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1 Topological vector spaces

1.1 Topological vector spaces

A topology O on a complex vector space X is a vector topology and the pair (X, O) is a topological
vector space iff it satisfies 77 and the multiplication with scalars - : C x X — X as well as the
vector addition + : X x X — X are continuous. Hence for o; 5 € C resp. x;x1;x2 € X and every
neighbourhood U € U(ax) there are neighbourhoods Bj(«) resp. V € U(x) with SV C UV € Bs(a)
and for each neighbourhood U € U(x; + x2) there are neighbourhoods Vi € U(x;) resp. Vo € U(x2)
with Vi + Vo C U .

1.2 Invariance

The translation operator T, : X — X with T,(x) = a + x and the two multiplication operators
M, : X — X with My(x) = ax for a # 0 resp. My : C — ({x}) with Mx(a) = ax for x # 0 are
homeomorphisms, i.e. continuous, bijective and open on account of the continuity of the inverse
mappings Ty ' = T_, resp. M, = M1 resp. M_!(ax) = a. Note that these operators are not linear
since aTy(x) # Ta(ax) resp. a + M:(x) # M,(a + x) and hence they are not homomorphisms.
On account of a + X = X the vector topology O is uniquely determined by the local basis B (0)
of the origin: x + U = T [U] € U(x) & U € U (0). Hence every study of convergence can
be restricted to null sequences (x,),.y With nli_}rgoxn = 0. Every neighbourhood U € U(x)
can be symmetrized by taking V = U N —U with V = —V. On account of the continuity of the
vector addition at the origin with 0 + 0 = O for every neighbourhood U € U(0) there is a symmetric
neighbourhood V' € U(0) with V 4+ V C U resp. a W € U(0) with W+ W + W C U (cf. [11, th.
12.1]). Due to the homeomorphic character of the translation we have Tx [U] € Tx (U4(0)) = U(x) and
IxV+V]=x+V+V CIk[U].

1.3 Separation axioms and uniformization

1. In a topological vector space X the compact set K C X and the closed set A C X with ANK =
() can be separated by an open neighbourhood U € U (0) of the origin: (K + U)N(A+ U) = 0:
For every x € K there is a symmetric neighbourhood Uy € U (0) with x+Ux+Ux+Ux C X \ A4,
i.e. x+Ux+UxNA+Ux = 0. The finite subcover K C Uycp (x + Ux) with finite E C K yields
the desired neighbourhood U = Nycp Ux(cf. [11, p. 9.5]).

2. Topological vector spaces are regular and can be uniformized due to [11, p. 13.5]. The
local basis B(0) induces the basis B of a translation invariant neighbourhood filter U/
with (x;y) e Be B< x—y € B(0) € B(0).

1.4 Boundedness and metrization

A subset A C X of a topological vector space X is bounded iff for every neighbourhood U € U (0)
there is a 7 > 0 with A C 7U.

1. Since the multiplication operatorM K — ({x}) is continuous for every x € X at a = 0 there
is an ny € N such that = € U resp. x € nyU for every given neighbourhood U € U (0). Thus
we have X = >, nU and in particular every compact subset of X is bounded.

2. For a bounded neighbourhood V' € U (0) and every U € U (0) there is an n € N such that
V C nU resp. %V C U. Hence the sets (%V) - constitute a countable local basis and on
nz
account of [11, th. 13.3] the space X is metrizable.



3. A translation invariant metric with d(x +y;x + z) = d(y; z) induces a translation invariant

neighbourhood filter by means of (y;z) €e U & y—z € U(0) & (x+y;x+2z) € U. The
translation invariance is by no means obligatory since the continuity of the vector addition
according to Ve > 030 > 0 : (d(y;z) <d = d(x+y;x+2z) <€) can also be satisfied by non
translation invariant metrics allowing corresponding dilations of space with § # e. (cf.
[11, th. 14.10])

For every translation invariant metric on a topological vector space X the triangle inequal-
ity and induction over n > 1 yields the estimate d(nx;0) < d(nx;(n — 1)x) +d((n —1)x;0)
=d(x;0)+d((n—1)x;0) < n-d(x;0). In comparison to this strong condition the continu-
ity of the scalar multiplication is much less demanding and asks only for Ve > 035 > 0 :
d(0x;0) < ed(x;0). The construction of the metric on regular uniform spaces according to
[11, th. 13.2] yields the comparable relation 2~*~1d(x;0) < d (Z_kx; 0) < 27%d(x;0) but this
inequality only holds in the local neighbourhood Bj(0) whereas for x ¢ B;(0) the construction
defines d(x;0) := 1 and hence provides no global structure since far reaching properties like
compactness or algebraic operations are not presumed. For translation invariant metrics and
every X € X the e-balls B.(x) are of the same size such that the Cauchy property of a sequence
does not depend on the individual metric (cf. [11, th. 14.10]). In the case of a norm we have
d(ox;0) = [lax|| = a x| = ad(x;0).

1.5 Closed subsets

For o € K and the closures A, B of subsets A, B C X of a topological vector space X the following
statements hold:

1.
2.

A=N{A+U:U €U (0)} on account of 1.2. (cf. [11, th. 7.7])

A+ B C A+ B since for a € A, b € B and every neighbourhood U € U (0) with symmetric
W € U (0) such that W + W C U we have (a+W)NA # 0, (b+W)N B # () and hence
(a+b+W+W)N(A+ B)#0. (cf. [11, th. 2.7))

oA = oA since due to M, being a homeomorphism we have U (0) = oid (0) = 11/ (0).

For bounded A C X the closure A is still bounded: On account of [11, th. 7.7] and 1.3.2
the closed U € U (0) already form a local basis and for each of them there is a 7 > 0 with
ActU=70=AcrU=1U.

On account of 1.4.1 the set X is the only open subspace of X. For every vector subspace
A the topological closure A is also algebraically closed since owing to 2. and 3. as well as
aA+ A = A we have aA + A = aA+ BA C oA+ BA = A.

A proper vector subspace A = (4p) of X = (Xp) with Ay & X is closed and of first
category since on account of the continuity of the multiplication with scalars Me : K — X
with M.(a) = ae for every basis vector e € Xy at o = 0 for every basis set B € 5(0)
there exists an € > 0 such that e € BVr € B.(0) (cf. 1.7.1). For e ¢ By it follows that
B ¢ (4o) = A.

The sum A + B of a closed subspace A and a finite dimensional subspace B is closed since
according to 1.12 the set 7 [B] is a closed subspace of X/A and due to 7 being continuous its
inverse image 7! [7 [B]] = A+ B is closed in X.



1.6 Convex and balanced sets

A subset A C X of a topological vector space X is

o convex iff for x,y € A the line {rx+ (1 —-7)y:0<7 <1} is
contained in AsuchthatVr e R: 0<7<1=7A+(1—-7)A =
A.

 balanced iff for x € A the disc {7x : |7| < 1} is contained in
Asuchthat VT e C:|7|<1=T7TAC Aresp. 0€ AANVT € C:
0<|r]<1=AC7'4:=0cAresp. A= Upr<1 74 =
{0} U ﬂlf\o\ O'A.

Geometrically a convex set can be imagined as a an obviously connected shape without holes or

convex but not balanced

N balanced but not convex

convex and balanced

n n

recesses. The convex hull co A = { Soapxp 0 < ag; > ar=1;x; € A;n € N} of a set A is the
k=1 k=1

intersection of all convex sets containing A. A balanced set is symmetrical to the origin and

can be imagined as a radial symmetric and connected set without holes centered around the
origin. Note that convexity relates to real 7 € R whereas balance refers to complex 7 € C. The
following properties hold in general:

1. Convexity and balance obviously transfer to intersections and linear images.

2. A convex A C X has a convex closure A since on account of 1.5.3 and 1.5.5 for every 7 € R
with 0 < 7 <1 we have 7A+ (1 —7) A =7A+ (1 —7) A = A. The interior A is convex since
from A C A and the convexity of A follows that 7A + (1 —7) A C A. On account of 1.2 the set
7A + (1 —7) A is open and hence must be included in A.

3. A balanced A C X has a balanced closure 4 and a balanced interior A following the same
arguments as in 2.

1.7 Properties of the local neighbourhood basis

A topological vector space is locally convex iff it has a convex local basis.
1. Every topological vector space has a balanced local basis.
2. Every locally convex topological vector space has a balanced convex local basis.

3. In the case of a balanced neighbourhood V' € U (0) the topology can be induced by a metric
with balanced e-balls B, (0) being convex if V' is convex.

Proof:

1. On account of the multiplication with scalars being continuous for every neighbourhood U €
U (0) there is an open V € U (0) and a § > 0 such that 7V C UVT € Bs(0). Then W =
Ujr|<s TV C U is a balanced and open neighbourhood in U.

2. For a convex U € U (0) let W C U be a balanced and open neighbourhood in U according
tol. and A =170 = {x€ X :7x € UVr € C:|r| =1}. Since W is balanced we have
Njrj=1 TW = W and hence W C A C U. Because W is an open neighbourhood it follows that

A € U (z). Due to 1.6.1 the set A is convex and owing to 1.6.2 this is also true for A. For
o € C we have 04 = ;1 |a||g—|TU = (=1 lo|7U. Since 7U is convex and contains x3 = 0

for |o| < 1 we conclude that |o|7U C 7U and hence 0 A C A, i.e. A is balanced and so is A
due to 1.6.3.

3. Following the construction in [11, th. 13.2] for

0<i<n—1

d(x;y) == inf{ > g(xsxir1): (%i)iex € Mxy} <e



and a € C with |a| < 1 implies d(ax;0) < € since with By = V all other B, = 27*V
are balanced too such that with every pair (x;;X;+1) € B < (X; — Xi+1;0) € By we have
(a(x; —Xi41);0) € By & (axj;axi41) € By such that (ax;);cx € Myy and g (ax;; axi41) <
g (xi;%;41). The case for convexity is proved in the same way.

1.8 Bounded sets

A C X is bounded iff for every sequence (x;), .y C A and every null sequence (o), .y C C the
sequence (anXy),cy C X is a null sequence.

Proof:

=: Due to the hypothesis for every U € U (0) there is a 7 > 1 with x, € 7U & 1x, € UVn € N
and an m € N with |a,| < 2¥n > m such that |ay|x, € U. On account of 1.7.1 we can choose a
balanced U and hence obtain a,x, € U.

«: Assuming there is a U € U (0) and for every n € Nan x, € A\nU # 0 = 1 .x, ¢ U we obtain a

sequence (X,),cy C A and (%)%N C C with nh_{%o% =0 and nh_{]go%xn #0.

1.9 d-bounded sets

A subset A C X of a topological vector space X is d-bounded with reference to the inducing
metric d iff there is a 7 < oo such that the diameter § (A) < 7. Every bounded set is d-bounded for

every inducing metric d but the converse is not true since the metric itself may be bounded. E.g. for

a translation invariant metric d the bounded metric d’ = #‘ld (cf. [11, th. 1.7] and 1.4.4) a translation

invariant metric inducing the same topology with every single subset being d’-bounded on account of
d(X)=1.

1.10 Bounded and continuous linear mappings

A linear mapping A : X — Y between complex topological vector spaces X and Y is bounded iff
the images AA C Y of bounded sets A C X are bounded again in Y. For metrizable X the following
statements are equivalent. Without this hypothesis we only have 1. = 2. = 3. = 4.

1. A is continuous at the origin.

2. A is uniformly continuous.

3. A is bounded.

4. For every null sequence (X,), .y C X the image sequence (Ax,), .y C Y is bounded.

5. For every null sequence (x,),cy C X the image sequence (Axy,), .y C Y is again a null sequence.
Proof:

1.=2.: For ax e X and a neighbourhood U € U (Ax) there is a V € U (0) with A[V] C U (AO)
and hence A [x + V] =x+ A[V] C x+ U (AO).

2. = 3.: Follows from 1.8 since for (Ax;,),cy C AA with bounded A C X and every null sequence
(@n)peny € € we have (x;,),cny C A and hence lim cv X, = 0 s0 that on account of A being
n—oo

linear and continuous we conclude lim a,Ax, = lim A (a,%x,) = 0.
n—oo n—o0
3. = 4.: Every null sequence is bounded.

4.=5.: Let d be the inducing metric for the topology on X and (x,),cy C X a null sequence
such that d (x,;0) < 27% for n > ny. Choose a; = 1 and a,, = % for ny < n < ngyq such

1
that (X X">neN
bounded and with 1.8 we infer that (anA (C% . xn)) —_— (Axn)nGN C Y is a null sequence.
n n

is still a null sequence. Owing to the hypothesis (A (C% . Xn)) o CYis
n n

7



5.= 1.: Let d be the inducing metric for the topology on X and U € U (0) an arbitrary neighbour-
hood of the origin in Y. Assuming that for every n € N there is an x,, € Bi (0) with

Ax, ¢ U we had a null sequence (X,),cny C X whose image sequence (Axy,),, oy C Y would
not be a null sequence.

1.11 Closed and continuous linear functionals

Every linear functional A : X — C is open since for every x € X and every neighbourhood
U € U (x) due to 1.2 there is an € > 0 with (1+ A)x € U for all A € C and || < € and hence
(1+M)Ax = A(1+A)x € A[U] resp. B |pg (Ax) C A[U]. The following statements concerning
continuity are equivalent:

1. A is continuous in the origin.

2. ker A is closed in X.

3. ker A is not dense in X if A # 0.

4. There is a V € U (0) with a bounded image AV C C.
Proof:

1.=2.: kerA = A~ [{0}] is closed since due to 1.10.2 the linear functional A is uniformly con-
tinuous and {0} is closed in C.

2. = 3.: ker A being dense and closed would imply ker A = X.

3. = 4.: Owing to the hypothesis there is an x € X \ ker A and a balanced neighbourhood V' € U (0)
with x + V Nker A = () resp. —Ax ¢ AV. Due to 1.6.1 the image AV is balanced in
C and hence includes the line {\Ay : |\| < 1} for every y € V. Assuming Ay € C with
|Ay| > |Ax| implies —Ax € {AAy : |\| <1} C AV in contradiction to —Ax ¢ AV whence
follows AV C Bjpx (0).

4. = 1.: For B.(0) € C and s = sup{|y|: y € AV} follows ASV = SAV C B.(0), ie. A is
continuous in the origin.

1.12 Finite dimensional topological vector spaces

On a finite dimensional vector subspace Y C X with the basis (bj), <j<n the isomorphism i :
n n

C" - Y with i(e;) = b; and i (Z wiel) =3 x;b; on account of 1.11.3 is continuous as well as
1=1 1=1

the inverse i 1Y — C™ with i~! (b;) = e; for the basis (€i)1<i<p, of C". Hence Y is homeomorphic to

C™, locally compact with a countable basis, metrizable und complete. Due to [11, th. 14.2.3]

and 1.3.2 Y is closed.

1.13 Locally compact vector spaces

A topological vector space X is locally compact iff it is of finite dimension.

Proof: Owing to 1.4.1 the compact neighbourhood V' € U (0) is bounded and hence (%V) .
is a local basis. Let Y = ({by;...,b,}) with (b;);.;,, C V taken from the finite subcover vV C

n

‘UI (bi + %V) On account of V' C Y—{—%V C Y—|—Y—|—%V = Y—i—iV, etc. we have V C Y—{—%V resp.
1=

V C N>t (Y + %V) =Y =Y since Y is closed in X due to 1.5.6. Because Y is a vector space we
conclude that mV C Y'Vm > 1 and hence Y = J,,5; mV = X = ({by;...,b,}).



2 Normalization

2.1 Seminorms

A seminorm (cf. [11, th. 1.3]) resp. a real seminorm on a topological vector space X is a function
p: X — [0;00[ with

1.
2.

p(A-x)=|A]-p(x) for all A € C. (Absolute homogeneity)
p(x+y) <p(x)+p(y) for all x,y € X. (sub-additivity resp. triangle inequality)

2.2 Properties

1. p(0) =0 due to 2.1.2 with A = 0.

2. Ip(x) —p(y)| <p(x—y) follows from 2.1.2.

3. p(x) > 0 follows from 2. with y = 0.

4. kerp C X is a vector subspace since for a,3 € C and x,y € p~!({0}) we have 0 <
p(ex + By) < alp (x) +|Blp (x) = 0 and hence ax + By € p~' ({0}).

5. Be = {p < €} is convex since for 0 < ¢ <1 and x,y € B, we have p(tx+ (1 —t)y) < tp(x) +
(1—-1t)p(y) < e. Beisbalanced since for 0 < |7| < 1land x,y € B, we have p (7x) = |7|p (x) < €

2.3 Examples

1. The space X = L? (Y;C) of square integrable complex valued functions on a measure space
(Y; A; p) is provided with a seminorm by means of p(f) := /[ (f . 7) dp with p(f) = 0 <
f =0 p-almost everywhere.

2. The space X = C (Y;C) of continuous complex-valued functions on a topological space
(Y;0) for any compact set K C Y is provided with a seminorm by means of px (f) =
sup{|f(x)] :x € K} withp(f) =0« f(x)=0Vx € K.

3. Every seminorm |[||| generates a pseudometric by means of d(x;y) := ||x — y|| (cf. 2.8)

2.4 Absorbing sets and Minkowski functionals

1.

A convex set A C X is absorbing iff for every x € X there is a 7 > 0 with x € TA. Every
absorbing set contains the origin and every local neighbourhood is absorbing due to 1.4.1.
Hence absorbing sets which are not neighbourhoods of the origin must contain the origin as a
boundary point.

For every absorbing set A C X the Minkowski functional 4 : X — [0;00[ with p4 (x) =
inf {7 >0:x € TA} is a real seminorm and even a (complex) seminorm if A is balanced
since for x,y € X and A € C we have

o pa(Ax) =A-pa(x) for A >0 and pa(x) < oo since A is absorbing.

o pua(x+y) < pa(x)+paly) sincex67‘A/\y6(7A<:>>%x,%yeAiL-%H—L-l =

1 T+o T T+o o

" (x+y) € A since 4 is convex.

o pua(Ax) = |A| - pa(x) for A € C since pa(Ax) <7< Mx € 7A = ﬁTA & x € ﬁA &

pa(x) < ﬁ in the case of a balanced A.

B. = {p < €} is absorbing with p = up, since for an arbitrary x € X we have p(x) < oo and
thus Ss5x € Be & x € ¥ p = p(x) - By as well as pi(x) < p(x). Since on the other hand

€

1x ¢ By for all 0 < 7 < p(x) we obtain y1(x) > p(x) and hence the equality.
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4. For a bounded, balanced and convex neighbourhood U € U (0) the seminorm py; becomes
a norm since for every x # 0 there is an n > 1 with x ¢ %U and hence uy(x) > % since U is
balanced.

2.5 Construction of a family of separating seminorms from a convex local basis

For a locally convex vector space X with the convex local basis B the Minkowski functionals
{pwy : V € B} form a separating family of continuous and real seminorms with V' = {uy < 1} for
every open V € B. A family P of (real) seminorms is separating iff for every x # 0 there isa p € P
with p(x) # 0. In the case of a balanced B the Minkowski functionals are even continuous and
complex seminorms.

Proof: According to 2.4.2 every puy is a (real) seminorm. It is continuous since for ¢ > 0 and
x —y € €V we infer from 2.4.2 the relation |uy (x) — py (y)| < py (x —y) < e. Finally on account
of 1.3.1 for every 0 # x € X there is a V € B with x ¢ V and hence py(x) > 1, i.e. the uy are
separating. For an open V € B and x € V due to the continuity of M, there is a ¢t < 1 with
%xEV@XEtVandhenceuV(x) <t<l Ontheotherhandifx¢VandetV(:)%xEV
implies t > 1 and hence py(x) > 1 since V is convex and contains the origin 0 € V. Thus we have
shown V = {uy < 1}.

2.6 Construction of a bounded, balanced and absorbing local basis from a family of
separating seminorms

On a topological vector space X with a separating family P of seminorms the family B of all finite
intersections of sets B, = {p < %} for n € N* and p € P forms a bounded, balanced and
absorbing local basis for a topology O such that every p € P is continuous and an arbitrary set
A C X is bounded iff every p € P is bounded on A.

Proof: The family O of all unions of arbitrarily shifted basis sets x + B with x € X and B € B
obviously forms a translation invariant topology on X. The B, are balanced due to 2.1.1,
convex on account of 2.1.2 and absorbing since 7B,, = {p < %} resp. the boundedness of p.
According to 1.6.1 these properties extend to the set B of its finite intersections.

