schnitt der (n + 1)-dimensionalen Hyperebene

n+1
{t = (to;..;tne1) ER2:3 ¢ = 1} mit dem Einheitswiirfel [0;1)"%? entsteht. An jedem dieser
k=0

Ker A
9]

Durchstofipunkte ist mindestens ein ¢; = 0 und 0 = >0 tpxp A Y.t = 1 erfiillt, d.h.,
0<k<n-+1 0<k<n+1
k#j k]

0 € co(Dg\{z;}). Die minimale konvexe Hiille enthélt damit sogar eine offene Umgebung
des Ursprungs: 0 € U C co(Dy) fiir ein U € U(0), denn falls der Ursprung auf dem Rand
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m
{ > otrxp €co(Dg) N <j<n+1:t;= 0} liegt, konnte wieder der entsprechende Divergenzpunkt
k=1

x; entfernt werden, d.h. 0 € co(Dg \ {z;}) im Widerspruch zum minimalen Charakter von D.

6.15 Lineare Hiille der minimalen Divergenzpunkte

m
Sei Xg = { S tkTp T,y T € DO} die lineare Hiille von Dy = {x1;...; x;,} mit der Projektion
k=1

0 : R™ — X, wobei pro(v) :kz_:l <v, |I§:H> ”i—:” und X7 = Xg = {y € R": (x,y) = OVz € X} das

n

orthogonale Komplement mit der entsprechenden Projektion pry : R" — X5, wobei pri(v) =

k=m+1
<v,”ﬁ—2”> ”m i fiir die Basis {7,,41;...;7,} von Dy. Dann gibt es eine Teilmenge Q@ C N mit
Yicq llpry (vi)|| < oo und 37, conn,, [[vill = oo fiir jede Umgebung U C S aller @y, € Dy
Beweis: Fiir jedes n € N und v € B,, := By-n(z) C S gilt |pr; (v)|| = ||pr; (v —2z) +pry (2)| =

lpry (v —2) + 0| < [lv — 2| < 27". Fiir jedes w3 € Do C D ist N, unendlich und >y, ||lvil| = o0
Daher und nach 3.2 gibt es eine endliche Teilmenge F,, C Np, mit n < Y ;cp [|vi]| < n+ 1. Fir

O = Unes Fu gilt dann ico, [pry (0| € nen Tier, 11 (0 = nen Tier, [pra () [l <

> neN ”2‘21 < oo und fiir 2 = U O, folglich die erste Behauptung. Fiir eine beliebige Umgebung U C S

von zj, € Dy gibt es ein n € N m1t By—n (x) C U und damit F,,, C Np, C Ny fiir alle m > n, so dass

Yicanny lvill = ZzeU Fm ||vi|| > supm = oo, womit die zweite Behauptung gezeigt ist.
m>n

6.16 Naherung der linearen Hiille der minimalen Divergenzpunkte

Es gibt eine positive Konstante C, so dass fiir z € Xy, € > 0 und jede endliche Teilmenge F C €2
eine weitere endliche Teilmenge £ C Q\ F existiert mit ||z — Y ;cpvil| < e und ||X;cpvil| < C -
max {||z|, e} fiir alle B/ C E.

Beweis: Nach 3.5 gibt es ein § < 1 mit Bs(0) C co(Dp) und Bs (z;) N Bs (l‘j) OVz;,z; € Do.

Seien z € Xo, € < & und die endliche Teilmenge F C Q gegeben. Fiir ¢ = } max {||z|,e} folgt
m

L € Bs(0) C co(Dg) und damit z =" ¢ - tgay fur z1,....,2y € Do und 0 < ¢t < 1 mit Z

C

k=1 k=
ty = 1. Auf der sphérischen Kreisscheibe Sy = Bs(xr) N S gilt zundchst =,y € Sp = (z,y) =
(z,2) + (z,y—a) > 1—|lz—y|| > 1 —25 > %, woraus fiir den zugehérigen Richtungskegel Sj =

{t-x:x e S t>0} die Abschitzung 2,y € Sy = |z +y|| > <$ + v, ﬁ> |l + ||yl < IR Hzll>
||| + 3 [ly|| folgt. Nach 3.6 sind die Mengen € = {z eN: H”;—ZH € Sk} = {z eEQ:vy € Sk} fir 1

—

v

>IN

k < m unendlich und 3 ;cq, |vill > Xicq,nn, lvill = co. Da wegen (v;);cq, C Sj auch >icq, Vi € Sk
und auflerdem lim ||v;|| = 0 gilt, lasst sich fiir eine gegebene endliche Teilmenge F' C 2 eine weitere
1—00

endliche Teilmenge FEj C € \ F finden, so dass s; = Y ;cp, vi € S und ¢ -ty — 5 < |lskl] < ¢t