According to the hypothesis for every 0 # x € X there is a p € P and an n € N with p(x) > % >0
e npx)>1ex¢ By, €B(0) < 0¢x+ B,, € B(x). Hence {0} is closed in X and on account
of the translation invariance of the neighbourhood basis this extends to every other x € X, i.e. X
satisfies T;.

Since B is a local basis for every neighbourhood U € I/l (0) there are finitely many seminorms p; € P
and n; € N with 1 <¢ <m for an m € N such that ﬂ By, n; CU. With V = ﬂ By, 2n, due to 2.1.2

we have V4V C U and hence the continuity of the addltlon According to 2 4 3 the above chosen
set V is absorbing such that for x € X there is an s > 0 with x € sV. Fora € Clet § € B1 (a) C C

andy € 1+\a|sV (x). Then we have Sy —ax=f(y —x)+ (8 —a)x € 1ﬁf‘sv+|ﬁ—a|sV cCV+VC
U since V is balanced on account of 2.2.5 resp. 1.6.1. Hence we have shown the continuity of the
multiplication. The continuity of the p € P follows from the definition of the B),,, and 2.2.2. Since
B is a local basis for a bounded A C X and p € P there is a k < oo with A C kB, 1 and therefore

p(x) < kVx € A. Hence p is bounded on A. Conversely let p be bounded on A and U ecU(0)an

arbitrary local neighbourhood. As above we find p; € P resp. n; € N such that ﬂ By, n, C U and

hence for every 1 <i <m a M; < co with p;(x) < M;Vx € A. Thenforn—max{MnZ.lgigm}
we have A C nU, hence A is bounded. In particular we have found that all B, , are bounded.
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2.7 Normalization

A topological vector space (X, Q) is normalizable iff it has a bounded and convex local basis.
Proof:

=: According to 2.6 the given norm ||| : X — [0; 00| generates a locally convex topology O’ with a
bounded and convex local basis B = {B 1 (0): n> 1}. Since the given norm also generates O
the two topologies O resp. O’ must be identical.

<: Due to 1.7.1 there is a bounded, convex, balanced and open local neighbourhood U € U (0)
which according to 2.5 resp. 2.4.3 induces a continuous norm ||| = py : X — [0;00[ with U =

{|Ix|| < 1} = B1(0) resp. 2U = B1 (0). The basis B = {Bl (0): n> 1} generates a topology O’ on
X coincidong with the topology O being induced by the same basis {%U tn > 1}.

2.8 Metrizability

Every locally convex vector space (X, Q) with a countable basis can be generated by a translation

invariant metric.

Proof:

Owing to 2.5 and 2.4.3 the open, convex and countable basis U (0) = (Uy,),,~; generates a separat-

ing family of continuous seminorms (py),,~,; with p, = uy, such that U, = {p, < 1} for n > 1. By

means of d(x;y) := max Loy
n>1 n(14pn(x—y))

ness [11, th. 1.2.1] results from the separation property 1.3.2; the translation invariance as well as

the symmetry [11, th. 1.2.2] are obvious and the triangle inequality [11, th. 1.2.3] follows from

m
2.1.2 resp.2.3.3 (cf. [11, th. 1.5)). For e > 0 and ;15 < e < L the ball B, (0) = N {220 <}
n=1 "

we obtain a translation invariant metric: The positive definite-

m
=N {pn < 1271} is open with reference to O on account of the p, being continuous such that

n=1
Oq4 C O. On the other hand for € < 5= we have B, (0) C {p, < 1} = U, and hence O C O4. Hence
the metric d induces the given topology O. The balls B, (0) are balanced due to 2.1.1, convex

owing to 2.1.2, absorbing because of 2.4.3 and due to 2.6 all of these properties extend to finite

intersections.

2.9 Fréchet and Banach spaces

Resuming the preceding two theorems we have obtained the following results for a complex topological
vector space (X;O):

1. the following three properties are equivalent:
a) O has a bounded and convex basis.
b) O is generated by a norm || ||.
c¢) O is generated by a translation invariant metric d with d (A\x;0) = |A|d (x;0).
A complete and normed topological vector space is a Banach space.

2. If O has a countable and convex basis it is generated by a translation invariant metric.
A complete topological vector space with a translation invariant metric is a Fréchet space.

2.10 Quotient spaces

For a topological vector space (X, O) and a subspace Y C X the quotient space X/Y with reference
to the equivalence relation xRy < x —y € Y with the canonical projection 7 : X — X/Y
resp. 71 (7(x)) = x + Y, addition 7 (x) + 7 (y) := 7 (x +y) and multiplication with scalars
a-7(x):=7(ax) for x,y € X resp. a € C is again a vector space over C.
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1. The canonical projection 7 : X — X/Y is linear, continuous and open.

2. For a local basis B in X the canonical image 7 (B) is a local basis for the quotient topology
Oy ={r[0]c X\Y: 7 [r[0]]=0+Y € O}.

3. For a closed Y the vector space X/Y with the quotient topology Oy is a topological vector
space.

4. For a bounded resp. convex local basis B the same is true for its canonical image 7 () on
X/Y.

5. For a Fréchet resp. Banach space X the same is true for X/Y.

6. For a seminorm p on X the map ||| : X/kerp — [0;00[ with [|7(x)|| = p(x) is a norm on
X/ ker p.

Proof:

1. 7 is obviously linear, continuous (cf. [11, th. 4.5]) and open since for open O € O we have
7 Hr[0]]=0+Y € 0.

2. Since 7 is continuous for every neighbourhood U of a point 7 (x) € X/Y there is an open
B € B(0) with x + B € B(x) and w[x+ B] C U. Since 7 is linear we have 7 [x + B] =
7 (x) + 7 [B] with open 7 [B] since 7 is open. Hence 7 (x) + 7 (B) is a neighbourhood basis for
7 (x)and 7 (B) is a local basis for (X/Y;Oy).

3. Due to 2. for every local neighbourhood U € U (7 (0)) there is a local neighbourhood V' €
U(0) with V +V C 771 [U] and hence 7 [V] + 7[V] = #[V + V] C U. Thus the addition
on X/Y x X/Y is continuous. As above and due to 2. for U € U (7w (0)) there is a local
neighbourhood V' € U (0) with V' C 7~ ! [U]. Since the multiplication is continuous on C x X
for a € Cand x € X thereisan e > 0and a W € U (0) with By € x+VVy e x+W; € Bc(a)
such that 5-7 (y) = 7 (By) € 7 (x) + 7 [V] C 7 (x) + U. Thus the multiplication on C x X/Y
is continuous. Since Y is closed for 7 (x) € X/Y the inverse image 7! (7(x)) = x + Y is
closed in X. Due to 1. 7 (x) is closed in X/Y and hence Oy satisfies T.

4. This is a simple consequence of the linear character of 7: For convex W C X its image m [W] is
convex too since for 7 (x), 7 (y) € 7 [W] and 0 < ¢ < 1 the linear combination ¢- 7 (x)+ (1 — 1) -
m(y) =m(tx+ (1 —t)y) € m [W]. The bounded character of W analogously extends to 7 [W].

5. For a translation invariant metric d on X the mapping ¢ : X/Y x X/Y — [0;00[ given by
d(m(x);7m(y)) =inf{d(x+wy+v):u,veY} =inf{d(x—y;z):2z € Y} defines a transla-
tion invariant metric on X/Y inducing Oy since 7 (x) € B¢ (7 (0)) < (7 (x);7(0)) < € &
inf{d(x;z):z€Y} <e& m(x) € n(B(0)). According to the construction of ¢ for a Cauchy
sequence (7 (X)), cy there is a sequence (u,),.ny C Y such that (x, + u,),cy C X converges
to an x € X. Hence the continuous image 7 (x,, + Uy),cy = T (Xn),cy converges to m (x).

For a norm ||| on X we obtain a norm by means of ||7(x)|| :=inf {||x —u|:u €Y} on X/Y
inducing the given metric ¢ (7 (x);7 (y)) := ||7(x) — 7(y)|| and hence the quotient topology
Oy.

6. On account of 7 (x) = 7 (y) = 0 < [p(x) —=p(y)| < p(x —y) = 0 = [[7(x)[| = [[x(y)|| the map
||| is well defined and obviously a norm.

2.11 Closed subspaces

For every closed subspace A ¢ X of a normed space X and
every r > 1 there exists an x € X'\ A with ||x|| < rand d (x; A) =
inf [|[x —y|| > 1.

yeA

Proof: Due to the hypothesis there is an x; € B, (0) \ A with
0 = d(x1;A) > 0 resp. d(%xl;A) = 1. Hence there exists a
yv1 € A with 1 < ||x; —y1]| < r and the assertion holds with
X=X —YyI.
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2.12 The Banach spaces LP (1)

According to [8, th. 7.5] the terms
1
p
191, = ( [ 117a)

[flloe = inf {0 <a <oo:p({|f| >a}) =0}

define a seminorm on the vector space L£P(p) := {f (XA ) — (@ B; )\) L < oo} of the com-
plex valued Borel measurable functions on the measure space (X;.A; ). Special cases are the
integrable functions £!(y) and the p almost everywhere bounded functions £%°(u) with the
supremum norm ||| . According to 2.10.6 we obtain a norm by moving on to the quotient space
LP(p) := LP/ker||||. For 1 <p < oo all f € LP are p almost everywhere finite (but except for p = 0o
not necessarily bounded). Since in every equivalence class we can find representants with only finite
values the study of integrable functions w.l.o.g. can be restricted to the range C. Due to [8, th. 7.7]
all LP () are complete and hence Banach spaces.

for p < oo resp.

2.13 The Fréchet space (C (€2;C);O.)

Due to [11, th. 18.7.5 and th. 18.8] for an open set € C C™ on the vector space C (£2;C) of
the continuous complex-valued functions the compact-open topology O, is metrizable and
coincides with the topology of compact convergence. For compact K,, C C" with m > 1,
w.lo.g. Ky C Kt and U,,>1 Kim = C" the separating family of seminorms || ||, ~defined by
I fllk, =sup{|f(x)|: x¢€ K} resp. the pseudometrics d,,, with d,, (f;9) = ||f — dllk, induces a

metric D with D(f;g) := ?3%’1(% for f;9 € C(Q;C). According to 2.6 the neighbourhoods

B, = {||f||Km <l:.fe C(Q;C)} form a convex local basis for O, and due to [11, th. 18.4]

the space (C (©2;C);0O,.) is complete. It is not normalizable since every basis set W (K;U) and
especially all B,, contain functions with unbounded arbitrary values outside of K resp. K,,.

2.14 The Fréchet space (H (©;C);0.) C (C(2;C);0,)

Due to [6, th. 2.7] for an open set 2 C C the vector subspace (H (€2;C); O,) of the holomorphic
functions is closed in (C (2;C); O,.) relative to compact convergence and therefore complete on
account of [11, th.14.2.2]. Furthermore (H (2;C);O.) has the Heine-Borel property, i.e. every
bounded and closed subset is compact: According to Montel’s theorem [6, th. 2.11] every
bounded subset F C (H (©2;C);O,) is normal, i.e. every sequence in F has a subsequence which
converges on compact sets to a limit function which is also an element of the closed set F such that
F is sequentially compact and hence compact due to [11, th. 10.12].

3 Complete spaces

3.1 The Banach-Steinhaus theorem

A family T' of continuous linear mappings A : X — Y from a Banach space X to a normed vector
space Y is equicontinuous and uniformly bounded if the set B of all points x € X with bounded
ranges I' (x) = {Ax : A € '} is of second category in X.

Proof: For an arbitrary neighbourhood U of the origin Oy in Y and a balanced neighbourhood W &
U(Oy) with W+ W C U let E=yer A! (W) For every x € B there is a n > 1 with I'(x) C nW
resp. X € nE and hence B C |J,>; nE. Due to Baire’s theorem [11, th. 16.4.1] the Banach space X
is Baire and hence according to the category theorem [11, th. 16.3.1] at least one nE is of second
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category. Since the multiplication operator M,, : X — X is a homeomorphism with M, {UneN Tn} =

l:UnGN (An)} the set E itself must be of second category. Since A is continuous E is closed and has

an interior point x € x4+ V C E with a neighbourhood V € U (0) and AV C AE—Ax C W+W c U
for every A € I'. Hence we have shown that I" is equicontinuous.

For an arbitrary bounded set A C X let U be an arbitrary neighbourhood of Oy in Y with V' € U (0y)
such that AV Cc U for all A € I". Then there isan > 1 with A C nV and hence AA C AnV =nAV C
nU for all A € T',i.e. Jpyer AA C nU . Thus we have shown that I' is uniformly bounded on Y. In
particular with A = {x} every I' (x) is bounded in Y and hence B = X.

3.2 Convergence of continuous linear mappings

For a sequence (Ay),cy of continuous linear mappings A, : X — Y on a Banach space X to a
normed space Y we have:

1. If the set C of all points x € X with (A,x)
category in X we have C' = X.

nen being a Cauchy sequence is of second

2. If the set L of all points x € X having a limit Ax := h_}m A, x is of second category in X we
n o0

have L = X and A is continuous.
Proof:

1. On account of the addition and the multiplication with scalars being continuous the set C' is
a vector subspace of X and owing to 1.5.5 this property extends to C. Since C' and hence C
are of second category it follows from 1.5.6 that C = X. For an x € X and an arbitrary
neighbourhood U € U (0y) in Y let V € U (Oy) with V +V +V C U. Since in a metric space
every Cauchy sequence is bounded the set B = {x € X : IN € N: ||A,x]| < NVn € N} C
X with C ¢ B c C = X also is of second category such that due to Banach-Steinhaus 3.1
the family (A,),cy is equicontinuous and there is a local neighbourhood W € U (0x) in X
withx—y e W = A,x— A,y CV ¥Vn € N. Since C is dense in X there actually exists such an
y € C with x —y € W and due to the hypothesis an ny € N with A,y — A,y € V Vn,m > ng
we conclude that Apx — Apx = Apx — Ay + Ay — Ay + Ay —Apxe WH+W+W CU.
Hence (A,x),cy is a Cauchy sequence.

2. Asin 1. we prove that L = X. For U € U (Oy) and W € U (0x) as in 1. we have A, [W] C
UVn € N and due to the hypothesis A [W] C U.

3.3 Uniform boundedness on compact and convex subsets

Let I' be a family of continuous linear mappings A : K — Y on a compact and convex subset
K C X of a topological vector space X into a topological vector space Y. Then if the set of all
values I' (z) = {Ax : A € I'} is pointwise bounded, i.e. for every x € K there is a Bx C Y with
Ax C By for every A € T it is already uniformly bounded on K, i.e. there is a bounded B C Y
with A[K] C B for every A € T.

Proof: For an arbitrary balanced neighbourhood U € U (0y) choose a balanced V € U (0y) with
V+V cUand E = ggpA™! (V) Since for every x € K there is an n > 1 with I' (x) C nV
we have K C U,>;nE. On account of Baire’s theorem (cf. [11, th. 16.4.2]) the compact set K
is Baire and since E is closed ist due to the category theorem (cf. [11, th. 16.3.1]) there is a
n>1,axg € KNnE and a balanced neighbourhood W € U (0x) with K N (xo + W) C nE. Owing
to 1.4.1 there is an m > 1 with K C xg + mW. Since K is convex for any x € K the point z =
(1 — %) Xo + %x € K and hence z — x¢ = %(xo—x) € W resp. z € nE. Since AnE C V and
x =mz+ (1 —m)xp we have Ax C mnV + (1 —m)nV C mn (V + V) mnU and hence the uniform
boundedness of A [K].
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3.4 The open mapping theorem

A continuous and linear mapping A : X — Y on a Fréchet space X into a topological vector space
Y is surjective and open if the image AX is of second category in Y. Moreover in that case Y
is a Fréchet space.

Proof: For any local basis set B;, := By (0x) with n > 2 we have AX = {J,,»; mAB,. Owing
to Baire’s theorem [11, th. 16.4.1] resp. the category theorem [11, th.16.3.1] there is a m > 1
with mTBn # () and since x — mx is a homeomorphism we also have an # (). For an arbitrary
yo € AB, follows (yo +m> N AB, # 0, i.e. there is an xo € B, with y; := yo — Axg €
ABjp+1. Subsequently we can find x; € B4k with yxi1 := yr — Axg € ABj1;+1 such that klirgloyk €
Mieny ABr+kr = Oy on account of A being continuous and Y being regular (cf. 1.3.2). Due to the

u o0
definition of the B,, the partial sums ( > xk) form a Cauchy sequence converging to na x :=
k=0 u>0 k=0

u
X € B,_1 since X is complete. Again due to A being continuous the partial sums (Z Axk>
k=0 u>0
u

= (Z (Yr — Yk+1)> = Y0 — (Yut1)y>p converge to Ax = yo — Jim yu41 = yo € AB,—y. Thus
u>0

we have shown that AB,, C AB,_1 and from AB, # () we conclude that AB,_1 # (. Hence for every
open O C X and Ax € AO we find ann € N with x € x+ B, C O and Ax € Ax—&—ABn c AO
and hence AO is open. Due to 1.5.5 the open mapping A must be surjective but not necessarily
injective.

In order to prove the Fréchet properties of Y we use 2.10.5 and show that f : X \ kerA — YV
with fonm = A is a homeomorphism: Due to [11, p. 4.5] the continuity extends from A to f.
On the other hand for open O C X \ ker A the inverse iumage 7~ 1[O] is open in X and hence

fl0]=f[r[x1[0]]] = A[x1[O]] is open in Y.

3.5 Surjective and bounded linear maps

1. A continuous and linear map between Fréchet spaces is surjective iff it is open.

2. A continuous and linear bijection A between Banach spaces is bounded above and below,
i.e. there are bounds 0 < a < b < oo with a ||x|| < ||Ax|| < b|x] Vx € X.

Proof:

1. =: According to Baire’s theorem [11, th. 16.4.1] and [11, th. 16.2.4] Fréchet spaces are
of second category. Hence in the case of AX = Y the hypothesis for the open mapping
theorem 3.4 is satisfied. <=: Due to 1.5.5 in the case of AX being open it follows that AX =Y.

2. Owing to 1.10.3 and 3.4 the maps A and A~!are bounded with ||[Ax| = ||x]| - HAL ' < |x]-b

Il
and ||x|| = [A~1Ax]| = [|Ax]| - [A~1 Az ]| > lax] - 2

3.6 The closed graph theorem

A linear mapping A : X — Y between Fréchet spaces X and Y is continuous iff its graph
G ={(x;Ax) :x € X} is closed in X x Y.

Proof:

= follows from [11, th. 7.12] for any mapping A : X — Y between topological spaces X and Y.

<: The product X xY is again a vector space with the componentwise addition resp. multiplication
according to a (x1;y1)+0 (x2;X2) := (ax1 + x2; ay1 + Bx2). The complete and translation invariant
metrics dy and dy generate the metric d ((x1;y1); (x2;¥2)) := dx (x1;%2) + dy (y1;y2) on X XY
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with corresponding properties inducing the product topology. Since A is linear the graph G is
a vector subspace X x Y and hence a Fréchet space due to [11, th. 14.2.2]. The projection

1: G — X with m; ((x;Ax)) = x is a continuous and linear bijection between Fréchet spaces;
due to 3.4 its inverse 7r1_1 : G — X is continuous too. Likewise the projection m : X xY — Y
with 7y (x;y) = y is continuous and so is the composition A = 7y 0 7, '

3.7 Continuous bilinear maps

For a Fréchet space X and arbitrary topological spaces Y resp. Z the bilinear map B: X xY — Z
is sequentially continuous on the product X x Y iff it is separately sequentially continuous
on the components X and Y, i.e. the cuts B, : Y — Z resp. By : X — Z are sequentially continuous
for every fixed x € X resp. y € Y.

Proof:
= directly follows from the definition of the product topology.

<: For sequences (mn)nZl C X resp. (yn)n21 C Y converging to xg = nh_)ngoxn € X resp. yg = nh_)rgloyn €
Y for each x € X the set (B (z;yn)),~; C Z is bounded and every B,, : X — Z is continuous the
Banach-Steinhaus theorem 3.2.2 implies that the family (B,,), ., C C (X; Z) is equicontinuous.
Hence for every neighbourhood W € U (0) in Z and U € U (0) with U + U C W there is a further
neighbourhood V' € U (0) such that By, [V] C U for every n > 1. Then for sufficiently large n we
have z, € xo + V such that By, (v, —29) € U and due to the continuity of B,, : ¥ — Z holds
B (z0; yn — yo) € U. Hence we obtain B (x,;yn) — B (x0;90) = B (xn — 20;yn) + B (z0;yn — v0) €
U+UCW.

3.8 The Sperner decomosition

An n-simplex S = co (A) is the convex hull of n + 1 affinely

independent elements A = {x¢;...;X,} of a vector space X
with dim (X) > n, i.e. the vectors x; — X are linearly inde-
pendent.

A regular decomposition of S is a finite family {Si;...;Sm}

of n-simplices whose union is U S; = S and whose pairwise regular irregular

intersections are either empty S NS; = 0 or there is an x;;
with S;NS; = A; N A; = {x;;}, i.e. a vertex or there are two
Xiky X1 With AZAAJ = {Xik,Xﬂ} and S; N Sj = Co (Az N Aj), i.e
a boundary segment consisting of an n — 1-simplex.

A Sperner labeling of a regular decomposition {Si;...; S}
with S; = co(A;) of an n-simplex S = co(A4) with A =
{x0;...;x,} is a function s; : A; — {0;...;n} such that for a
vertex x;; € co(A\ {x;}) only labels from that boundary are
used, i.e. s; (xix) € {0;..;n} \ {sj}. The labeling is complete,
iff s; is injective.

A Sperner-labeled regular decomposition
3.9 Sperner’s lemma

In a vector space X with dim (X) > n every Sperner-labeled regular decomposition of an
n-simplex contains an odd number of completely labeled elements.

Proof: By induction over the dimension n:

Induction start n = 2: We examine the decomposition of a
closed interval S = [z1;x2] with 21 < x2 into closed subintervals S; = [z;1;zi2] with 1 < i < m
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starting with 1 = x11, closing with x,,0 = x2 and any two subintervals sharing at most one boundary
point. Since we start with s (x11) = 1 and close with s; (z,2) = 2 there must be at least one
subintervall with s; (z;1) = 1 and s; (z;2) = 2. Any further subintervals with different labeling must
be complemented by a second interval with inverse labeling such that we arrive at an odd number of
differently, i.e. completely labeled intervals.

Induction step n—1 = n: Each completely labeled n-simplex S; includes
exactly one boundary segment consisting of a completely labeled n — 1-
simplex with s; (x;1) € {0;...;n — 1} for x;, € A; \ {xy} with s; (x;) = n.
If such a completely labeled n— 1-simplex is included in the boundary of S,
i.e., if it lies on the outside it belongs to exactly one S;; if it is not included
in the boundary and lies inside, it is shared by exactly two .S;. According to
the base case applied to the single Sperner-labeled decomposition boundary
n—1-simplex containing the desired labels 0; ...; n—1 this boundary includes
an odd number of completely labeled n — 1-simplices with these labels .
The other boundarys include at most completely labeled n— 1-simplices with other subsets of {0;...;n},
i.e. none of the desired sort. Hence we we arrive at an odd number of completely labeled n-simplices
on one boundary and an even number lying inside including those looking with the “wrong” face at
the other boundaries.

Completely labeled 3-simplex

3.10 Every simplex is homeomorphic to a closed unit ball

In a topological vector space X with dim (X) > n every simplex S = co {X¢;...; X, } with 0 € S
is homeomorphic to the closed unit ball B = {x : |x| < 1}.

Proof: The condition 0 € S entails that each x; can be expressed as a linear combination x; =
ZieNj Bix; of the remaining x; with nonpositive coefficients 3; < 0 for i € N; and i € N; =
{0;..;n}\ {j} since S must include a neighbourhood B, (0), hence it must contain the vector —ex; =
>ieN, (i) (—€B;) x; and due to the linear independence of the remaining x; this expression is uniquely
determined whence follows —ef3; > 0 according to the definition of the convex hull. In particular any
subset of n vectors {x; : i € N;} must be linearly independent.

W.lo.g. we assume that all |x;/ = 1. Then for every
— n n
x €85 = {X:Z aixi:ai>0;0<i<n;zai:1} we
i=0 1=0
n n
have |x| = [ Y a;x;| <> a4 |x;| = 1 with equality only iff
i=0 i=0

_ _ h
x € {xg;...;Xn} and hence S C B. We start by express- b9

ing the component X;(i,) with the smallest coefficient
Qi(min) = Min{ag;...;an} > 0 and Njgpin) = {0;..5n} \
{i (min)} as a linear combination X;(min) = > en;, i) Bixi
of the remaining linearly independent x; with nonpositive
coeflicients 3; < 0 for i € Njin)-

V1 = Vi(min) co {VQ; VS}

Now we dilate x = ZiENi » 0;x; with 9; = «; + ai(min)ﬂi until reaches the boundary section of S

(mi

formed by Hpin = {ZieNi(min) YiXi i 2 057 € Nigmin); ZieNi(min) v = 1} by defining h (x) = ﬁ

with h (x) = >ien,.. 00 < Dien,,,, @i < 1 such that we have ZieNi(min) h‘(;;'c) =1,ie h(x)€dS lies

on the convex hull co {xi 11 € Ni(mm)} defining the face opposite X;(,). Because of the minimal
|x‘ ZiENi(min) 612

character of a;(;nin) and B; < 0 we have 0 < ¢; < 1 and hence |h (x)| = o = D RS < 1 such

that g : S — B given by g (x) = ﬁ with |g (x)| = h (x) < 1 is again a dilation and thus injective
with g[S] C B. For x € B and € > 0 with B, (0) C S there are uniquely determined and continuous
n

n
a;(x) > 0;0 < i < n with ex :'Zo a; (x) x; and 'Zo a; (x) = 1. Furthermore we can determine
1= 1=
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an equally continuous a;(mi,) (x) = min {ap;...;a,} > 0 and hence 0 < h(ex) < 1. The inverse
g !: B — S is then given by g1 (x) = |h (ex)] - x = h(eI] oy — M~h(ex) = @-h(ex) €S

€

since S is convex with 0 € S, h (ex) € S and ‘%" <1.

Thus ¢ is surjective and obviously continuous. It can be extended to a continuous bijection
G:S— Bbyg(x)=xfor x € {x0;..;%x,} =S NIB.

3.11 Approximate fixed-point lemma

A continuous function f : X — X on a compact metric space (X;d) has a fixed point iff for
every € > 0 there is an z. € X such that d(x¢; f (z.)) <€ .

Proof: Due to (cf. [11, th. 10.12]) and since X is compact the sequence (z1,),,51 with d (zy; f (z5)) <
1 convergestoanz € X. Due to f being continuous (f (zn))p>1 — [ (x) and hence (zn; f (2n)),>1 —

(x; f (x)). Since d is continuous we have d (zy,; f (25)),~; — d (z; f (x)) such that the assertion follows
from nlggod (xn; f (zn)) =0. -

3.12 Brouwer’s fixed point theorem

Every continuous mapf : By (0) — Bj (0) on a finite dimensional Banach space X has a fixed

point x = f (x) € By (0).

Proof: W.l.o.g we assume X = span{eg;...;e,} with dim(X) = n+ 1 and S = co{eqp;...;e,}
homeomorphic and homomorphic to T = co {vo;...;vp} with 0 € T by the linear transformation
t:S — T with t (eg) = vo resp. t(e; —eg) = v; — vo for 1 <i < n . Note that the condition 0 € T
entails the linear independence of the direction vectors v; — vg. Hence lemma 3.10 justifies the
assumption.

n _ _ n
Any f =" fie; : S — S must satisfy Y f;(x) = 1 for every x € S. Hence if we assume that it
i=0 i=0

does not fix any subvertex of a regular decomposition {571, e %} of S it determines a Sperner
labeling of subervertices:

n
Since for any subvertex p holds f(p) # p and Y fi(p) = 1 we can choose a j € {0;...;n} with
i=1

fj (p) < p; and define s(p) = j. Since we have chosen basis vectors e; as vertices of the original
simplex S the k-th coordinate of a new vertex p € co ({ep;...;en} \ {ex}) lying on a boundary face is
pr = 0 and hence j # k, i.e. we have the Sperner condition s (p) € {0;...;n} \ {k}.

Due to Heine’s theorem (cf. [11, th. 12.9]) the continuous function f is uniformly continuous on
the compact space X such that for every e there is a § with ||f (x) — f (y)||; < e for every z;y € X with

n n
|x —yl|l; <6 < e In this computation we use the norm |[|(zo;...z,)||; =2 |z for x = xie; € X
0 i=0

1=

n
being equivalent to the euclidean norm |(xo;...x,,)| =Y 2? according to (cf. [11, th. 1.8]).
i=0

We now prove that every completely labeled element S, of a regular decomposition {871, s %}

of S with diameter ¢ (?E) < § < € contains an an approximate fixed point x. € S, with

[xe = £ (xc)[ly < e Let (x5)gjcp, C Se be the vertices of S¢ labeled by s(i) = j for 0 < i < n
such that f; (x;) < z;; for every x; = (xjo;...; ¥jn). Thus we have
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1% = £ (%)l —Z |2 = fi ()]
:Z |25 — i + @i — fi (%) + fi (x%3) = fi (x5)]
<Z (0 + i — fi(xi) + (n+ 1) €)
g; mii— Z% fi(xi)+2(n+1)e

:E oi+ Z (i — wo;) Z )+ (fi(x0) = fi(xi)) +2(n+1)e
e

i=1
<l+4+ne—1+ne+2(n+
<4(n+1)e

Hence every completely labeled vertex is an approximate fixed point and the assertion follows
from lemma 3.11.

4 Extension of continuous functionals

4.1 Dual spaces

For a complex topological vector space X the dual space X* is the vector space of all complex liner
functionals A : X — C. We have real linearity iff Aax = aAx holds for real o € R as opposed to
(complex) linearity for aw € C. For linear A with (complex) linear real resp. imaginary parts we
have Aix = ReAix + ilmAix = iReAx — ImAx = ¢Ax whence the imaginary part ImAx = —ReAixis
already determined by the real part. Conversely every A : X — C defined by Ax = ReAx — iReAix
with a real linear and real valued ReA : X — R is complex linear since for o 4+ i € C we
have A (a+if) x = aReAx + fReAix — iaReAix 4+ ifReAx = (a + i) ReAx — i (a + i) ImAx =
(a4 if) Ax. Moreover A is continuous iff its real part is continuous.

4.2 The Hahn-Banach theorem

Every continuous and linear functional Ay : Y — C on a vector subspace ¥ C X of a locally
convex vector space X can be extended to a continuous and linear A : X — C. In the case of a
bounded Ay with reference to a real seminorm p with |[Ayy| < p(y)Vy € Y this property transfers
to the extension |[Ax| < p(x)Vx € X.

Note: According to 1.4 for every continuous and linear functional A : X — C on a locally convex
vector space X there is a real seminorm p with [Ax| < p(x)Vx € X: On account of A being
continuous for every convex local neighbourhood U € U (0) with |[Ax| < 1Vx € U for p = uy we
have U = {p < 1} and hence p(z) <t =x € tU = |Ax| < t.

Proof: Let Ay : Y — R be real valued and real linear. The family M of all continuous and
real linear extensions Az : Z — R on vector subspaces Y C Z C X with |[Azz| < p(z)Vz € Z is
not empty since for every vector subspace Y C Z C X and x' € X \ Z any Ay can be extended
toalAy : Z 5 RonZ =Y @ (x) with Az (y+ax') := Ayy — ap(x/). Since Az is obviously
real linear and continuous we only have to prove an upper bound for |Ayy + ap (x')|: In the case of
Ayy > ap (x’) the absolute value is identical to the argument such that owing to the boundedness of
Ay we obtain [Ayy —ap (X)| = Ayy —ap (x') < p(y) —p(ax’) < p(y + ax’). In the opposite case
Ayy < ap (x’) we compute the absolute value by exchanging minuend and subtrahend to arrive again
at the upper bound [Ayy — ap (x')| = ap (x') — Ayy < p(y + ax’) since due to the triangle equation
resp. the hypothesis we have ap (x') — p(y + ax’) < —p(y) < Ayy. We provide the family M with
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an order by means of Az, < Az, & Z; C Za N Az, = Ay,|z, such that for any linearly ordered
subfamily N' C M we obtain an upper bound Ay := UN = {(z;Azz) : Az e N :z€ Z} € M
since Uy ,enr £ C X is a vector subspace and Ay : Uy, cnr Z — R is continuous and linear with
|Anz| = |Azz| < p(z) as for every z € dom (Ayr) there is a Ay € N with z € Z. Due to Zorn’s
lemma [9, th. 14.2.4] there is a maximal A : Z — R in M which has to be the desired extension on
the whole set Z = X since otherwise for a x’ € X'\ Z we could construct an extension A’ : Z& (x') - R
with A < A’ as described above and contrary to the maximal character of A.

For a complex valued, bounded, continuous and linear functional Ay : Y — C according to the
preceding part of the proof the real part u := ReAy can be extended to a real valued U : X — R
which owing to 4.1 uniquely determines a complex valued, bounded, continuous and linear functional
A: X — Cwith A (x) = U (x) —iU (ix) coinciding on Y with Ay (x) = u (x) —iu (ix). The functional
A is bounded since with o = % we have [Ax| = aAx = A (ax) = U (ax) < p(ax) = alp(x)|<

p(x).

4.3 Existence of bounded functionals

On a Banach space X for every xo € X there is a A € X* with Axg = ||xo|| and |[Ax| < [|x| ¥Vx € X.
Proof: Apply 4.2 to Y = (x¢) and Ay (axg) = a||xo]|.

4.4 Separation properties of linear functionals

For disjoint, convex subsets A, B C X of a topological vector space X the following statements hold:

1. For open A there is a A € X* and v € R such that for every a € A,b € B we have ReAa <
v < ReAb.

2. For locally convex X, compact A and closed B there is a A € X* and 71,72 € R such that
for every a € A,b € B we have ReAa < v; < 72 < ReAb.

Proof: Since only the real part of A is concerned it suffices to construct a real valued U : X — R
which owing to 4.1 is the real part U = ReA of a uniquely determined A(x) = U(x) — iU (ix) with the
desired properties.

1. Choose an ag € A resp. by € B and define xg = bg — ag such that C = A — B+ xg is a
convex local neighbourhood. According to 2.4.1 and 2.4.2 the Minkowski functional ¢ is
a real seminorm with pc (x0) > 1 since x9 ¢ C. Due to the Hahn-Banach theorem 4.2
the linear functional Ag (x9) — R with A (txg) = ¢t < tpc (x0) = pe (txg) can be extended
to a linear A : X — R with A < u¢ and particularly A < 1 on C resp. A > —1 on —C such
that A is bounded on C' N (—C) and continuous owing to 1.11.4. For a € A resp. b € B we
have a — b 4+ x¢ € C such that Aa—Ab+1=A(b—a+x9) < puc(b—a+xp) < 1 since C
is open and the multiplication M,_pix, is continuous. Hence we obtain Aa < Ab for every
a € Aresp. b € B and since A [A] is open due to 1.11 we obtain the proposition by choosing
7= agAb

2. Owing to 1.3.1 there is an open and convex neighbourhood U € U (0) with (A+U)NB =
and with 1. we obtain ReA (a + x) = ReAa + ReAx < 7 < ReAb for every a € A,b € B and
x € U. Since A is open there is an € > 0 with B, (0) C A [U] such that we obtain the proposition

€

with e.g. 71 =7 —eand 72 =7 — 5.

4.5 Separating functionals on locally convex spaces

For a locally convex space X the following propositions hold:

1. For every vector subspace Y C X and x9 € X \ Y there is a A € X*with Axg = 1 and
AY] c {0}.

20



2. For every convex and balanced subset Y C X and xg € X \ Y there is a A € X*with Axg > 1
and A[Y] C [-1;1].

Proof:

1. For A € X* according to 4.4.1 the vector subspace A [Y] C R does not contain the point Axg
so that we conclude A [Y] = {0}and hence Axy # 0.

2. On account of 1.6.2 and 1.6.3 the closure Y also is convex and balanced such that with 4.4.2
and A = {xo} we find an Ag € X* with Agxore’? ¢ A {7} Since the balanced character of Y

implies a balanced A [?] there is a 0 < s < r with |z| < s for every z € A [7} The functional

A = s7le ™ Aq then shows the desired properties.

5 Weak convergence

5.1 Linear combinations of functionals

n
For linear functionals A;, 1 <1¢ < n and A on a vector space X with N =[) ker A; the following three
i=1
statements are equivalent:

n
1. A=> a;A; with a; e Cfor 1 <i<n.
i=1

2. There is a v < oo with |[Ax| < 7 ax |Aix| for every x € X.
<i<n

3. Ax =0 for every x € N.

Proof: We only have to show 3. = 1.: We define a linear map 7 : X — C" by 7 (x) = (A1x;...; Apx).

Since 0 = 7(x) —7(y) = 7(x—y) implies x —y € N whence Ax — Ay = A(x—y) = 0 the

map f : w[X] — C defined by f (7 (x)) = Ax is a linear functional on the vector subspace

7 [X] € C™. Due to the Hahn-Banach-theorem 4.2 it can be extended to a linear F': C" — C with
n n

F(z1;...52,) =) a;z; for some (a;);;-,, C C. This means Ax = F (7 (x)) =) o;A;x for x € X
=1 == i=1

Zi
which is the assertion.

5.2 The initial topology of a family of linear functionals

Let I be a separating family of linear functionals on a vector space X, i.e. for every pair x; # x3 € X
there is a A € I with Ax; # Axy. Then the initial topology O = 7 (I") on X with reference to I' is
locally convex and its dual space is again X* =T

Proof: Since C is Hausdorff and A € I' is continuous as well as separating the topology O is
Hausdorff too. Due to [11, th. 12.10] the local neighbourhoods U (0) = {|Ax| < €} for ¢ > 0 and
A €T form a subbasis for the initial neighbourhood filter resp. the resulting topology O. The
translation invariance follows from [Ax — Ay| = |A (x +a) — A (y + a)|. The neighbourhoods U(0)
are convex and balanced on account of |A (tx + (1 —t)y)| < t|Ax|+ (1 —¢) |Ay|. The addition is

continuous due to 3V+1V = V. For a € Cand x € X let | — 8| < min {%, ﬁ} and |A (x —y)| <
min{g; ﬁ} Then we have |A (ax — By)| < |of - [A(x—y)|+ |a—F] - [Ax|+ o= B]- [A(x—y)| <
s+5+ % < € and hence the continuity of the multiplication with scalars (cf. [11, th. 4.3.2]).
Since any & € X* is continuous there are Ay,..A, € I' and an € > 0 with {1@?31 |Aix| < 6} -
{|®x| < 1}. Since it is linear we also have 112%%1\&){\ =M & 112%Xn|Ai (F)] <e=|2(%)] <1
= |Px| < 7 ax |Ax| with v = 1. From 5.1.2 we infer ® = > 1<i<n @i\ € T and since obviously

' C X* we obtain I' = X*.
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5.3 The weak topology

For a topological vector space (X;Q) with a separating dual space X* the initial topology O,, =
7 (X*) C O is the topology of weak convergence or weak topology. Hence a filter F' weakly
converges to an x € X iff every image filter A (F) converges to Az on K. In the subsequent
paragraphs we frequently compare the given or original topology O with the weak topology O,.

5.4 Weakly bounded subsets

A subset A C X of a topological vector space X is weakly bounded iff all A € X* are originally
bounded on A.

Proof: According to 1.4.1 the set A is weakly bounded iff for every A € X* there is 7 > 0 with
A CT{|A| <1} resp. |[Az| < TVx € A.

5.5 Weak closure

On a locally convex vector space (X;O) the weak closure A, of a convex set A C X coincides
with the original closure A.

Proof: Due to 5.3 we have O, C O and consequently A C A,,. According to 4.4.1 for xg ¢ A there is
a A € X* and a v € R with ReAxy < v < ReAx for all x € A. Hence the set {ReAx < v} is a weak
neighbourhood of xg not meeting A4, i.e. xq ¢ Ay

5.6 Pointwise converging convex combinations

On a locally convex vector space X with a countable local basis for every sequence (x,),~; C X

weakly converging to a x € X there is a second sequence (y,),~; C X of convex combinations
in in

Yn =2 a;Xj, with 1 =3 «; originally converging to x since for A = {x;;x2;...} we have
j=1 J=1

X € co Ay = co A owing to 5.5 and the existence of the sequence (yn)n21 C co A is guaranteed by

the countable basis B (x).