Damit folgt ||sg — ¢ - trzi|| < H”SkH e ¢tk ‘+ HC b -

_Sk
Toe]
t ’

HZzeEUz Z c-lpxy

T — - tyag|| = lllsell = e tall +c-

ka < 5+c-tg 5. und fiir die endliche Teilmenge £/ = U E, C Q\Ffolgt |>cpvi — x| =

HSkH

Sk
Tsill

8 [Senmeot| <E (et (1 £ 1) —c
Fiir die zweite Behauptung sei £/ C E und E} := E N Ej. Dann ist ZieE,; v; € S mit HZZ‘GEIQ v;
HZIGEk Vg
1 m
C-max {||z| , e} mit C' := 5 sup {H > Yk
k=1

IN

<c-tg <, also ZieE;cvi:ﬁymityGSk und 0 <t <¢,sodass ||Dcp vl <c-6-C=

10 <ty <1,yr € Bs(xx) , o EDO}-
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6.17 Die Richtungen absoluter Konvergenz

Die Richtungen absoluter Konvergenz sind orthogonal zur linearen Hiille der Divergenzpunkte: I' =
{y € R™: Yien [(y, vi)| < o0} ={y € X1 : Fjen [y, pry (03))] < o0} =T

Beweis: C: Angenommen, Jy € I'\ X; , dann existiert insbesondere ein xp € Dy mit (y,zx) # 0
und die Menge Ny := {z eEN: e U} fir die offene Umgebung U = {z € S : |(y,x)| > [{y, )|}
von y ist unendlich und }>;c, [Jvil] = oo. Damit folgt aber [(y,v;)| > vl - [(y,7x)| Vi € Ny und
folglich > ;cn, [{y, vi)| = oo im Widerspruch zur Auswahl von y. D: Fiir y € Xy ist (y,pry (v;)) =
(y,vi) — (y,prg (vi)) = (y,v;) — 0 = (y,v;), woraus sich die Behauptung ergibt.

6.18 Satz von Lévy und Steinitz Il

Die Menge X aller moglichen Summen } ;o vp;) zu den Permutationen p : N — N einer Folge
(vi);eny © R™ von Vektoren ist ein affiner Unterraum: ¥ = X + I't, wobei der Untervektorraum I' =
{y € R : " ;en [y, v3)| < oo} die Richtungen absoluter Konvergenz und I't = {z € R" : (y,z) = 0Vy € '}
das orthogonale Komplement zu I' beschreiben. Dabei gilt ¥ # () genau dann, wenn Y,y v; kompo-
nentenweise bedingt konvergent ist. Im Fall absoluter Konvergenz mit >, [|vi]| < oo ist ¥ = {v}
mit v = 3,y v; sowie I' = R"und folglich I't = (.

Beweis durch Induktion nach n: Aus der komponentenweise bedingten Konvergenz von ),y v
in R™ folgt nach 3.8 die komponentenweise bedingte Konvergenz von ;. prq (v;) im Hilbertraum
X1 ~ R™ mit der Dimension m < n, falls keine absolute Konvergenz vorliegt. (vgl. 3.3). Nach einem
geeigneten Basiswechsel kann die Induktionsannahme auf >, oy pry (v;) angewandt werden, so dass die
Menge ¥ aller méglichen Summen } ;. pry (vp(l-)) die Struktur ¥ = X1 + Ff NX =X +ItnXx;
besitzt, denn nach 3.8 gilt I'y =T' = {y € R™" : 3",y [(y, vi)| < 0o}. Man kann nun zeigen, dass fiir
die Menge ¥ aller moglichen Summen 3,y vy gilt X = 31 + (PL N X1> ® Xo =31 +I't, wobei die

Gleichung (FJ- N X1> ® Xo = 't mit Hilfe der Zerlegung = = prg (x) + pry (z) sowie der Beziehung

I' € X, eingesehen werden kann. Die Inklusion ¥ C ¥; + (FJ- N Xl) @ Xy ergibt sich trivialerweise
aus der Zerlegung R" = Xy & X;. Fir die Umkehrung ist zu zeigen, dass fiir jedes x € Xy und
y € ¥ eine Permutation p von N existiert mit » ;cnvp) =  +y. Die gewlinschte Permutation p
wird zweckméBigerweise durch eine Wohlordnung < auf N geméfl p(i) = max< [0;4]_ definiert, so dass
p(i) <p(j) i< jund ZfeN v; = x+y, d.h., fiir jedes € > 0 existiert ein k € N, so dass fiir alle j = k
gilt HZZ’H’ v; — (x4 y)H < €. Nach Induktionsannahme gibt es eine eine Permutation p von N mit