5.7 Uniformly converging convex combinations

For every sequence (fp),,~; C C(K;C) of uniformly bounded, continuous and complex valued
maps on a compact Hausdorff space K originally resp. pointwise converging to a f € C(K;C)

in in
there is a sequence g, =) «;fj, with 1 =3 «a; of convex combinations uniformly converging

to f. '

Jj=1 J=1

Proof: The sequence (fy),~; converges pu-almost everywhere to f for any Borel measure p
on K (cf. [8, th. 12.1]). According to Lebesgue’s dominated convergence theorem [8, th.
5.14] the sequence (fy),~, converges in mean to f. Owing to the Riesz representation theorem
[8, th. 13.3] for bounded, continuous and according to 1.11.4 uniformly continuous maps on
the compact set K the sequence converges weakly to f. Due to [11, th. 18.6.4] any functional
A : C(K;C) — C being continuous with reference to the given neighbourhood filter W ({K},U)
of uniform convergence is also continuous with reference to the weaker resp. larger neighbourhood
system W (E;U) D W({K},U) of pointwise convergence on C (K;C). Hence weak convergence
with regard to the original topology of pointwise convergence implies weak convergence with regard
to the original topology of uniform convergence. But the topology of uniform convergence is
induced by the supremum norm ||| on K whence (C (K);||||) is a Banach space satisfiying the
hypothesis of the preceding corollary 5.6 which proves the assertion.
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5.8 The weak* topology on dual spaces

1. On the dual vector space X* C C¥ of linear and continuous functionals A : (X;0) — (C;d)
of a topological vector space (X, Q) the vector subspace Px of the evaluation functionals
resp. projections mx : X* — C for x € X with 7xA = Ax is obviously separating and
isomorphic to X. The local neighbourhoods Bj., (0) = {A € X*: |[Ax| < ¢} for x € X and
€ > 0 of the null functional 0 form a subbasis of its initial neighbourhood filter. On account
of A1x + A2x = (A1 + A2) x the neighbourhoods are translation invariant with By (A) =
A+ Bg. (0). The corresponding initial topology Oy, = 7 (Px) on X* is the weak* topology.
Hence a sequence (An)n21 C X* converges weakly to a A € X* iff nh_)rrgo A,x = Ax pointwise
for every x € X. The weak™ topology is identical to the trace topology of X* with reference
to the product of the euclidean topologies @,cx 7 (d) [11, th. 2.2 resp. 4.2] and induced
by the local neighbourhoods By, (0) = {f : X — C: f linear and continuous with [f (x)| < ¢}
for x € X and € > 0 on the vector space CX. Due to 5.2 it is locally convex and we
have X ~ Px = (X*)* i.e. every linear and weakly* continuous functional on X* is an
evaluation functional of the form A — Ax for some x € X.

2. According to the Riesz representation theorem [8, th. 10.13] a sequence (A,),,»; C (C. (X,C))"

with regard to the norm ||||* defined in [8, th. 9.13] by ||A[|" = sup {’ (%)‘ felC. (X (C)}

uniformly converges to a A € (C. (X, C))" iff the sequence (pp),~; C Mo (£ (X);C) with
Anf = [ fdu,Vf € C.(X,R) of complete and regular complex Borel measures deter-
mined by the theorem of Lebesgue-Radon-Nikodym [8, th. 9.8] under the norm |||| defined
in [8, th. 9.4] by ||u]| := |p| (X) uniformly converges to u € My (L (X);C). In comparison
with the weak® convergence the Riesz representation theorem implies the stronger assertion of
uniform convergence on the smaller domain C, (X, C) of continuous complex functions
with compact support.

3. According to the Helly-Bray-theorem [10, th. 3.9] a sequence (i,),~; C Mo (B(R);[0;1])
of probability resp. bounded measures converges weakly resp. in distribution to
a bounded measure p € Mg (B (R);[0;1]) iff nangoffdun = [ fdu for every bounded and
continuous f € C, (R;R). Like the weak* convergence the Helly-Bray theorem asserts
pointwise convergence but requesting only continuous bounded real functions on the
real line while its domain is much larger in the sense that the measures need neither be
complete nor regular and in particular not A-continuous such that there may not exist
a Radon-Nikodym density with regard to A and the continuous character of the linear
functional A € (C, (R;R))™ determined by Af = [ fdu is limited to the cases of the dominated
resp. monotone convergence theorems as stated in [8, th. 5.13 and 5.15].

5.9 The Banach-Alaoglu theorem

For every local neighbourhood U € U(0) of a topological vector space X the polar

Ky = ﬂ B;;e (0)
xeU

is convex, balanced and weakly*compact.

Proof: Since the unit disc {|z| < 1} C C is convex as well as balanced this is also true for Ky.
Due to 2.4.3 every local neighbourhood is absorbing such that for any x € X there is a 7% > 0 with
x € 75U resp. |Ax| < 7xVx € X,A € Ky. Thus we have Ky C X* N P with P = [[,cx Br, (0) C C¥X
and according to 5.8 the product topology O} on P coincides on Ky with the weak* topology
O;, on X*.

Furthermore K is closed in O%: Let fo € Ky such that for every ¢ > 0 and x,y € X resp.
a,B € C there is a linear A € Ky with |(fo —A)(z)] < € for z € {x;y;ax+ By}. On ac-
count of [ fo (ax + By) — afo (x) = Bfo (¥)| = |(fo — A) (ax + By) — o (fo — A) (x) = B(fo = A) (¥)] <
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(1 + a + B) € the mapping fy is also linear. For every x € U there is a A € Ky with |[Ax| < 1 and
|(fo — A) (x)| < €, hence |fp(x)| < 1 and therefore fy € K.

According to Tychonov’s theorem [11, th. 9.9] the product P is originally compact on C* and
according to [11, th. 9.4] this is also true for the originally closed subset Ky C P. Since O} and
O}, coincide on Ky the compactness property also applies to O} - open covers of Kys.

5.10 Boundedness

A subset A C X of a locally convex space X is weakly bounded iff it is originally bounded.

Proof: On account of O, C O we only have to show that a weakly bounded set A is orig-
inally bounded. Let U be an originally local neighbourhood. Due to [11, th. 7.7], 1.3.2 and
1.7.2 there is an originally closed, balanced and convex neighbourhood V C U. We then have
V = Naex, {x € X : [Ax| <1} with the polar Ky according to 5.9 since the right hand side is an
originally closed, balanced and closed set including V' with the dual space Ky such that on
account of 4.5.2 for any x¢ ¢ V there is a A € Ky with Axg > 1.

Since A is weakly bounded for every A € X* there is a 7y < oo with |[Ax| < 74 Vx € A. Hence
for every x € A the family K, (x) of the evaluation functionals 7y : Ky — C with A — Ax
are weakly* continuous , linear and pointwise bounded (by 7y < oo dependent on A € X*
but independent of x € A!) on the convex and due to 5.9 weakly* compact set Ky C X*
we can invoke 3.3 to infer that Ky, is uniformly bounded on Ky, i.e. there is a 7 < oo with
[Ax| < 7Vx € A, A € Ky. Due to V = cg, {|Ax| <1} we infer 1x € V C U for all x € A. Since
V is balanced we have A C tV C tU for ¢t > 7 and hence A is originally bounded.

5.11 The convex hull

n
The convex hull co(A) is the set of all convex combinations ) 7;x; with 7; € R, x; € A,
i=1
n
1<i<mnand > 7, =1. It is the smallest convex set including A resp. the intersection of all convex
i=1
sets including A. Some properties are as follows:
n
1. In a topological vector space X the convex hull co < U Ai) of a family of compact and
i=1
convex A; C X with 1 <i <n and n > 1 is compact.

2. In a locally convex vector space X the convex hull co (A4) of a precompact set A C X is
precompact.

3. In a Fréchet space X the convex hull co(A) of a compact set A C X is closed and
compact.

4. Every point x € co(A) of A C R" is a convex combination of at most n + 1 points.

Proof:

1. Let f: Sx A— X with § = {(31;...;sn)€R”:Z si—l,siZO,lgign} and A =Q A4;
i=1 =1

n
be defined by f (s,a) =3 s;a;. On account of Tychonov’s theorem [11, th. 9.9], the Heine-
i=1

Borel theorem [11, th. 9.10] and [11, th. 9.8] the image f[S x A] C co <G Ai) is compact
i=1
and furthermore convex again since for (s;a), (t,b) € Sx A and «, 8 > 0 with a+ = 1 we have

n
af(s;a)+Bf (t;b) = z§1 (as;a; + Btib;) = f (u;c) withu = as+pt € Sand ¢; = % €A
for 1 < i < n due to the convexity of the A;. Since a; C f[S x A] for 1 < i < n we have

n
K =co ( U Ai> whence follows the assertion.
i=1
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2. For a local neighbourhood U € U (0) let V' € U (0) be convex with V +V C U. Due to the
hypothesis there is a finite £ C X with A C UyepU(x) C E4+V C co(E) + V. Since the
sum of convex sets is again convex we also have co(A) C co(E) + V. Since owing to 1. resp.
[11, th. 17.7] the convex hull co (E) of the compact set E is again compact and particularly
precompact there is a finite set /' with co(F) C F'+ V resp. co(A) C F+V +V C F+U.

3. co(A) is precompact due to 2., hence compact and closed owing of [11, th. 17.3 resp. th.
9.4].
k+1 k+1
4. For x =) mx; with1=> 7 wlo.g 7,>0, 2, € Afor 1 <i<k+1and k > n the kernel
i=1 i=1

k+1 k+1
ker A of the linear mapping A : RFF! — R lwith A (71;...;7p11) = < S omae > TZ') is at least
i=1 i=1

k+1
of dimension k —n > 1 so that there is a (t1;...;tg+1) # 0 with w.l.o.g. txy1 = Tpr1, . tiz;i =0
i=1

k+1 k k k

and Y t; =0 resp. > t; = —7g41. Hence we obtain x =Y (1 — ;) z; with 1 =% (7, — t;)
i=1 i=1 i=1 i=1

and since this is true for every k > n we have shown the assertion.

5.12 Separation axioms in dual spaces

For two non empty, disjoint, convex and compact sets A and B in a topological vector space X

with a separating dual space X* there is a A € X* with supReAz < in}fB ReAz.
z€EA €

Proof: A and B are closed due to [11, th. 9.4] resp. 5.2 such that we can invoke 4.4.2 to obtain the
desired A € X*.

5.13 Extreme sets

An extreme subset S C A of a convex set A C X in a topological vector space X is
a subset of A containing for every z € S the endpoints x,y € A of any line I (x;y) =
{1—=7)x+7y:0<7 <1} C A containing z € [ (x;y). Hence A itself is an extreme set
but also every vertex, every boundary point with tangents outside of A but also
every complete line segment of the boundary including end points. An extreme
point is an extreme set containing exactly one point which consequently does not meet
any line in A. Hence extreme points must lie on the boundary A \ A excluding line
segments. The set of all extreme points of A is E (4) C 4\ A.

5.14 The Krein-Milman theorem

Any nonempty, convex and compact set K in a topological vector space X with separating dual
space X* is identical to the closed convex hull of its extremal points: K = @6 (F (K)).

Proof:

1. The set P of all compact and extremal subsets of K is not empty because of K € P and
also closed concerning finite intersections.

2. For every S € P, A € X* and pup = mag:ReAa; we have Sy = {x € S :ReAx = pup} € P since
IS

for0<t<1l,x,y€ Kandtx+ (1 —t)y=2z€ Sy CS wehave z € S € P, hence x,y € S and
therefore ReAx, ReAy < uj. But since A is linear we also have tReAx + (1 — t) ReAy = ReAz =
1A, hence ReAx = ReAy = pup resp. x,y € Sy.

3. Let P be the family of all compact and extremal subsets of K. Since K, K) € P we have
P # () and according to the Hausdorff maximality principle [9, th. 14.2.2] there exists a
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maximal linearly ordered subfamily M C P with regard to inclusion. Owing to [11, th. 9.4] and
[11, th. 9.2.2] the intersection M = (M of its elements is not empty and therefore M € P.
Since M is maximal no proper subset of M can be contained in P such that M C Sy for all
A e X*duetol. and 2., i.e. Ax = pupVx € M, A € X* and since X* is separating M must be
a single extremal point. Thus K contains an extremal point M € E (K) which also is an
extremal point of every linear functional on K.

4. Since K is closed on account of [11, th. 9.4] and also convex we have ¢o (E (K)) C K and
again due to [11, th. 9.4] the set ¢o (£ (K)) is compact. For a xg € K with xq ¢ o (E (K))
the set {x¢} is compact as well as convex such that according to 5.12 there is a A € X* with
ReAx < ReAx( for all x € ¢o (E (K)) contrary to Ky N E (K) # () on account of 3.

5.15 The closed and convex hull of a compact set

The closed and convex hull €6 (K) of a non empty and compact set K in a locally convex
vector space X with separating dual space X* is identical to the closed and convex hull of its
extremal points: ¢ (K) =co (F (K)).

Proof: Analogous to the proof of 5.14 with ¢o (K) instead of K (cf. [11, th. 17.7] and 2.4.2).

5.16 The Lebesgue integral as an extreme point

Let C(I) C C! be the Banach space of complex valued and continuous functions with the
supremum norm ||| on the closed real interval I = [0;1] and M C C (I)* the vector space of the
bounded linear functionals A : C' (I) — C with the weak* topology induced by the projections
p} + M — C with pjA = Af resp. the subbasis sets {Ae M:|Af| <€} for f € C(I). The
mapping p : I — M with p(t) = p; with p; (f) = f(t) is weakly* continuous since the sets
pr{|Afl <€}l = {tel:|f(t)| <e} for f € C(I) are open in I. Hence due to [11, th. 9.8] the
image K := p[I] = {p;:t €I} is weakly* compact in M. The weak* closure ©o (K) of the
convex hull of K contains every integral A, with A, f := [ ; fdp for bounded measures p on I
with |p (I)] = 1: For every € > 0 and every f € C (I) there is an n > 1 such that |f(x) — f(y)| < € for
n

n n
f= 21 Pa-1)/n (f) " X1, '21 ft (Im)’ = 1 for the partition / =4U1 Iin
1= 1= 1=
and I; , = {%7 % {, 0<i<n-—1resp. I, = ["7_17 1}. According to the dominated convergence

7 fdu— i t(Lin) * Pi—1)/n (f)‘ < ¢, ie. Ay €¢co(K). The linear

< € with

Ix —y| < % resp.

theorem [8, th. 5.14] we obtain

combinations cyA )+ E e, pr; with ¢, € C, t; € I and the Lebesgue measure )\ generate a vector
=1

subspace L with co(K) C L C M and hence 6 (K) C L according to 1.5.6. Using L we can show
that the Lebesgue integral A, is an extreme point of o (K) but not of K: For endpoints A, Ag €

n m
@(K) C L with Ay = 1A+ > Ct; Pt; s Ao = oA+ Z dsjpgj € Land Ay = tA + (1 —t) Ao with
i=1
0 <t <1 follows ¢; = ca =1 since Ay € ¢ (K) \ co (K) and hence ¢ Z cupe; + (1 —1) Z ds;ps; =0
=1 7j=1
n
such that ¢; = s;, n = m and tcy, —(1—t)dt resp. Z ct, = Z dy, —%t Z ., =1, 1ie. t—f resp.
1

ct; = di; and hence Ay = Ay = Ay. Thus we have Ay 6 E (co ( )) \ E(K). %h is case can be excluded
if ¢o (K) is also compact:
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5.17 Milman’s theorem

If the closed convex hull o (K') of a compact set K C X in a locally convex space X is compact
it contains all extremal points of K, i.e. E(¢o(K)) = E(K).

Proof: For a p € E(co(K)) \ E(K) there is a balanced convex local neighbourhood V' € U (0)
with (p +V) N K = (. For the finite cover K Cz’Q (x; + V) with x; € K, 1 < i < n the sets A; =
co(K)N(x;+V) Cco(K) are convex as well as compact and still cover K. Due to 5.11.1 we have
co(K) Cco (Lnjl Ai) =co (Gl Ai). On account of A; C ©o (K) we arrive at ¢o (K) = co (Gl A¢> and
i= i= i
particularly p :f: t;y; with ¢; > 0, i t;=1and y; € A;. Hence p = t1y1 + (1 — 1) W
is a convex corﬁll)ination of two p(z)i:rits in ¢o (K) such that we conclude that y; = p. But then
pc A Cx;+V CK+V contrary to (p+V) NK =0.

6 Distributions

6.1 The Fréchet space (C* (;R);O.p)

In this section we always assume an open set 3 C R"™ as domain and the real numbers Ras the
range of all considered functions until further notice. We start with the vector subspace C* C C
of the infinitely differentiable real-valued functions with DPf € C for every f € C* and the

differential operator DP := (%)pl e (%)pn defined in [6, th. 4.1]. According to 2.6 and 2.8 the

separating family (|| | ) - of seminorms with || f||, = max {|DPf(x)|:x € K, |p| < m} for
m m_ m

compact K, C f(m+1, m > 0 and Q C U,,> Km form a subbasis {”f”Km < % S COO} >1 for

the locally convex and metrizable topology O.p of compact convergence in all derivatives
on the topological vector space C*°. This topology obviously includes the weaker topology O. C O.p
of compact convergence and has the following properties:

1. (C*°;O.p) is complete and hence a Fréchet space.
2. (C*°; O¢p) has the Heine-Borel property.

3. For every sequence (g,),,~; C C* compactly converging in all derivatives to 0 and any
¢ € C¥ with compact support K C Q the product (¢g,),~; € C¥ compactly converges
in all derivatives to 0.

Proof:

1. For every O.p-Cauchy sequence (f;);5; C C* exists a sequence (kp,),,,~q With || fi — fjll 5, =< 1
for all 4,5 > ky,. Since according to 2.13 the space (C;O,.) is complete this implies that every
sequence (DP f;).-; C C uniformly converges on every K,, C {2 to an f, € C and in particular
the (f;);», uniformly converge on the K, to an f € C. According to Dini’s theorem [11, th.
12.9] the continuous partial differential quotients Q;sf (x) := § (f (x + de;) — f (x)) for

0 — 0 uniformly converge for every x € K,, C Q to the continuous derivative D;f (x). The

same applies to Qs f; (x) = § (fi (x+de;) — fi (%)) "= D;fi (x) and Qjsfi (%) — Qjisf (%)

030 D;fi(x) — D;f (x) “22°0. Hence for every m > 1 we obtain |D;f(x)— Djfi(x)| <
1Djf (%) = Qjisf (X)| + |Qjisf (%) = Qjis fi (%) + [Qjiofi (x) = Djfi(x)| < §+ 5+ 5 =€ for
all x € Ky, |6| < 6m and i > kp,. This implies D;jf = fe; an in general DPf = f;, whence
follows f € C*°.

2. According to 2.6 the seminorms | |, ~are bounded on the O.p-closed and bounded set
F C C* and in particular |DP f(x)| < M, < oo for all f € F, x € K, and |p| < m. The mean
value theorem [8, th. 11.9] yields § |[DPf (x + de;j) — DPf (x)| < € with § := 75— for every

m+n
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e>0, feF,xe K, and m >0, i.e. Fis equicontinuous on 2 C J,,>; K. Since due

to [11, th. 9.10] the closure F(x) is compact in C for x € X we can apply the Arzela-Ascoli
theorem [11, th. 19.6] to prove that F is compact.

3. The assertion directly follows from the Leibniz rule since for ¢ € C¥ there is an n > 1 with
K C K, for every m > n and consequently a C,,, < oo with |D9 (x)| < C,, for every multi-

b

index q € N with |q] < m; x € K, and m > n. With < Dy, < oo for |p| < m this

implies

> ( o ) D% (x) DP~g; (x)

a<p

logill k.. =maX{ :x € Ky, [P Sm}

< max {CmDm > |DPg; (x)| : x € K, [p| < m}
q<p
< CpnDpm” ||9iHKm
and hence the assertion.

6.2 The Fréchet spaces (C° (2;R); Okp)

For every compact K C () the family C3 of all infinitely differentiable functions with compact
support {f #0} C K is a closed and hence complete subspace of C* relative to Ocp. The
trace Okp of the topology O.p in C¥ C C™ is the topology of uniform convergence in all
derivatives on the compact set K.

Proof: Since every {x} C Q is compact and due to [11, th. 18.8] for every open U C C the sets
{f eC>®: f(x) € U} are open relative to O.. Hence the evaluation functional Ax : C* — R with
Ax (f) = f(x) for every x € Q is continuous relative to O, whence ker A, is closed relative to O,
and especially with reference to the stronger topology Ocp. Consequently De = (\yex\ g ker Ay is
closed in O¢p and the assertion then follows from [11, th. 14.2.2].

6.3 The space (C° (;R); Op)

We now consider the test function space C° = U,,>1C¥, C C* of all infinitely differentiable
functions with compact support, i.e. the countable union of all Cx. with K, = [~m; m]. According to
2.6 and 2.8 the separating family (|| |,,),,> of norms defined by [|¢||,, = max {|DPy (x)| : |p| < m}
induces a locally convex and metrizable topology Op on D coinciding on every subspace C% C C°
with the trace Okp of the topology O.p induced by the pseudonorms || || ~according to 2.14 since
for each given K exists an mg such that K C K,, for every m > mg and for these m the two
nondecreasing sequences of (semi)norms coincide for every ¢ € C% whence for every e > 0 and

m > mg we have {Hgo”Km <e€e:peE C}}O} ={ll¢ll,, < €: ¢ € CF}. In particular for every m € N and
€ > 0 both {||g0HKm <e:p€ CIO(O} S{llell,, < €: ¢ eCE} are local neighbourhoods in Cf.

This topology is not complete any more since e.g. for some positive ¢ € Cﬁ)‘;l} (R;R) the limes
T}gngown of the Op-Cauchy sequence (¢n),>; C C° (R;R) with ¢, (2) :kzz 1¢ (z — k) does not have
compact support. So in the following section we construct a stronger topology O7 D Op on C° also
coinciding with Okp on every C7 which is complete but not metrizable any more.
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6.4 The test function space (D; Or)

We consider the family W of all convex and balanced sets W C C2°

such that C¥ N W € Okp for every compact K C (2, i.e. for each K y
the infinitely differentiable functions in W with compact support in
K form an open, convex and balanced neighbourhood of the g%%ﬁefelaari?vgigggzgy T

0-function relative to Oxp. The family of all sets p+W with ¢ € C°
and W € W is the basis for a topology O7 on the test function
space D = (C2°; Or) and D is a locally convex vector space. Also convex and balanced
for every compact K C 2 the trace topology OT|C;§ coincides with

Okp on the subspace D = (C}}O; OT|C;§) = (C%¥; Okp).

xT

Proof: For every ¢ € U (¢i + Wi) N U (¢; + W;) with ¢ € D resp. Wi, € W for k € I U J there
icl jeJ

are ¢ € I resp. j € J such that ¢ € ¢ + Wy, for k € {i;j} and a compact K C Q with ¢y;¢ € Dg.
Since D N Wy, is open in Dy there are d > 0 such that » — ¢ € (1 — §;) W. The convexity and
balance of Wy, implies that ¢ — @i + 0 Wi C (1 — ) Wi+ 0 Wy, = Wi, so that ¢+ Wy C o + Wi
whence
Y+ W C (i +Wi) N (e +Wy) | (i + Wi) N | (05 + W)
icl jeJ
with W = §;W; N 6;W;. Thus the intersection U (p; + W;) N U (¢; + Wj) is open in O7 and O7 is
i€l jeJ

a topology.

The addition is O7-continuous since the convexity of every W € W implies that (<p + %W) +

(1/1 + %W) = ¢ 4+ 19 + W. The scalar multiplication is continuous since for ¢ € C, ¢ € D and

W € W exists a § > 0 such that §p € %W whence for every b € Bs (c) and ¢ € ¢ + mw follows
by —cp =b(h—p)+ (c—b)p € W . Due to 1.1 we conclude that Dy is a topological vector

space.

For every ;¢ € D and every compact K C ( the sets {¢ € Dk : ||¢|, < || — €|y} are open in
Okp. This implies W = {¢ € Di : |||y < [ =&} € U7 (0) with ¥ ¢ & + W whence every atom
{1} is closed relative to O, i.e. W is a local convex basis.

Finally we prove that Oﬂc;(o = Okp: Every ¢ € O N Dk for an open O € Of has a O7-open
neighbourhood p+W, C O with W, € W whence o+W ,NDg C ONDg is Ogp-open and so is ONDg.
Conversely for every ¢ € E € Okp there are m, € N and d, > 0 such that B, .5, (¢) "Dk C E and
V' =Uger Bmgis, (¢) is a Or-open set with V NDg = E whence follows E € Or|p,,.

Note: Or is the strongest topology on D such that (D;Or) is a locally convex vector space;
every injection ix : Dg — D is continuous and every map A : D — G into another locally convex
vector space is continuous iff every A oix : Dg — G is continuous on Dg. This construction is
sometimes called the inductive limit or Finaltopologie on D relative to the subspaces D .

6.5 Completeness of the test function space

The topology O of the test functions D has the following properties:

1. Wis a local basis of O and contains the open balls B, (0) = {go eD:¢l,, < %} for every
m € N.

2. A convex balanced W C D is open in O ifft W € W.

3. For every bounded E C D there is a compact K C  such that F C Dk and for every m > 0
exists a constant M, < oo with |¢||,, < M,, for every ¢ € E, i.e. E is bounded in Ogp.

4. D has the Heine-Borel-property.
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o.

6.

For every Cauchy sequence (¢;);~; C D there is a compact K C €2 such that (¢;),~; C Dk
and lim |l¢; — ¢;l|,, = 0 for every m > 0. Hence D is complete and a Fréchet space.
1j—00

)

The sets D are nowhere dense in D and D is of first category, hence not metrizable.

Proof:

1.
2.

Obvious from 6.4.

It W C D is open, convex and balanced then for every ¢ € W there is a W, € W with
¢+ W, C W and W, N Dg € Oxp whence W N Di = Uyewnp, (¢ + Wy) € Oxp. The
converse is obvious.

Assuming there is a set E C D not contained in any Dg. Then there are sequences (¢, ),,~; C E
and (Xp,),,~; C Q without limit point in € such that ¢, (x,,) # 0 for all m € N. Since every K

contains only finitely many x,, and the sets {cp € Dk : |p (xm)] < W} are open in Dgp

we conclude that W = N {90 €D :p(xm)| < W} € W. Since ¢, ¢ mW no multiple
>1

m>
of W contains E whence according to 1.4 the set F cannot be bounded. Hence we conclude

that every bounded F C D is contained in some Dg. By 6.5.3 the set F is also bounded in Dg
whence according to 6.2 follows sup {||¢||,, : ¢ € E} < oo for every m € N.

According to 6.5.3 every closed and bounded E C D lies in some Dy where it is compact
due to 6.1.2. Compactness relative to a trace topology always extends to the original topology
whence by 6.5.3 the set F is compact in D. Conversely a compact F C D due to the Hausdorff
property is closed and it is bounded according to 6.5.3.

Since every Cauchy sequence is bounded 6.5.3 means that the complete sequence lies in some
Dk and by 6.5.3 it is a Cauchy sequence relative to Oxp whence due to 6.1 it converges
uniformly with all derivatives on K to a function in Dg C D. By the definition 6.3 this
convergence also holds in Or.

According to [8, th. 13.2] the functions agup : 2 — [0; 1] defined by

1
el@=a)e=b) ifgq<ax<bh

n
Qap (X) :H Qb (zi) for agp () = {
i1 0 else
are infinitely differentiable with compact support [a;b] C Q and finite norms ||aapl|,, <
oo for m € N. They can be used to construct an ¢ + e € Bp.e () ND\ Dk for every ¢ € D,
compact K C Q, e > 0 and m € N whence Dk has no interior points in D. According to [11,
th. 16.1] D = U,,,>; Pk,, for K,, = [-m;m] is of first category relative to O and due to [11,
th. 16.2.1] it is not a Baire space. Assuming that the complete space D is metrizable creates
a contradiction to Baire’s theorem [11, th. 16.4].

6.6 Distributions

A functional A : D — C on the topological vector space D of the test functions as defined in 6.3 is
called a distribution iff one of the following equivalent properties hold:

1.
2.

A is continuous.

A is bounded, i.e. for every compact K,, = [-m;m)] exists a Cp, < oo such that [Agp| <
Cwm ll¢ll,, for every ¢ € D.

If (¢n),,~; converges to 0 in D then (A¢,,), -, converges to 0 in C.
The restriction A|p, is continuous for every compact K C ().

For every compact K C  exist an my € N and a Cp,,. < 0o such that [Ap| < Cpye [0, . for
every ¢ € Dg.
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The vector space of all distributions is denoted by D’ and as usual we tacitly assume the domain
D = (CX (;R);Or) of the test functions on some open 2 C R"™. If there is a common mg
satisfiying the estimate 5 for all comapct K C 2 it is denoted as the order of the distribution. If no
such m exists the order is infinite.

Proof:
1. = 2.: cf. 1.10.3.

2. = 3.: Follows from 6.5.3 and the metrizability of the topology O |p, = Oxp = Ocp|p, according
to 6.2, 6.3 and 6.5.3 allowing the application of 1.10.5.

3. = 4.: Every sequence (¢y,),~, converging to 0 in O according to 6.5.3 also converges to 0 with
regard to Ogp whence by the hypothesis (Agy,),,~, converges to 0 in R. Since Dk is metrizable we
can apply 1.10.1.

4. = 5.: Assuming there is a compact K and (¢y),~; C Dk with [Ap,| > n||¢y,]], the functions
Uy = HHZ:%:H € Dy obviously converge to 0 on Ogp such that Ay, > 1 for every n > 1 yields a
contradiction to the hypothesis.

5. = 3.: For every (¢n),,~; C D converging to 0 relative to O7 according to 6.5.5 there is a compact K
with (¢n),>; C Dk- Due to the hypothesis there is a C,, < oo such that [Ap,| < Cype [onll,, for
every n > 1. Also for every € > 0 there is an ney,, > 1 such that ||g0n||mK < ﬁ for every n > N
whence we obtain [Ay,| < € for every n > nem, thus proving the assertion.

4. = 1.: According to [11, th. 3.2] the sequential continuity 3. of the mapping A : D — R generally
implies the general continuity 1. iff D is first countable, i.e. due to 2.8 metrizable in contradic-
tion to 6.5.6. However in the special case of D the conclusion is valid since the general continuity 4.
on every Dy implies that every intersection W, N Dof the inverse image W, = {|Ap| < e: ¢ € D} of
the convex balanced and local basis sets |—¢; €] is open in Dg. Due to the linearity of A it also
convex balanced and local in Dy and the definition in 6.4 of O shows that W, is open in Or.
Hence A is continuous at the origin and due to 1.10.2 the continuity extends to the entire space D.

6.7 Functions and measures as distributions

1. A Lebesgue measurable complex-valued function f : Q — C is locally integrable on (2
iff [ |f|dX\ < oo for every compact K C € and the vector space of these functions is denoted as
L¢(Q;C). For every f € L'¢(Q;C) the linear functional Ay : D — C uniquely determined by
Arp = [@fd) is a distribution of order 0 with the O7-continuity following from |A fe| <
Jr [F1dX-Nlelly < [z 1fIdA-[l@ll, for K with ¢ € Dk and n > 0 and 6.6.5. Conversely in the case
of its existence the representing f € L!°¢ (Q; C) is A-a.e. determined by the distribution A e
with Ap = [ fd\. Hence we have a homomorphism D : L'¢ (Q;C) — D' with D (f) = Ay
which is neither surjective nor injective. Its kernel contains every A-a.e. vanishing Borel-
measurable function f: R"™ — C.

Proof: For every right-open interval [a;b] € Z" (cf. [8, th. 7.7]) due to [8, th. 13.3] there

n n
is a sequence (¢r);>; C D with [a;b] < ¢ < |a— > F;b+ >0 $| which A-a.e. converges to
= i=1 i=1
X[a;b[ Such that for every f € L!'°¢ (Q; C) the product f - ¢ A-a.e. converges to f - X[a;b[ Whence
by dominated convergence [8, th. 5.14] the hypothesis [ ¢ fdX = 0 for every ¢ € D implies
f[ asb| fdX\ = 0 and since the right-open intervals generate the Borel-o-algebra B (R") we can

apply [8, th. 5.23] to conclude M-a.e. f = 0.

2. In the case of a continuous f € C(Q;C) C L!¢(Q;C) the hypothesis [ pfd\ = 0 for every
¢ € D implies f = 0 everywhere since the assumption w.l.o.g. f(x) = ¢ > 0 for some x €
together with the continuity of f in x and the locally compact character of 2 yields a § > 0
with f (x) > §Vx € Bs such that with [8, th. 13.3] we find a ¢ € D with By, < ¢ < Bs resulting
in Ayp > 0. Hence in this case the homomorphism D : C (©;C) — D’ with D (f) = Ay is still
not surjective but injective.
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3. According to [8, def. 9.1 and def. 10.1] every complex
Borel measure p : B(Q2) — C is finite and so is ev-
ery real Borel measure p : B(Q2) — [0;00] on compact
K C X. Hence A, : D — C defined by A, = [pdu
is a distribution of order 0 with the O -continuity
following from |A,p| < p (K)-||¢l|, for every compact K.
Since D' C (C. (©;C))* is a vector subspace of the dual
space of the continuous complex-valued functions
v : Q = C with compact support due to the Riesz C (9;C)
representation theorem [8, th. 10.13] we have an in-
jective homomorphism M : D' — M (L (22);C) with
M (A) = pp determined by Ap = [ dp = fgo%d“d
into the Banach space of the complete and regular
complex Borel measures on the Lebesgue o-algebra
£ () > B(Q) defined in [8, th. 10.11].

3. In the case of a A-absolutely continuous measure p according to [8, th. 9.8] there is a uniquely
determined Radon-Nikodym derivative f € L' (€;C) such that Af = [¢@fd\ for every
@ € D. On account of the continuity condition requested by p the injective homomorphism
D=1 D' — L' (Q;C) is not surjective .

6.8 Differentiation of distributions

1. For every multi-index p € N™ he p-th distribution derivative DPA : D — C of a distri-
bution A € D’ is defined by DPAp = (—1)‘p| ADPyp for every ¢ € D. Due to 6.6.5 and since
|DPAp| = [ADPp| < Cry - [[DPoll,,, < Crm - [|l],,4p| We conclude that DPA € D'.

2. Also for every p;q € N” the distributive differential operators commutate, i.e.
DPDIAy = (—1)l4l DPA DYy

= (—1)lPHlal A pPpay,
_ (_1)\p+q\ ADPtdy,
_ (_1)\q+p\ ADYPy,
— (_1)\pl DIADPy

= D9DPAcp.

3. For every p times differentiable function f € CP (€;C) and p € N" with |p| < p holds DPA; =
Appy since for every ¢ € Dg with compact support K C [—n;n] Fubini’s theorem [8, th. 8.5]
and an integration by parts [6, th. 1.5] applied to the partial derivative in the w.l.o.g. first
coordinate yield

D007 1 — /cp-D(l;O"'O)fdA

—/ / @(ml;...;xn)-del...dxn

- /_7;/_1 <[¢ (x) - (x)]"., —/n W-f(xl;...;xn)dm) das...dxy,

—n

" 0p (w1 T
— —/n/nsp(xémlx)f(xl,,xn) d.fCl...dSCn

— _/D(I;OMO)@.ffd/\

= AD(1;0.4.0)f<,0

which by induction and the preceding formula 2. lead to the general result.
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4. A further generalization yields that for every differential operator D = 3 apDP of order
lp|<m

m € N with coefficients ap € C (; C) exists a uniquely determined adjoint D* defined by

D*p = > (—1)“" DP (app) such that [, f (Do) d\ = [, (D*f) @dA for every f € C*(;C)
p|<m
and ¢ € D.

6.9 Functions of bounded variation

According to the Lebesgue differentiatiom theorem for complex functions [8, th. 11.7] a complex-
valued left-continuous function f of bounded variation in Q = [a;b] C R has a A-a.e. defined
derivative Df and due to [8, th. 12.1] it determines a complex Lebesgue-Stieltjes measure p
with p([z;y]) = f(y) — f(z) for a < & <y < b. For these functions holds DAy = Apy iff f is
absolutely continuous.

Proof: For very ¢ € D we have ¢ (a) = ¢(b) = 0 and in particular ff ¢’ (x)dz = 0 whence by
Fubini’s theorem [8, th. 8.5]

b
Dhjo== [ ¢/ (@) f(a)da
ba b
=/ f(b)w'(fv)dfﬂ—/ f (@) () da
b
- / o () (F (b) — f (2)) da

b b
=/ (/ @’(x)udy> dx
= / ¢’ () pdyda
{a<z<y<b}

:/ab(/aycp’(x)dx)udy

b

- / (0 (1) — (@) udy
b

=/ @ (y) pdy

=Aup.

Hence it remains to prove that [¢du = [¢Dfd\ = [ @%d)\ for every ¢ € D iff f is absolutely
continuous: = directly follows from fundamental theorem of calculus [8, th. 12.10.3] since the
existence % implies the absolute continuity of f. < is a consequence of the other direction [8, th.

12.10.2] of the same theorem and [8, th. 12.6].

Example: On the one hand the distribution derivative of the Heaviside function H = x[g,[ is
determined by DAy = — [ ¢/ (z) H (z) dz = ¢ (0) — 0 due to the compact support of ¢ € D whence
follows DAg = ¢g = Ag{o} with the evaluation functional ¢y : D — R resp. the dirac measure

1 forz=0
droy = defined by egp = A = ddror = 0 (0). On the other hand the ordinar
{0} {0 for 2 £ 0 y €0 = N5, 0 = [ pddioy = ¢ (0) y
derivative of the Heaviside function is only M-a.e. defined as H' = 0 with Ay = 0.
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6.10 Multiplication by a function

For every g € C* (;R) and A € D’ the product gA defined by gAp = A (gp) for every ¢ € D is a
distribution and the Leibniz rule holds in the form of DP (gA) = >>, -, < g ) (DP~4g) (D9A) for

every p € N™.
Proof: Considering (—1)/47%Il = (=1)la+Fl the Leibniz rule [6, t. 4.2] for functions yields

uwP = v+ (—v+u)P

=y ( I; )Vp—q 3 ( ‘;1 ) (—1)la=rl yaryr

= Z (=1l yP-ayr Z (—1)ldl < g ) ( ‘;l >

whence

(e[ a)_ )P ifr=p
rléz:qﬁp< 1)q<q><r>_{0 else '

Applying the Leibniz formula to the functional derivative of ¢ € D and g € C* (;R) forq < p € N
gives

D (p-DP9g) = 3" ( ] > (D7) (DPmatalg) = 37 ( . ) (D) (D7)

r<q v<B

whence the formula from above yields

> (- ( o ) D9 (p- DP79g) = >~ (—1)4! ( o ) > ( ! ) (D*¢) (DP*g) = (=1)Pl gDPy.

q<p q<p r<q

By this equation we finally obtain

DP (gA) ¢ = (1)l (gA) (DPy)
(—-1)PIA (gDPy)

(1)l ( P )A(Dq (o~ DY)

Q
IN

P

p q . pP—a
<q>(D A) (¢ - DP9g)

e}
IN
k=l

< 2 ) [(DP™9g) (DUA)] ¢

Q
IN
kel

According to 6.6.5 for every compact K C €2 exist C' < oo and n > 1 with [Ap| < C'|¢]|,, for every
¢ € Dk. The Leibniz rule provides a further ¢’ < oo depending on g € C*°, K and n such that
lgell,, < C"[l¢ll, for every ¢ € Dk. Hence we obtain [gAp| = [A(g¢)| < C'lgell,, < C - C" ¢, for
every ¢ € Di whence gA € D' according to 6.6.5.
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6.11 Weak*-convergence of distributions

For a sequence (Ay),~; C D’ converging weakly* to a linear form A € D* such that Af = li_>m Anf
el n oo
for every f € D we have

1. AeD.
2. DPAp = lim DPA, ¢ for every ¢ € D and every p € N".

n—oo
3. ghp = h_}m gnAnyp for every ¢ € D and every sequence (gn),~; C C*° compactly converging
n oo -
in all derivatives to a g € C'™ according to 6.1.

Proof:

1. Due to [11, th. 16.2.4 and 16.4.1] the Banach-Steinhaus theorem 3.2.2 applied to the Fréchet
space Dg implies that A is continuous on every subspace Dx C D whence by 6.6.4 follows the
continuity on D, i.e. A € D'.

2. Due to 1. for every ¢ € D we have DPAp = (—1)PI A (DPy) = (—1)P! Jim A, (DPyp) =
nlLHgODpAnw.

3. For a given ¢ € D we define a separately bilinear map B : C*° x D' — C by B(g;A) =

(gA). The assertion then directly follows from 3.7 and the fact that on metric spaces sequential
continuity implies general continuity (cf. [11, th. 10.12].