> ienPri (V) = y und damit wie eben beschrieben eine Wohlordnung <; auf N und insbesondere
€N 1 p(i)

auf A =N\ Q mit i <1 j < p(i) < p(j). Damit erhélt man bereits Y31, pry (vi) + Y jeq pry (v:) = y.
Auf 2 ist der Grenzwert der absolut konvergenten Teilreihe ;. pr; (v;) € X1 unabhéngig von
der Permutation bzw. Wohlordnung und erlaubt daher weitere Anpassung der Wohlordnung <
auf 2, so dass die endgiiltige Wohlordnung < auf N = Q U A auf A mit < iibereinstimmt und wie
bisher feN pr; (v;) = y gilt sowie zusétzlich ZfeN pry (vi) = x. Dazu konstruiert man induktiv die
absteigenden wohlgeordneten Mengenfolgen (Ay; <) ey und (2 <)oy Sowie eine aufsteigende Folge
(Fk) ey mit den folgenden Eigenschaften fiir k£ € N:

1. Agrqr = Ap \ {min Ag}
2. Qk+1 C Qp \ {min Qk}
3. Fyy1=Fp U {minAk} U (Qk \ Qk+1)

<27k

e~

Hw - ZieFkH pro (vi)

5. VE C Fyq \Fk : ”ZzeE UZH <C- (2_k + vain/\k + UmianH>‘

Nach 3.7 lisst sich eine endliche Menge Fy C Q finden mit ||z — Y, pro (vi)|| < [l — Yiep, vil| < 1.
Damit definiert man Qy = Q\ Fy und Ag = A = N\ Q. Fiir breits konstruierte Fj, Qk, Ag sei ap := x —
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pro (UminAk + Vmin @, + 2ier, Uz‘) € Xo mit [ag| < Hl’ — Yier, Pro (03)||+ [[vmin A, + Vminey || <275+
| Umin A, + Vming, || wegen 4. Mit 3.7 ldsst sich eine endliche Teilmenge Ey, C Q \ F U{min €} finden
ar — Yiep, vi|| < 275! und fiir jede Teilmenge E C Ej, gilt |Y;cp vil] < C-max {2*]“*1; HakH} <
C- (Z_k + ||vmin A, + UmianH)- Definiere nun Fyy1 := Fj U Ex U {min Ag;min Qx}, Qg = Qi \
(Er U{minQ}) und Agp1 = Ap \ {minAp}. Auf Upen Fie = N wird nun die angpasste Fortsetzung
=< der Wohlordnung =i defniert mit ¢ < j < Ik € N : ¢ € Fp A j ¢ Fi. Aufgrund der abso-
luten Konvergenz von Y;cq, pr; (v;) undabhéngig von der Ordnung gilt nach wie vor Y ;& pry (v;) =
ZfeA pry (vi)+ X 5q pri (vi) = y. Wegen 4. und 5. sowie 3.2 gilt nun aber zusétzlich % prg (v;) = z,
womit x+y € ¥ bewiesen ist. Die Behauptung ergibt sich nun aus X +T'*+ = (Xo @ $1)+ (XO &) FL)

XO@(21+F1):X0@21:2.

mit

6.19 Beispiel

Das erste Beispiel zeigt, dass die Mengen Xq C I't bzw. I' C X; nicht zusammenfallen miissen:
Fiir Reihe ;e v; mit v; = (—1)i (’;015) ist >ien (Y, vi)] = oo wa. fir y = (9), aber der einzige
Dlvergenzpunkt ist z = hm Hle = (}). In diesem Fall ist Xo = {(§): 2z € R} , X1 = {(})) : y € R},
={(})} und T+ = Rz. Dle Menge der méglichen Summen bzw. Grenzwerte ist ¥ = ¥ + 't = R2.
Auch orthogonal zur linearen Hiille X der Divergenzpunkte konnen also Divergenzrichtungen liegen,
d.h., der Vektorraum I' der Richtungen absoluter Konvergenz ist i.A. eine echte Teilmenge von Xj.

6.20 Beispiel

Das zweite Beispiel zeigt, dass die Mengen Dy C D bzw. I' C Xj nicht zusammenfallen miissen:

Fiir die Reihe Y ,cyv; in R3 mit v; = ) ’) ( ) sind die Divergenzrichtungen identisch mit dem

Einheitskreis in der z-y-Ebene: D = { cx? 4 y? = 1} Eine minimale Teilmenge, deren konvexe

Hiille den Ursprung enthélt, ist z.B. Dy = {([1)) ; (_01)} mit co (D) = {(1_0%) 0<t< 1} und
’ 0/"\ 0 0 - -