6.12 Smooth partitions of unity

n>1 C
with

For every open cover I' of an open set Q@ C R™ with Q C Jyep U exists a partition of unity (¢,)
el

D (R™;[0;1]) subordinate to I' such that >-,5; ¢, = 1 and for every n > 1 there is a U,
n

suppy, C U,. Also for every compact K C 2 exists an m > 1 such that K <} 9; < Q.
j=1

Proof: The bijective enumeration (J;¢;2z) : N — {d;e € Qt;2€ Z":3U €' : Bs(ez) C U} with

Vi = Bs, (€nZn) C Un and K,, = By, /3 (€n2zn) defines an open cover (Vn)n21 and a compact
cover (Kn)n21 of . The smooth separation functions developed in [8, th. 13.2] provide a sequence

(n)p>1 € DR™[0;1]) with K, < ¢ < Voo By ¥1 = @1 and ¢py1 =1 (1-¢j) - o1 =

7=1
Uy, - ((pin - 1) *on41 We obtain a further sequence (¢n),,~; C D (R";[0;1]) with suppy, C V,. Since
it — (L 1) g o L — 1y = L0 an inducti hows that S ;= 1= T (1— ;)
== Pn1 € 2 — b = 2 an induction over n shows tha == I ©;)-

n n
Due to ¢; (x) = 1 for every x € K; and j > 1 we conclude that |J K; < ¢, <
. =

n
Vi Cc Q.
j=1 =1

J]=

6.13 Localization

For every family (A;);c; € D’ (w;) of distributions on an open cover I' = (w;);c; with U;e;wi = Q@ C R”
and A;o = Ajp for every ¢ € D (w; Nwj) exists a uniquely determined A € D’ () with Alpw;) =4
for every j € I.

Proof: Due to the preceding theorem 6.12 exists a smooth partition of unity (¢y),~; C D (R™;[0;1])
subordinate to I' such that }, -, ¢, = 1 and for every n > 1 there is an i, € I with suppy, C wj,.

m
Since for every compact K C 2 exists an m > 1 such that K <Y 1, < Q every ¢ € D (£2) can be

n=1
expressed in the form ¢ = 37, - 1ne with ¥, € D (w;,) such that Ap = 37,1 Aj, () defines a
linear functional A : D (£2) — C. According to 6.5.5 for every sequence (¢;) i>1 compactly converging in
all derivatives to 0 exists a compact K C Q with suppy; C K for every j > 1 whence by the preceding
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m m
theorem 6.12 there is an m > 1 such that p; =3 ¥p@; resp. Ap; =3 Ay, (Yne;). According to
n=1 n=1

m m
6.1.3 and 6.6.3 we conclude that lim Ap; =37 lim A;, (Yne;) =2 A, (lim ¢ncpj> = 0 whence by
J—o0 n=1J—© n=1 j—roo
6.6.1 follows A € D'.

Finally for every j € I and ¢ € D (w;) follows ¥, € D (wj Nw;, ) whence A;, (Ynyp) = Aj (4,¢) such

that Ap = 37,51 Ai, (Vnp) = D1 Aj (Vi 0) = A4 ((Zn21 win) go) = A (¢). This assertion implies
uniqueness since I' covers €.

6.14 The support of a distribution

A distribution A € D’ (Q2) vanishes on the open set W = [JT' withT' = {open w C Q : A[D (w)] = {0}},
i.e. Ap =0 for every ¢ € D (V) onopen V C W since in the expression Ap = 3, -1 A (¢,¢) based on
the smooth partition of unity (wn)n21 with 1, € D (wy,) subordinate to the cover I' of W according
to 6.12 we have ¥, € D (w,) and w, € W whence A (¢,¢0) = 0 for every n > 1. The support of a
distribution A € D) defined as L = suppA = Q \ W has the following properties:

1. For every ¢ € Dg with suppA N K = () we have Ap = 0.

2. suppA =0 = A=0.

3. For every 1 € C* with 9|, = 1 we have YA = A.

4. Every distribution A € D} with compact support is of finite order.

5

. Every distribution A € D} with compact support extends in a unique way to an Op-
continuous linear functional I' € (C*)" with I'|p = A.

6. The restriction I'|p of very O.p-continuous linear functional ' € (C*)" is a distribution
I'|p € D}, with compact support L = suppl'|p

Proof:
1. Follows from suppy C W.
2. Follows from W = Q).

3. For ¢ € Di we have supp (p — ) C Q\ L, i.e. suppA Nsupp (p —p) = O whence by 1.
follows Ap = A () = (VA) p.

4. Due to 6.12 we find a ¢» € D with ¥|p = 1 for L = suppA. Also we have ¢ € Dy, and since
Y| = 1 whence DP¢|r, = 0 for every 0 # p € N” we conclude that by the Leibniz rule
|vell,, = max {|DP () (x)| : |p| < m;x € L} = ||¢|,,- From the preceding proposition 3. and
6.6.5 follows [A@| = |A (¥) < Comy [06lln, = Cog €], » -0 A s of ovder my.

5. According to 6.12 for L = suppA there is a ¢ € Dy, with ¢|p = 1 and L < ¢ < Q. Then the
linear functional T' € (C*°)" defined by T'f = A (¢f) is well defined since ¥ f € Dk and it is
O.p-continuous since due to 6.1.3 for every sequence (fy),~; C C* compactly converging in all
derivatives to 0 the product (¢f,),~; C Dk also O.p-converges to 0 whence the continuity of
A implies nh—%lo I'f, = 0. Since D is obviously O.p-dense in C* this extension is unique.

6. According to 1.11.4 and 6.1 for every O.p-continuous linear functional I' € (C*)" exists a
compact set K C 2, a number m € N and a constant C' < oo such that |I'[Bg,, (0)]| < C,
ie. [I'f| <m-C -max{|DPf(x)|:|p| <m;x e K} for every f € C>. Hence A is of order at
most m and due to 6.12 it follows that suppA C K.

6.15 Distributions with atomic supprt

For every distribution A € Df{s} of order m with atomic support suppA = {s} exists a differential

operator D = ) ¢, DP with constant coefficients c, € C such that A = Ddg with the evaluation
Ip|<m

functional J5 : D' — R defined by d5 (¢) = ¢ (s).
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Proof:

Step I: For every € > 0 there is a 6 > 0 such that for every ¢ € D; p € N with |p| < m and x € Q
with |x| < ¢ holds

’ngp (X)‘ < €- nm*‘p| ’X‘m_lp‘ <e- (TL . 5)m—|p| )

We prove this statement by downward induction over |p|: The case |p| = m is a direct consequence
ot the continuity of the derivatives. Assuming the hypothesis for |p| = i with 1 < i < m implies
that for q € N* with |q| =4 — 1 holds

n

Z D® D (x)

=1

n
<> D% DY (x)] < e |xm
=1

VD% (x)] =

Since D9 (0) = 0 the mean value theorem [6, th. 1.7] implies that
D9 (x)| = [D% (x) = DI (0)] < [x] - max {|[VD%% (ix)[} < e- nm= (=Dl xm=(=1D

and hence the assertion.

Step II: For every ¢ € D with DPy (s) = 0 for all p € N with |p| < m we have Ap = 0. According to
8, th. 13.2] for every 0 < § there is an f; € D (2)with By /5 (s) < f1 < Bi (s) and by scaling we obtain

an fs € D defined by f5(x) = f1 (% (x —s)+ s) with Bj/s (s) < fs < Bs (s) whence by the Leibniz

rule [6, th. 4.2] follows DP (fsp) (x) = > ( 2 ) slal=Ipl (pp—afy) (% (x —s+ s)) -(DY%) (x). Step
qsp

I implies || fs¢|,, < €-n?™ - ||fs],,. Since A is of order m there is a constant C' < oo with [Ay| <

C - |9, for every ¢ € Dk with K = Bs/ (s). Hence 6.6.5 implies that from suppA = {s} C K

follows |Ap| = |A (fs¢)| < C - || fs¢ll,, < C-e-n*" || fs],, and since € was arbitrary we conclude that

Ap = 0.

Step III: Since for every o € () ker DPdg holds 0 = (DP&g) ¢ = (—1)/Pl 55 (DPy) = (—=1)Pl (DPy) (s)
lpl<m
step II implies Ay = 0 such that we can apply 5.1.1 which proves the assertion.

6.16 Distributions of finite order as derivatives

1. For every distribution A € D’ and compact K C ) exists a function fx € Cx (2; C) such that
Alp,, = D™F2fg ie. for every ¢ € Dk holds

Ap— (_1)n(m+2))/QDm+2(P'fd)\'

2. For every distribution A € D’ with compact support K = suppA C 2 und finite order m for

every multi-index q < m + 2 exist functions fq € Cx (2;C) such that A= > D9fq, i.e. for
q<m-+2

every ¢ € D holds
Ap= > (-1 /QD% - fqdA.

q<m-+2

Note: We abbreviate q = (q1;...;q,) € N® and M = (M;...; M) with M € N resp. 2 = (2;...;2).
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Proof:

1. If not stated otherwise in this proof we always assume ¢ € Dg. Due to the Heine-Borel-
property of R™ there is an M € N such that K C [-M; M] and the mean value theorem [6,
th. 1.7] implies that || < MniaﬁMM- |(Dip) (x)|. For the differential operator 7' = Djo...0D,,

- X

Fubini’s theorem [8, th. 8.5] and the fundamental theorem of calculus [8, th. 12.10] yield
©(¥) = [ pvex <y (T'y) (x) dx. Applying the inequality above to successive derivatives of ¢ and
invoking 6.6.5 gives

[Apl < C-lgll,y,

<C-MMT- max  [(T7) (%)

<C- M. /M<x<y ’(TmHQD) (X)’ dx.

Due to the fundamental theorem of calculus as formulated above the map T : D — Dk
is bijective and this is also true for 7*! : Dx — Dg. Hence we may define a linear func-
tional Ay : T [Dk] — C by A{T™ 1o = Ay and from the inequality above follows |A1¢p| <
C- [i l¢ (x)| dx for every ¢ € T™ ! [Dk], i.e. Ay is bounded on T [Dk] C L' (K; C) with re-
gard to the norm || |* : (L' (K;C))" — R defined by ||A[|* = sup {‘A (”@” )‘ cp € LY (K; (C)}
According to the Hahn-Banach theorem 4.2 A; can be extended to a bounded linear
functional A; : L' (K;C) — C. By the representation theorem [8, th. 9.13] for the dual
space (L' (K;C))" resp the theorem of of Radon-Nikodym [8, th. 9.8] there is a bounded
function g € L' (K;C) with Ap = MT™ o = [, g(y) (T™ ) (y)dy. If we extend g to
R™ by defining g(y) = 0 for y € R" \ K the functlon fk : R" — C given by fx (x) =
(—1)n(m+D) 5 [P g (y) dyn...dyr is obviously continuous with suppfx = K. Finally n
integrations by parts show that Ap = (—1)" [, (D™%2¢p) (x) - fk (x) dx, i.e. the assertion.

2. According to [11, th. 10.5] there is an open W with compact closure W such that K C¢ W C
W C Q and due to 6.12 we find a 1 € D (Q) with K <1 < W. Hence for every ¢ € D we have

1 € D so that due to the preceding result 6.16.1 there is an fx € Cx (€2;C) with the Leibniz
rule [6, th. 4.2] and 6.14.3 yield

Ap = A(Py)
-1)" / D™2 () - fredA

e [F e (MR ) () o

q<m+2

= X 0 [ D gy

q<m+2
m+ 2

with fq = (—=1)" 714l ( .

) - fx - D™T27%) € C (9 C).

6.17 General distributions as derivatives

For every distribution A € D’ and every q € N" exist functions fq € C. (©2; C) such that each compact

K C € intersects the supports of only finitely many fq and Ap = > D9fy, i.e. for every ¢ € Dg
q=0

holds

Nl [ o

q>0

If A is of finite order the functions fq can be chosen so that only finitely many are different from 0.

Proof: According to 6.12 exists a partition of unity (¢,,),~; C D (R";[0;1]) subordinate to the
cover I' = {[~m;m] : m > 1} of Q such that 3°,, -, ¥, = 1 and for every n > 1 there is a [-m;m] € T’
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with suppt, C [-n;n]. Also for every compact K C Q exists an m > 1 such that K < Z P < Q.

Since the preceding theorem 6.16 applies to every product ¥, A defined according to 6. 10 there are

finitely may fn.q € Cl—n;n) (€% C) such that ¢, A = 3~ D9f,.q. Then the sums fq = E fn:q are finite
q>0

whence fq € C. (€2;C) and since we have ¢ = Y 1, for every ¢ € D we have A = Z A whence
n>1 n>1

by the preceding theorem 6.16 follows the assertion.

6.18 Convolutions with test functions

In the context of convolutions we always assume 2 = R". Also we use the translation 7 :
F (R™;C) — F(R™C) defined by 7« f (y) = f (y — x) for x € R" and the reflection ": 7 (R";C) —

F (R™;C) defined by f(y) = f(—y). The relation [(7xf) - @dA = [f - (7_xp)dA leads to the
extension of the definition to distributions A € D' by (7xA) ¢ = A (7_x¢) for ¢ € D and x € R".
Obviously the translate of a distribution is continuous according to 6.6.5 and hence a distribution. By
(Txf> V)=f(-(y—x)=fx—-y)=f(-y+x) = (7—xf) (y) the convolution of two integrable
functions f eL! and g € LP with 1 < p < oo according to the definition in [6, th. 5.1] takes the form
(f*g) =[f(y)-g(x—y)dy = [ f-7xgd\. Extending this definition to distributions we obtain
(A * o) ( ) A (Txgp) for A €D'; p € D and x € R™. The convolution has the following properties for
A eDip;p € D;x € R" and p € N

—_

supp (¢ * ¢) = suppt) + suppep.
2. supp (A * ) = suppA + suppe.
3. Tx (A x @) = (17xA) * ¢ = A * (1xp).
4. P *x o € D with DP (¢p x p) = (DP) x o = b x (DPyp).
5. Axp € D with DP (A * ) = (DPA) x ¢ = A x (DPyp).
6. Ax(px1) = (Axp)x.
Proof:
1. Directly follows from the definitions.
2. Dito
3. Dito.
4. Follows from [6, th. 1.15].
)

. For every 1 <i < n we have D® (A x ¢) (x) = D% A (1xp) = —A (D% (1)) = A (17x (D)) =
A % (D® ) which generalizes to DP (A *¢) = A % (DPyp). The first equality follows from A
(DPp) = A (7 (DPp)) = A ((=1)*' DP () = (DPA) % .

6. Using the auxiliary variable &, differentiating under the integral sign according to [6, th.

1.15], changing the order of integration due to Fubini’s theorem [8, th. 8.5] and finally
the variable n = x — y the preceding theorem 6.17 gives
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(A (o)) (x) = (A* (¢ *9)) (x)
=Ae (P * ) (x — &)

—Ae/w p(x—€&—m)dn

q>0 |Cl|/f Dq(/%b(n)%’(x—g_n)dn)dé
q>0 |q|/f </¢(W)Dq¢(x—§_n)dn>d£

—(;)/ fa € </¢ ¢) (x— &~ ) dn) dg
[ [a©- 0y - vy

- [ ‘*'/f (v ) (€€ v (x — y) dy
a=0

Z/As¢(y—£)-¢(x—y)dy
~ [0l @) v - y)dy

6.19 Approximate identities

For every approximate identity or mollifier (py) r>1 C D with py (x (x) =k"p (kx) for x € R" derived

from a positive p € D (;R") with [pd\ =1 aseg. p = Ton SLO— with ayyo defined in [6, th. 13.2],

every ¢ € D and every A € D' we have

1. klim © * p, = ¢ with compact convergence in all derivatives in D
— 00

2. klim A % p, = A with weak*-convergence in D’
— 00

Proof:
1. For every simply continuous ¢ € C' with x € R" and K = suppp we have Ich = supppg and
JE"p (k (x —y)) dy = 1 whence | (x) — (¢ * pr) (x)| = | [ (¢ (¥)) - k"p (k(x —y))dy| <
sup ¢ (x) — ¢ (y)|, i.e. uniform convergence of lim gp * pk = go Owing to 6.18.4 we can
x—ye%K k—o0

extend this result to lim DP (¢ * pg) = lim (DPyp * pi) = DPy for every p € N whence follows
k—ro0 k—ro0

uniform convergence in all derivatives.
2. The assertion follows from 6.6.3, 6.19.1 and 6.18.6 since A = (A * ) (0) = klim (A (pr * ) (0)
—00
= lim ((Axpg)* ) (0) = lim (Axpg)@
k—o0 k—o0

6.20 Representation of linear maps as convolutions

For any linear map L : D — C (R") exists a A € D such that Ly = A * ¢ for every ¢ € D iff L is
Or-continuous and one of the two following equivalent conditions hold:

1. 7L = L7y for every x € R".
2. DPLyp = LDP¢p for every p € N" and ¢ € D.
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Proof:

1. =: For every compact K C R™ and every sequence (¢y),~; C Dk with klim on = ¢ € Dk and
- —00

klim (A * ¢p) = f € C* on account of the continuity 6.6.1 of A we have f (x) = klim (A * @) (%)
—00 —00
= lim A (7x¢n) = A (7x®) = (A * ) (x), i.e. lim
k—o0 k—o0
graph theorem 3.6 implies that L is continuous. Furthermore we have 7y (A¢ * @) (y) =
(Ae+9) (v — %) = Agip (y — X — €) = Ag (72 (9 (y — €))) = Ag * (mp) whence 7L — L
<: Since ¢ — ¢ is continuous on D and the evaluation at 0 is continuous on C the functional
A : D — R defined by Ap = (L) (0) is a distribution. According to the hypothesis we
have (Lp) (x) = (7—xL¢) (0) = (LT7—x¢) (0) = A (7—x¢)" = A (7x®) = (A * ) (x) whence its
convolution represents L. The representation is uniquely determined since for every A € D’
with A % ¢ = 0 for every ¢ € D follows A (¢) = (A * ) (0) = 0 whence A = 0.

2. =: Follows from 6.18.5.
«: For ¢ € D define h, € C*° (R") by hy, (x) = (T_xL7xp) (0) = (L7xp) (x) for x € R". Then
the hypothesis for every basis vector e; € R" with 1 < j < n implies

(Dhy) (x) = lim . (Ersc) (x 4 €) — (D) ()

(pn; A x pn) = (p; A ¢). Hence the closed

~ Jim - (L7xtep) (x + €) — (L7xp) (x + €) + (L7xp) (x + €) — (L7xp) (X))

e—0€
1 !
= lm= (L (e = 7)) (x 4 €)) + lim = (L7 (¢ (x + €) — ¢ (x)))
€ € e—=0€
= (D% Lrxp) (x) = (L7xD% ¢) (%)
=0
whence follows hy (x) = hy (0). This is equivalent to 7L = L7ywhence by 2. follows the

assertion.

6.21 Convolution with smooth functions

Owing to 6.14.5 every distribution A € D} with compact support L C R™ extends in a unique way to
al € (C™(R™;R))" defined by I'f = A (¢ f) with ¢ € D (Q) with ¢|p =1 and L < ¢ < Q according
to 6.12. Due to the Hahn-Banach theorem subsec:The Hahn-Banach-theorem resp. 6.6.2 the
bounded character of A extends to C* such that for every compact K,, = [-m;m] exists a
Cr, < oo such that |Ap| < Cp, || f]|,, for every f € C°. Hence according to 6.18.5 the convolution

Ax f e C™® defined by (Ax f)(x)=T (Txf) = A (7x (¢f)) for A € D" with compact support L C R"
i f € C; p € Dk and x € R™ has the following properties:

1. 7 (Ax f) = (1xA) * f = A x (17« f).

2. DP (Ax f) = (DPA)x f = A* (DPf).

. Ax(fxp)=(Axf)xp=(Ax¢)x feD.
Proof:

1. Directly follows from the definitions as in 6.18.3

2. Directly follows from the definitions as in 6.18.4

3. Owing to 6.12 for every x € R”™ there is a px € D with px|x—x—1 = f whence for ev-
ery € € Landn € x— €6 - K € x— K — L follows x — & — nn € K and consequently

(fxv)(x—&) = [Fmp(x—&—n)dn = (px* 1) (x — &), so that
Ax(fx) (x) = A (f %) (x = &) = Ag (px ) (x — &) = A= (px *¢¥) (x) . (I)

Also for £ € x — K and i € L we have f (§ —n) = ¢x (§ — 1) whence (A * f) (§) = Ay f(§—n)
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= Ay (§ —m) = (A xpx) (§) and thus

((A*f)*%b)(X)Z/(A*f)(SW(X—E)dﬁ:/(A*wx)(E)w(x—E)dE((A*SOx)*w)(X)- (IT)

Finally due to 6.18.2 we have supp (A xv¢) C L + K whence supp (A x)" C x — K — L and
consequently

(A1) f) (x) = (A x ) * o) (x) - (IIT)

According to 6.18.6 and the commutativity of the convolution the right sides of (I) - (III)
coincide which proves the assertion.

6.22 Convolution with distributions

If at least one of the distributions A;I" € D’ has a compact support the convolution A xI" € D’
defined by (A *I") p = A * (I' * ¢) (0) for every ¢ € D has the following properties:

1. The distribution A xI" € D’ is uniquely determined by (A *T) x o = A % (' ).
2. AxI'=TxA.
3. supp (A *T') C suppA + suppl.
4. If at least two of A;T; A € D’ have a compact support we have (A «T')« A =T * (A x A).
5. For every p € N"we have DPA = (DP0d) * A and in particular A = § x A.
6. For every p € N"we have DP (A «T") = (DPA) «T" = A % (DPT).
Proof:

1. AxT is well defined since for compact suppI’ theorem 6.18.5 implies I'«x € D and A x* (T *
C> while for compact suppA 6.18.5 implies I" x ¢ € C* and 6.21 assures that A * (I" %
C*. In any case the map A *I' : D — R is well defined and linear with (7% (A*T")) ¢
A (Dx3)(0—x) = Ay (D @) (—x = 1) = Ay (Do (x+1 — €)) = Ay (I (1) (0— 1)) =
A x (Tx (19)) (0) = (A*T) 75 whence 7 (A*T) = (A*T')7x for every x € R™. Hence 6.20
implies that A *xI' € D’ is uniquely determined.

For ;1) € D theorem 6.18.6 implies that (A« T)*(p x 1)) = Ax(T x (px1)) = Ax((T x @) x ) =
Ax(¢ * (I' % ¢)). Applying 6.21.3 for compact suppl resp. 6.18.5 in the case of compact suppA
gives (A« T") % (px1¢) = (A*x 1) * (I' *x ) and repeating the computation for with exchanged ¢
and ¢ resp. A and I yields (I'x A) * (¢ x ) = (I'x ) * (A x ). Finally a third invocation of
the commutativity of the concolution of functions obtains (A *T") x (p x ) = (I'x A) * (@ * )
and the assertion follows from the uniqueness argument at the end of the proof of 6.20.1.

By 2. we may assume that suppl’ is compact such that as in the proof of 6.21.3 an application
of 6.18.2 yields supp (I" * ¢) C suppl’ — suppy. Hence (A*T')p = A((T'* @) # 0 < suppA N
(suppy — suppl’) # () < (suppA + suppl’) N suppy # 0.

. We conclude form 3. that both (A*I') * A and A x (I"x A) are defined if two of their supports
are compact. For every ¢ € D the definition gives (A% ('« A))x o = Ax ([« A)*xyp) =
Ax ('« (A *¢)). In the case of a compact suppA and because A * ¢ € D theorem 6.21.3 yields
(AxT)* A)ysxp = (A*T)x(Ax @) = Ax (I x (A %)) whence follows the assertion in this case.
If suppA is not compact then supp) is compact and the preceding case combined with the
commutativity proved in 2. gives A % ('« A) = Ax (A*T) = (A*xT)x A = Ax(T'xA) =
Ax(AxT) = (A=xT)xA.
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5. For every ¢ € D and x € R"™ we have (0 * ¢) (x) = § (1xp) = (@) (0) = @ (—x) = ¢ (x) whence
d x p = . With 4. and 6.18.5 follows (DPA) xp = Ax DPp = A DP (§ % ) = A * (DPJ) * p.

6. With 2., 4. resp. 5. we obtain DP (A*T") = (DP0) x (A« I") = ((DPJ) * A)«I' = (DPA) «I" and
((DP§) * A)« ' = (A* DP§) xI' = A % DPT.

7 Duality in Banach spaces

7.1 The norm of a bounded linear operator

The function | || : B(X;Y) — [0; 00] defined by [|A[| = sup { {1+ x € X} = sup {||Axly  |x]x = 1}
is a norm on the vector space B (X;Y") of all bounded linear maps A : X — Y between the normed
vector spaces X and Y. If Y is a Banach space so is B (X;Y). In the case of infinitely dimensional
function spaces X res. Y the linear map A is called an operator (usually a differential operator)
and in the case of Y = C it is a functional (very often represented as an integral)

Proof: By the hypothesis we have ||A|| < oo and the norm on Y implies ||aA|| = |a| - ||A]|. Hence for
every x € X we have

[(A1+ Ag) xly = [[Arx + Agx]y

< [lAax]ly + [[Aox[ly

< ([l + lIA2ll) - Il
whence follows ||A; + Az|| < ||A1]] + ||Az2]]. Finally for every A # O there is an x # 0 with Ax # 0
whence [|A]| > IAxlly 0 which shows that Il :B(X;Y)— [0;00[ is a norm.

(3%
For a || ||-Cauchy sequence (A;,),cn C B(X;Y) there isn an M € N such that for n;m > M we have
IAn, — A || < € and every fixed x € X holds

[Anx = AmX|ly < [[An = Am| - [Ix]lx <€ lIx][x,

ie. (fy (x)),eny C Y is a || [|y-Cauchy sequence. In the case of a complete space Y follows

Jim [[Ay — Anylly =0

for a uniquely determined Ax € Y. Owing to the continuity of multiplication and addition the
function A : X — Y is linear such that for every € > 0 there is an M, > M with

1A% = Auxlly < el
for n > M,. This implies Hﬁ:ﬂ: < ||An|| + € for every x € X and n > M, and since the f,, due to
the || ||-Cauchy character of the sequence are uniformly bounded we conclude that A € B(X;Y).
Due to 2.10.2 the bounded linear maps A resp. fj; are uniformly continuous such that for every
X € 0By (0) there is a neighbourhood U (x) with ||[Ax — Ap, x|y < 2€ for x € U (x) N 6B (0). For
n;m > M we have |[Ax, — Ay, x|y < € whence |[Ax — A,x|y < 3e for n > M,. The finitely
many (U (X;));<;<, covering the compact set §B; (0) provide an N = max {M,,;...; My, } such that
[Ax — Apx|ly < 3e for x € §B; (0) and n > N whence |[|[A — A, | < 3¢, ie. Jim IA, — Al = 0.

7.2 The norm* of the dual space
According to the preceding paragraph 7.1 the norm* ||| : X* — [0;00[ defined by [x*||" =

sup {|(y;x*)| : |lyll = 1} with the usual notation (y;x*) = x*y on the dual space X* of the con-
tinuous and due to 2.10.2 bounded linear functionals x* : X — C is complete such that (X*;| ||*)

43



is a Banach space. According to [7, th. 3.10] in the finite dimensional case X is isomorphic
(and isometric) to its dual space X*. As the theorems of Lebesgue-Radon-Nikodym [8, th. 9.8]
resp. Riesz [8, th. 10.11] show in the general case this is not true so that we have to confine ourselves
to subspaces.

According to 5.8 the weak* topology generated by the neighbourhoods

Uy (07) = {x" € X™: [(y;x")| < ¢}

for y € X and ¢ > 0 is the smallest topology on X* such that all linear evaluation func-
tionals x : X* — C defined by xy* = y*x = (x;y*) for y* € X* are continuous. Due to
rex:lylr<ecly ex:[(gpy)
also originally continuous and obviously originally bounded with referencet to the original norm
|||*. Hence the weak* topology is included in the original norm* topology on X*.

< e} = {|x| < € [|x]|} the evaluation functionals are

7.3 The norm of the bidual space

The vector subspace C* (X*;C) C X** of the weakly* continuous and due to 2.10.2 bounded
linear evaluation functionals x** : X* — C by ¢ : X — C* (X*;C) with y*p (x) = xy* = (x;¥%)
for every y* € X* is isomorphic to X.

The norm || | : C* (X*;C) — [0; co[ defined by

*
x; Y
ly*I

coincides with |x|| = ||¢ (x)|I"* so that (C* (X*;C) ;|| ||™) is also isometric to (X;|| ||).

i G = sup {|{ )iyt e X} =sup {6y s Iy = 1)

Proof: According to the corollary 4.3 to the Hahn-Banach theorem for every x € X there is
an y* € X* with (x;y*) = ||x|| and (z;y*) < ||z]| V2 € X whence |y*||" = 1 such that we infer
< Jly*|1* vesp. |(x: e )| < I
for every y* € Y whence follows ||¢ (x)||"* < ||x|| and hence the assertion.

le (x)]]”* > ||x||. The definition of the dual norm implies ‘<Hx7ll’ y*>

Note: According to [11, th. 14.2.3] the complete vector subspace C* (X*;C) = ¢ [X] is closed in
X**. A Banach space X is called reflexive iff C* (X*;C) = X**. The most important examples are
the Lebesgue spaces L (\) for 1 < p < oo.

7.4 Annihilators

According to [7, th. 3.13] the annihilators of the vector subspaces M C X resp. N C X* of a Banach
space X are defined as the vector subspaces

M°={x*€ X*: (y;x*) =0Vy € M} = () kerp(y) C X*
yeM

IN={xeX:(x;y")=0Vy* €N} = () kery* C X
y*eN
Note that

1. MY is weakly* closed hence norm* closed in X* since the ¢ (y) € X** are both weakly* and
norm™ continuous.

2. N is weakly closed hence norm closed in X since the y* € N are both weakly and norm
continuous.
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7.5 The closure of the annihilator

For vector subspaces M C X resp. N C X* of a Banach space X

1. M =M, ="M
2. N=N, = (°N)"

Proof: Due to 5.5 and since vector subspaces are convex the weak and norm closures of M =
M, C X resp. the weak* and norm* closures of N = N,, C X* coincide.

For x € % (M?) we have (x;y*) = 0Vy* € M? whence follows x € M. Furthermore ° (M?) is weakly
closed hence norm closed in X whence is includes the closure M = M,, c ° (M O). Due to the
corollary 4.4 of the Hahn-Banach theorem for every x ¢ M there is an y* € X* with (x;y*) = 1
and (z;y*) =0Vz € M, ie. y* € M hence x ¢ Y (M?). The second proposition is proved analogously.

7.6 The dual of the quotient space

For every closed vector subspace M C X of a Banach space X the maps

1. o : M* — X*/M° defined by ¢ (m*) = x}, + M? with the extension x}, € X* of every
m* = x},|; € M* according to the Hahn-Banach-theorem 4.2 and

2. ¢ :((X/M)* — M defined by 1 (z*) = z* o m with the canonical projection 7 : X — X/M
are both isometric isomorphisms.

Proof: For the sake of clarity and deviating from 7.2 in this proof we use the same notation for the
three norms on X, X* and X/Y .

1. Directly from the definition we infer that ¢ is well defined, injective, surjective and linear.
According to 2.10.5 on the one hand we have ||¢ (m*)| = inf {||x}, + n*|| : n* € M°} < |x
whereas on the other hand owing to the definition 7.2 of the dual norm holds
m*[| = sup {[{y;m*)| : y € MV [ly| =1}

< sup {[{y; xpm) + (y;n)| : [lyll = 1}
= X + 0|
such that we obtain [[m*|| < ||¢ (m*)|| < ||x%,]|. Due to the Hahn-Banach-theorem 4.2 there

m
is an extension x}, € X* of m* with ||x},|| < ||m*|| which completes the proof.

ml|
m

2. The map 1 is obviously well defined, injective and linear. For every y* € MY and since
M C kery* there is an z* € (X/M)" with z*om = y*. Since kerz* = 7 (ker y*) is a closed vector
subspace of X/M and due to 1.11.2 the map z* is continuous whence z* € (X/M)*. Hence 1
is surjective. Due to the proof of 2.10.5 we have ||x|| = 1 < ||7 (x)|| = 1 whence ||¢ (2*)] =
o o 7ll = sup {I(m (x) 327} : x € XV x| = 1} = sup {|(y;2")| : y € X/Y V |yl = 1} = [l2"|
which proves that v is an isometry.

7.7 The adjoint of a bounded operator
Analogously to the finite dimensional case from [7, th. 6.11] for every A € B(X;Y') between Banach

spaces X;Y the adjoint map A* : Y* — X* defined by A*y* = y* of is linear and bounded with
(Ax;y*) = (x; A"y”) and [[A*] = [|A].
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Proof: The map A* is obviously well defined and linear with (Ax;y*) = (x;y* o A) = (x; A*y™*).
Also by 7.1 and 7.3 we have ||Ax|| = sup [(Ax;y*)| such that
lly*ll=1

A" = sup [[A%y"|

ly*[|=1

= sup sup [(x;A"y")|
ly*[I=1]|x|=1

= sup sup [(Ax;y")|
Ix[|=1]ly*||=1

= sup [Ax]|
[Ix[|=1

= ||A]l.

7.8 Properties of the adjoint operator

For A € B(X;Y') on Banach spaces X;Y we have

1. ker A* = (A [X])°.

2. ker A =9 (A*[Y¥]).

3. ker A* C Y* is weakly* closed.

4. A* is bijective iff A [X] is dense in Y.

5. A is bijective iff A* [Y*] is weakly™ dense in X*.
Proof:

1. y* ekerA* & A*oy* =0 & (x; A*y*) = (Ax;y*) = 0¥x € X & y* € (A[X])"
x €kerA & Ax =0 & (Ax;y*) = (x; A*y*) = 0Vy* € Y* & x € O (A*[YV*)])
8.4.1 with M = ker A*
8.5.1 with M = A [X]
8.5.2 with N = A* [Y*]

AR

7.9 Open and surjective operators

For A € B(X;Y) on Banach spaces X and Y the following statements are equivalent:
1. There is an § > 0 such that |[A* o y*|| > § ||y*|| for every y* € Y*
2. There is an § > 0 such that B; (0y) C A[B; (0x)]
3. There is an 0 > 0 such that Bs (0y) C A[B1 (0x)], i.e. f is an open mapping
4. Y = A[X], i.e. A is surjective

Proof:

1. = 2.: According to 4.5.2 for yo ¢ A [B; (0x)] there is an y*such that |(yo; y*)| > 1 but [(y;y*)| <1
for every y € A[B;(0x)]. Hence for every x € B; (0x) we have [(x;A*oy*)| = [(Ax;y*)| < 1
whence owing to the continuity of x — [(Ax;y*)| follows |A* o y*|| < 1. The hypothesis then implies
5 < 81{yoiy") < 8 yoll - IA*]| < llvoll - [A* 03| < [lyoll whence we infer that y € A [By (0x)] for
every y € Y with ||y|| <é.

2. = 3.: This step specializes the main part of the proof of the open mapping theorem 3.4: We
proceed by induction and for y; € B (0y) we choose a sequence (ey),~; such that > < €, <
1 — ||y1]|. For given y, and w.l.o.g. § = 1 the hypothesis implies the existence of an x,, € X with
1%nll < llynll and |yn — Ax,|| < €. By ynt1 = yn — Ax, we obtain two sequences (x,),~; and
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(Yn)pz1 With [[Xp 1]l < [yngall = lyn — £ (xa)[| < €n. Hence follows 32,5 [[xn]l < lxall + 3,51 €n <
[y1]l + 32,51 €n < 1 such that by the completeness of X resp. the triangle equation we infer that

N
X =Y ,>1Xn € B; (0x). From the continuity of A and ILm yn = 0 follows Ax = lim Y Ax, =
- n—oo

N—oo n=1
. N . .
lim > (yn — Ynt1) =¥1, i.e. the assertion.
N—=o00 p—=1

3. = 4.: Follows from the linearity of A.
4. = 1.: By the open mapping theorem 3.4 there is a § > 0 such that Bs(0y) C A[B; (0x)].
Owing to the continuity of x — [(x; A*y™)|
JA* o y* || = sup {I{x; A"y*)| : x € By (0x)}
— sup {|{Ax; ") : x € By (0x)}
> sup{[(y;¥")| : y € Bs (Oy)}
=0|ly*|l-

7.10 The closed range theorem

For f € B(X;Y) on Banach spaces X and Y the following three statements are equivalent:
1. £*[Y*] is closed in X*.
2. f[X] is closed in Y.
3. £*[Y*] is weakly* closed in X*.

Proof:

1. = 2.: By I'x = Ax for every x € X we define a I' : X — A [X] coinciding with A on X and proceed
to show that I' is surjective whence follows the assertion: Since I' [X] is dense in A [X]theorem 8.8.4
implies that I'* : m* — X* is bijective. For every y* € m* the Hahn-Banach theorem 4.2
furnishes an extension ¥* € Y* with (x; Ay*) = (Ax;3") = (I'x;y*) = (x;T™y*). Hence I'*y* = A*y*

coincide for every x € X, i.e. A* and I'* must have identical ranges I'* [A XT| = A*[Y*]. From

the hypothesis follows that I'* {A [X ]*} is closed, hence complete such that the open mapping
theorem 3.4 applies to I'*. Since I'* is bijective the open character of I'* implies that there exists a
¢ > 0 such that B, (0%.) C I'" [B; (0y..)], i.e. ||x*|| < c||[I™x*| for every x* € X*. By the preceding

theorem 7.9 follows A [X] =T'[X] = A[X] and hence the assertion.

2. = 3.: Due to [11, th. 14.2.2] the image A [X] is complete, and owing to Baire’s theorem [11,
16.4.2 resp. 16.2.4] it is of second category such that the open mapping theorem 3.4 applies.
Hence there exists an K > 0 such that By g (0y) C A[B; (0x)], i.e. for every y = A (x) € A [X] there
is an x € X with ||x|| < K ||Ax|| = K ||y||. Thus the linear functional I" : A [X] — C defined for
every x* € (ker A)" by TAx = (x;x*) is continuous since [I'y| = [TAx| = |(x;x*)| < K ||y|| ||x*|. By
the Hahn-Banach theorem 4.2 some y* € Y™ extends I" with (Ax;y*) = 'Ax = (x;x*) whence the
definition 7.7 of the adjoint map implies x* = A*y*. Hence we have shown that (ker A)° C A* [Y*]
and the assertion follows from 8.5.2 and 8.8.2 since A* [Y*] = (° (A* [Y*]))O = (ker A)°.

3. = 1.: follows directly from the definitions in 5.3.

7.11 Surjective operators

A linear, continuous and bounded map A € B(X;Y') on Banach spaces X and Y is surjective iff
its adjoint A* is bijective and f* [Y*] is closed in X*.

Proof:

=: The bijectivity of A* follows from 8.8.4 and due to 8.9.1 the dilation principle [11, th. 14.11]
applies to yield its closed character.

<: The image A [X] is dense by 8.8.4 is and closed by 8.10.2.
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7.12 Compact operators

A linear, continuous and bounded map A € B(X;Y) on Banach spaces X and Y is compact iff
one of the following equivalent conditions is satisfied:

1. A[Bj (0x)]is sequentially compact .
2. A[B; (0x)] is compact.

3. A[B; (0x)] is totally bounded.

4

. For every bounded sequence (x,), .y C X exists a subsequence (Xy, ),y such that its image
(Axp, ) pey cOnverges to any € Y.

Also
5. The vector subspace C (X;Y) C B(X;Y) of the compact operators is norm closed.
Proof:
1. < 2.: follows from [11, th. 10.12] since Y is metric and complete.
1. & 3.: follows from [11, th. 17.5] since Y is metric and complete.
1. & 4.: follows from the definition [11, def. 10.11] since X and Y are vector spaces and f is linear.

5.: For compact A;T' € B(X;Y) resp. ;8 € C and due to 8.12.3 the set (oA + 5T') [B;1 (0x)] is
obviously totally bounded such that the compact operators form a vector subspace C (X;Y) C
B(X;Y). For any A € C and r > 0 there is a I' € C with ||[A — T'|| < r and since I'[B; (0x)] is totally

bounded there are (X;);<;<,, C B1 (0x) such that I' [B; (0x)] C G B, (I'x;). Since ||[Ax — I'x|| < r for
== i=1

every X € B (0x) it follows that A [B; (0x)] C U Bs, (Ax;) whence A € C(X;Y) by 8.12.3.
i=1

1=

7.13 Operators with finite dimensional range

1. If dimY < oo then every A € B(X;Y) is compact.
2. If A € B(X;Y) is compact with a closed image A [X] then dimY < oo.

Proof:

1. Due to 1.13 the neighbourhood B; (0x) is compact. Owing to [11, th. 9.8] its continuous image
A [Bl (OX)} is compact hence totally bounded and since A [B; (0x)] C A [Bl (OX)} the assertion
follows from &8.12.3.

2. The closed image A [X] is also complete in the Banach space Y such that the open mapping

theorem 3.4 applies whence A is a homeomorphism. In this case condition 8.12.2 implies that
A [X] is locally compact whence by 1.13 the image has a finite dimension dimimA < oco.

7.14 Compact adjoints

A linear, continuous and bounded operator A € B(X;Y) on Banach spaces X and Y is compact
iff its adjoint A* is compact.