/
ows
v

Xo = {(386) 1T E R}. Das orthogonale Komplement ist X; = {(2) (Y, 2 € }R}. Offensichtlich ist
zZ
aber I' = {(8) 1z € R} und die Menge der moglichen Summen bzw. Grenzwerte ist ¥ = ¥ + 't =
z
{(%) 1T,y € R}. In diesem Fall gilt also Xy = rt.
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affine space, 20, 21 functional equation, 16

Arzela-Ascoli, 20 fundamental system of solutions, 20, 21
Arzela-Ascoli theorem, 15 fundamental theorem of calculus, 4, 8, 11, 19
Banach algebra, 23 Gamma function, 16, 18

basis, 20, 21 Gauss integral, 17

bedingt konvergent, 37 Gauss’ integral, 17

Bessel differential equation, 22, 24 generalized binomial coefficients, 13

Bessel function, 22, 27 geometric series, 11

Bessel functions of the first kind, 24 Goursat’s theorem, 13

Beta function, 16 gradient, 7

Bohr-Mollerup theorem, 16

Brouwer’s fixed point theorem, 3 Hardy’s large order symbol, 3

Hardy’s small order symbol, 3

Cantor’s intersection theorem, 10 Heine Borel theorem, 4
Cauchy’s integral formula, 15 Heine-Borel, 15, 20
Cauchy-Riemann differential equations, 10 Helmholtz equation, 24
center of gravity, 18 Hermite differential equation, 22
chain rule, 4, 5, 12 Hermite functions, 29

change of variable, 28 Hermite polynomials, 29
conformal map, 14 Hessian matrix, 7

Constant coefficients, 20 holomorphic, 11, 15
Continuity under the integral sign, 9 homothety, 27

continuously differentiable, 7 homotopy, 12

contraction principle, 5 Holder’s inequality, 16, 23, 32

convex, 4, 16
convolution, 23
curvature, 7

implicit function theorem, 6
induction, 11

cut, 18 inhomogenous equation, 20, 21
initial value, 18-21

density, 18 injective, 32

diagonal matrix, 27 Inneres Produkt, 35

diameter, 10 integrable, 25

difference quotients, 16 Integration by parts, 4

Differentiability under the integral sign, 9 integration by parts, 8, 16, 26, 28, 30

differentiable, 3 inverse function theorem, 5, 6, 22

differential equation, 29 Inversion lemma, 5

differential operators, 10 inversion lemma, 5

dominated convergence, 9, 13, 17, 19, 20, 26 invertible, 5, 6

dual space, 5 isomorphism, 32

eigenvalues, 26, 27, 29 Jacobian matrix, 3, 10

ellipsoid, 18

entire, 11 Kern, 38

komponentenweise bedingt konvergent, 37

equicontinuous, 20 .
konvexe Hiille, 38

euclidean norm, 5

Euler Mascheroni-constant, 22 Laguerre differential equation, 22

Laplace equation, 24

Legendre differential equation, 22
Leibniz rule, 13

linear transformation, 27

lineare Hiille, 39

Fourier eigenfunctions, 29
Fourier inversion formula, 31
Fourier transform, 25
Fubini’s theorem, 4, 7, 23, 28
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Lipschitz condition, 20 surjective, 32
Lipschitz constant, 21 symmetric, 7, 26
Lipschitz continuity, 15
Lipschitz continuous, 18
local Cauchy formula, 15

Taylor expansion, 8
Taylor expansion for complex functions, 9

locally bounded, 15 Taylor series, 13
translation, 27

mass, 18 translation invariance, 23

maximal increment, 7 triangle, 10, 11

maximum modulus, 15 triangle inequality, 32

mean value theorem, 4, 5, 9, 17 tube, 18

mean value theorem for vector spaces, 5
Moments of inertia, 18

monotone convergence, 17, 31-33
Montel’s theorem, 15

Morera’s theorem, 13

mulitlinear, 7

unit sphere, 17

vanishing at infinity, 30
variation of constants, 20
von Neumann functions, 25

Weber functions, 25

Neumann function, 22 Wronskian matrix, 21

norm-preserving, 32
normal family, 15

orthogonal matrix, 27
orthogonales Komplement, 39

partial derivatives, 3
partition, 17

path length, 10
Picard-Lindel6f theorem, 21
Plancherel’s theorem, 32
polynomial, 14

positive definite, 26
positive definiteness, 32
power series, 11
primitive, 11

product rule, 4, 13
Projektion, 39

radius of convergence, 11

Rand, 38

recursive approximation, 20
recursive formula, 29

Riemann mapping theorem, 15
Riemannscher Umordnungssatz, 34
root, 14

root test, 12

rotational symmetric functions, 17

Second-order partial derivatives, 7
spectral theory, 29

sphere, 17, 18

Steiner’s theorem, 18

step functions, 17

stepwidth, 20

Stirling’s formula, 17
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