Proof:

=: Any sequence (y},),cy C B1 (0y~) is equicontinuous since for every y;y’ € Y we have |yy — y,y'| =
lyi(y —y)| < |ly —¥|l. Since according to the hypothesis A[B; (0x)] is compact the Arzela-
Ascoli theorem [11, th. 19.6] implies the existence of a uniformly converging subsequence

(Vi) € ABL 0N Dreto |35, 93| = sup (v, 2

= sup y;“lkAx—y;‘”Ax‘

[[x[I=1

48



the sequence (A*yzk>k€N C X* is Cauchy whence the assertion follows due to 8.12.4 and since X* is

complete.

<: According to7.3 the isometries

p: X — C*(X*;C) C X** defined by y*¢ (x) = xy* = (x;y") for every x € X resp.

Y — C*(Y*;C) C Y™ defined by x*¢ (y) = yx* = (y; x*) for every y € Y

allow the application of the first part to the adjoint A*: For x € X and y* € Y* we have

(Y 9Ax) = (Axsy™) = (x; A"y™) = (A"y"9x) = (y"; A" px)

so that YA = A**¢. For x € By (0x) follows ¢ (x) € By (0x+) whence (10 o A) [B1 (0x)] C A** [By (0x++)].
The first part of the theorem yields that A** is compact and A** [B; (0x=+)] is totally bounded. This

property obviously extends to the subset (1) o A)[B;1 (0x)] and further to A [B; (0x)] since ¢ is an
isometry. Hence A is compact.

7.15 Direct sums
A closed vector subspace M C X of a topological vector space X has a closed complement N such
that X = M @ N if
1. dim M < oo and X is locally convex or
2. dim X/M < oc.
Proof:

n
1. For M = span {(ei)1<i<n} and every x =) a; (x)e; the coefficients a; : M — C are linear
== i=1

and continuous functionals which by the Hahn-Banach theorem 4.2 can be extended to

n
linear and continuous @; : X — C. Then N =) kera; is the desired complement.
i=1

2. For X/M = span {(ei + M)lgign} the desired complement is obtained by N = span {(ei)lgign}‘

7.16 The Banach algebra B (X)
An algebra is a complex vector space (B;+;-) with a multiplication o : B x B — B and the usual
rules of compliance for A;T';© € B resp. A € C such that (B;+;0) is a ring:
1. associativity: Ao (To©O)=(AoT)oO and A- (Aol)=(A-A)ol
2. distributivity: Ao (T +60)=Aol'+A0 6O
3. a neutral element 3/ € X : Aol =ToA=A
An element A € X is invertible iff there is an
4. inverse A7 € X with A”'oA=AoA =T

By the open mapping theorem 3.4 A € X is invertible iff it is bijective, i.e. ker A = {0} and
A[X] = X. In the following paragraphs we examine the Banach algebra of linear, continuous
and bounded operators B (X) = B(X;X) on a Banach space X with the composition o. For
A;T € B(X) we have the additional property

5. [|A o T < [IA]l - [T

49



7.17 Compact operators in B (X)

For compact A;T" € B(X) on a Banach space X we have:
1. dimker (A — A\I) < oo for every A # 0
2.0c0(A)ifdimX =00
3. AoT;To A € B(X)

Proof:

1. The restriction Aly : Y — Y on the closed subspace Y = ker (A — AI) is again compact so
that the assertion follows from 8.13.2.

2. If 0 ¢ o (A) then A is bijective hence A [X] = X so that 8.13.2 applies again.

3. obvious.

7.18 The image of a compact operator

For every compact A € C (X) and X # 0 the image im (A — AI) is a closed set.

Proof: By the preceding theorem 8.17.1 we have dimker (A — M) < oo and by 8.15.1 follows the
existence of a closed subspace M with X =ker (A —X) @ M. ThenI' : M — X with I'x = Ax — A\x
is bijective with imI" = im (Ax — Ax). Assuming the existence of a sequence (x,),,cy € M NJB1 (0x)
with lim I'x,, = 0. Since A is compact and due to 8.12.1 a subsequence (Axy, ),y C A[B1(0x)]

converges to some xg € X whence lim Ax,, = xg. Since M N éB; (0x) is a closed subspace we
—

o
conclude that xg € M whence the continuity of I' implies I'xg = klim AI'xy,, = 0 and from the
—00
bijectivity I' follows xo = 0 in contradiction to ||x,|| = 1Vn € N. Hence there is no such sequence,

i.e. there exists an r > 0 with ||x|| > 1 = ||[I'x|| > r resp. ||[I'x|| > r||x|| for all x € M such that the
closed character of imI" = im (Ax — Ax) follows from the dilation principle [11, th. 14.11] .

7.19 Eigenvalues

A scalar \ € C is an eigenvalue of an operator A € B (X) iff there are eigenvectors 0 # x € X with
Ax = Ax. Hence A € C is an eigenvector of A € B (X) iff its eigenspace ker (Ax — Ax) # {0} resp.
iff im (Ax — Ax) & X. The spectrum o (A)is the set of all A € C such that A — AI is not invertible,
ie. it is

1. not surjective

2. not injective

In the case if dim X < oo the two conditions are equivalent. (cf. [7, th 3.8]). The number A is an
eigenvalue of A iff 2. is satisfied.

A set E C o (A) of eigenvalues of a compact A € C(X;Y) with |\| > r for some r > 0 and every
A € E has the following properties:

1. im (A —A) # X for every A € E
2. FE is finite.

Proof: We show that if either 1. or 2. is false then there exist closed subspaces M, C X and scalars
An € E such that for every n > 1

a) My, & My

b) A[M,] C M,

¢) (A= Ansal) [Mpya] C M,

The proof wil be completed by showing that this contradicts the compactness of A:
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1. Assuming the existence of an Ao € E with im (A — X\oI) = X we define the closed subspace
M, = kerI" for I' = A — A\pI. Then there exists an eigenvector 0 # x; € M;. Since im[' = X
there is a sequence (x,),,~; C X such that I'x,,11 = x,, for n > 1. Consequently on the one hand
we have I'"x,, 11 = x1 # 0 but on the other hand F”“xnﬂ =TI'x; = 0. Hence x,,41 € My11\ M,
and we have shown that a) holds. Since in this case we have I'o A = A oI and in particular
AoI'™ =T" o0 A condition b) is also satisfied while c) is obvious.

2. Assuming that there is an infinite sequence ()\n)n21 C F of distinct eigenvalues with cor-
responding eigenvectors e, define the finite dimensional hence closed subspaces M, =
span{ej;...;e,}. Since the \, are distinct the e, are linearly independent whence follows a).
n n—1

For x =% aje; € M, we obviously have Ax € M, and (A — A\, ])x =3 a;j(A\i —\p)e;i € My
i=1 =1

which shows b) and c).

3. Assuming a) theorem subsec:Closed-subspaces provides y,, € M,, with ||y, || < 2and d (yn; M,—1)
for n > 2. Conditions b) and c) then imply that z,, = Ay, — (A — A1)y, € M,—1 whence
IAYn — AYm|| = | AaYn — Zm|| = |l - Hyn - ﬁan > |An| > 7. Hence (Ayy),>; has no conver-
gent subsequence although (y»,),,~; is bounded. This contradicts the assumed compact character
of A hence both 1. and 2. must be true.

7.20 The spectrum of a compact operator

For every compact A € C(X) and 0 # X € o (A) the following statements hold:

1. The following four numbers are finite and equal:
a = dimker (A — \I)
B =dim X/im (A — \I)
o = dimker (A* — \I)
f* = dim X*/im (A* — A1)

2. A is an eigenvalue of A and of A*.
3. 0 (A) is compact, countable and has at most one limit point, namely, 0.

Note: A linear and continuous I' : X — Y map between Banach spaces X and Y is called
Fredholm, iff dimkerI" < co and dim X/imI" < oc.

Proof:
Proposition 1.:

Step I: For tvery closed subspace M C Y of a locally convex space Y holds dim Y/M < dim M?:
For every positive integer k& < dim Y/M exist linearly independent y1;...;yx € Y\ M and due to 1.5.7
each M; = span{y1;...;y:} ® M is closed. By 4.5.1 there are continuous and linearly independent
functionals Aq;...; Ay on Y such that A;y; = 1 and A; [M;—1] C {0}.

Step II: g < o*: This follows from step I with Y = X, M = im (A — AI) since by subsec:The image
of a compact operator zhe space M is closed and by 8.8.1 we have ker (A* — AI) = (im (A — XI))".

Step III: * < a: Apply step I with Y = X* with weak® topology and M = im (A* — AI) since
due to subsec:The image of a compact operator resp. 8.10.3 M is weakly* closed while theorem 8.8.2
yields ker (A — AI) = 0 (im (A* — AI)).

Step IV: a < 3: We assume a > § whence according to 8.17.1 and subsec:Direct-sums there are
closed complements M; N such that X = ker(A—A) & M = im (A — X)) & N. Since dimN =
dim X /im (A — AI) there is a linear ¢ : ker (A — AI) — N with dimkery > 1. Owing to 8.13.1 and
since dim N = 8 < oo the composition por : X — N with the canonical and in particular continuous
projection 7 : X — ker (A — AI) is compact. and so is ® = A 4+ ¢ o «. Since 7 [M] = {0} we have
(& — ) [M] =1im (A — AI) and
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(P —A)[ker (A= X)) = (A=A +pom)[ker (A—A)] = (pom)ker (A —AI)] = p[ker (A — XI)] = N.

This implies
X=imA-X)ON Cim(®—-\).

Also for every xg € ker ¢ we have pxo = (¢ — AI)xg = 0, i.e. X is an eigenvalue of ® and since ® is
compact the preceding theorem subsec:Eigenvalues states that im (® — A\I) # X in contradiction to
the result above. Hence the assertion a) is proved.

Proposition 2.: Assuming that )\ is not an eigenvalue of A implies o (A) = 0, i.e. injectivity,
whence 5 (A) =0 by 1., i.e. surjectivity. Thus A — AI is invertible and \ ¢ o (A).

Proposition 3.: The preceding theorem 8.19.2 shows that 0 is the only possible limit point of the
spectrum o (A), that o (A) is at most countable and that o (A) U {0} is compact. In the case of
dim X < oo there are at most finitely many eigenvalues for a finite number of linearly independent
eigenvectors (cf. [7, th 5.1]). In the case of dim X = oo theorem 8.17.2 assures that 0 € o (A) such
that in both cases we have shown that o (A) is compact.

8 Umordnung von Vektorsummen

8.1 Einleitung

Nach dem Riemannsche Umordnungssatz lasst sich eine bedingt konvergent Reihe reeller Zahlen so
umordnen, dass die Partialsummen gegen jede beliebige reelle Zahl konvergieren. Da die Partialsum-
men einer bedingt konvergenten Reihe zwar beliebig grofl werden, die Betrédge der Summanden aber
gegen Null konvergieren, kann man eine Umordnung konstruieren, die eine beliebige reelle Zahl approx-
imiert. Die Verallgemeinerung auf endlichdimensionale Banachrdume und insbesondere die komplexen
Zahlen und den R™ gelang 1905 P. Lévy bzw. 1913 E. Steinitz [5]. Der elementare und sehr aufwendige
Beweis wurde von W. Gross [2], I. Halperin [3] und P. Rosenthal [4] vereinfacht. Der mehr topologisch
motivierte aber ebenfalls konstruktive Ansatz von T. Banakh [1] aus dem Jahr 2017 verkiirzt den
Beweis deutlich. Abgesehen vom Satz von Hahn-Banach 4.2 setzt der Beweis nur elementare linear
Algebra und Topologie voraus.

Nach einem ersten Abschnitt mit bekannten Ausssagen zu bedingt und absolut konvergenten Reihen
wird im zweiten Abschnitt der Beweis des ersten Teils des Satzes von Lévy-Steinitz nach P. Rosen-
thal behandelt: Die durch Umordnung méglichen Grenzwerte einer bedingt konvergenten Vektorreihe
bilden einen affiner Unterraum. Der Beweis enthélt Ergebnisse zur Umordnung endlicher Vektorketten,
die auch fiir sich von Interesse sind. Im dritten Abschnitt wird der Beweis des Satzes von Lévy-Steinitz
einnschliellich der Aussagen zur Lage des affinen Unterraums nach T. Banakh dargestellt.

8.2 Absolute Konvergenz von Vektorsummen

Sind die Partialsummen einer Vektorfolge (v;);cy mit v; € R™ absolut konvergent mit 3,y |vi| < 0o,
so ist der Grenzwert 3~y vp(j) = v unabhéngig von der Permutation p.

Beweis: Fiir jedes € > 0 und jede Permutation p : N — N gibt es ein ip € N mit > ||lvi]| < € und fir

>0
Disiy vill + > j>in vp(j)H <X ig<i<iy Vi — 2o0<i<iy Vp(j)|| + 26 < 4e. Dabei wurde im vorletzten
p(j)>io

Schritt die endliche Summe 3} _;<; vp;) so umgeordnet, dass die , grofen® v,;) mit p(j) = ¢ fir
0 <4 < ip zu Beginn stehen und sich mit den entsprechenden , groffen” Summanden in 3y ,<;, vi
aufheben. Die iibrigen ,kleinen* Summanden v;mit 7 > 4o und v,;) mit p(j) > 7o heben sich nicht

gegenseitig auf, lassen sich aber wegen der absoluten Konvergenz durch jeweils € abschétzen.
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8.3 Riemannscher Umordnungssatz

Sind die Partialsummen einer Zahlenfolge (z;), .y mit x; € R bedingt konvergent mit } ;. z; < 0o,

aber >,y |7i| = 00, so gibt es fiir jedes x € R eine Permutation p: N — N mit 37y 7,5 =

Beweis: Wegen |7;| = 2] +2; und z; = 2] —2; sind die Reihen der Positivteile z;7 = 1 (|z;| + 2;) =

max {2;;0} und der Negativteile z; = % (|z;| — z;) = min {z;;0} divergent: Y ;cyzf = Y,enz; =
il

0o. Fiir 0.B.d.A. > 0 und n > 1 definiere zunéchst ig = jo = 0 und ¢; = min {z’l >1:> :rf > ’U}
i=1

11

7
sowie j; = min { >3 -3 z; < a:} Anschlieend setzt man die Umordnung induktiv fort
j=1

(2

i=1

mit

! . s

Um1 Jm+1 bnt1

+ - +
in41 = min n+1>zn Z Z x; — Z z; + Z T >
= 1=im+1 J=Jm+1 1=in+1

sowie

n Tm+1 j;n+1
Jn+1 = min j;+12jn32 Z af — Z Tp | s

m=0 \i=im+1 J=jm+1

Fiir die neugeordneten Partialsummen gilt

1=tm—1+1 J=Jm—-1+1

< max {.CEJF N }

in? ]n

Da wegen der Konvergenz der Gesamtreihe lim |z;| = 0, folgt daraus die Behauptung.
1— 00

8.4 Darstellung affiner Unterraumen als Grenzwerte von Vektorsummen

Jeder affine Unterraum v + I" des R™ mit v € R™ und einem Untervektorraum I' C R™ l&sst sich
als Menge X der Grenzwerte der Partialsummen };y vp(;) aller moglichen Permutationen p: N — N
einer Folge (v;);cy € R™ von Vektoren darstellen, denn nach dem Riemannschen Umordnungssatz

gibt es fiir jedes 1 < j < m eine Permutation p; : N — N der Folge (z;);cy mit z; = (%m, so dass
2ieN Tp;(i) = Tj-

8.5 Eingrenzung von Polygonen

Fiir jede endliche geschlossene Vektorkette (v;);.; C R" fiir I = {1;...;m} mit Z v; = 0 und
Betrégen ||v;|| < 1,7 € I gibt es eine Permutation p : I — I mit p(1) = 1, so dass Vi e I gilt

J
vy || < Cp mit C; =1 und C, < 407%_ + 1.
£ o] 00t

Beweis durch Induktion iiber n: Fiir n = 1 und 0.B.d.A v; > 0 wiéhle die folgenden vy, 2y, vp3), ... <
0, bis die Summe im Bereich —1 < vy + vy +vp3) + ... < 0 liegt. Anschliefend wéhle wieder positive
Up(i), bis die Summe wieder im poitiven Bereich liegt, usw., bis alle m Vektoren verbraucht sind. Wegen
|lvi]| <1 kann man die v,;y so wihlen, dass die Sume die Berelch [—1; 1] nicht verlédsst, womit sich die
Behauptung mit C; = 1 ergibt. Fiir n > 1 wihle unter den 2™~ moglichen Kombinationen die Summe
v=v] +u + ... +us mit {ug;...;us} C {va;...; v} und maximaler Lange ||v||. Man betrachtet den

Vektor v als positive Bezugsrichtung und zeigt zunéchst mit Hife des inneren Produktes (...,...),
dass die vy, uq, ..., us in Richtung v ,d.h. (vy,v), (u;,v) > 0, und die tibrigen Vektoren {w;;...;w;} :=
{va; s um P\ {ur; .. sus} mit 1 +s+¢=m und v = —w; — ... — w; in Richtung —v, d.h.(w;,v) <0,

orientiert sind:
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Angenommen, (v1,v) < 0, dann wére ||v; + wy +we + ...|| > <(vl +wy + we + ...), ﬁ> = <”le|i v oy
||lv]] > ||v|| und damit vy + w; + wa + ... eine ldngere Vektorkette als L.

Angenommen, (u;,v) < 0, dann wére [|v — u;|| > <(v — uz),”;‘j—”> = _(ﬁ'i”) | > |lv]] und damit
v — u; eine langere Vektorkette als L.
Angenommen, (wj,v) > 0, dann wére ||v + w;|| > <(v+w]) ﬁ> = <1ﬁz)’|r> | > |lv|| und damit

v + w; eine langere Vektorkette als L

Sei nun v’ 1= u — <u, ﬁ> ol die Komponente des Vektors v in dem n — 1-dimensionalen Unterraum

(v} = {u eR": <u, HZ—H> = 0} orthogonal zu {v} := {u eR™: <u, W> = u} Wegen v/ = v} +uf +
wtul = —w] — ... —w; = 0 gibt es nach Induktionsvoraussetzung eine Permutation ¢ auf {1;...; s},

so dass V1 < j < s gilt < Cp—1 und eine Permutation r auf {1;...;¢} mit ¢(1) = 1,

J
v+ 21 u;(i)
1=

J
so dass V1 < j <t gilt || Y w;,(i) < Cp-1. Die durch g bzw. r vorgegebene Reihenfolge der u, ;)
=1

bzw. w,;) gewéhrleistet, dass die Vektorketten beliebiger Lange orthogonal zu v nicht linger als
Ch—1 werden. Man sucht nun analog zum Beweis fiir n = 1 passende Teilketten abwechselnd aus
den w,(;) bzw. w,;) so heraus, dass auch ihre Léngen parallel zu v nicht linger als 1 werden: Man

L> < 1 bzw.

[[]

beginnt in positiver Richtung mit v; mit 0 < <v1, ﬁ> < 1 und findet wegen <wj,
|31

t
R - _ v L )
];:1 <WJ7 ||U||> = |lv|]| ein 1 < t; <t ,s0dass —1 < <’U17 W\>+ 1;1 <wr(,), W\> < 0. Anschlielend
t1 S1
i v
sucht man ein 1 < s7 < s, so dass 0 < <vl, H’UH> Z < T ||>+ ; < ) HUH> < 1. Als néchstes

. . v tl t2
kommt wieder ein t1 < t9 < ¢, so dass —1 < <1)1, W>+ g:l < (i) |U”>—i— Z < (i) ”v”> tZH

<wT(i), ﬁ> < 0, usw., bis alle uy;) bzw. w,; verbraucht sind. Die gesuchte Anordnung ist also

(vl; Wr(1)s ees Wr(ty)s Ug(1)s -5 Ug(sy) s Wr(t141)s -+ Wr(ts)s ) Die Léange der Vektorkette in Richtung v ist

hochstens 1 und orthogonal dazu in Richtung vt fiir die u

Insgesamt gilt also Cy, < ,/4C2 | + 1.

8.6 Umordnung endlicher Vektorketten |

q(i) Pzw. wy ;) hochstens Cp_1 + Cp1.

Fiir jede endliche Vektorkette (v;),c; C R" mit I = {1;...;m} und < € sowie Betrigen

J
llvill < €,i € I gibt es eine Permutation p : I — I mit p(1) = 1, so dass Vj € I gilt Z; Up(i)

o

I
—

€(Cp + 1), denn die v; lassen sich durch vy,4; := — v; zu einer geschlossenen Vektorkette geméaf

)

2.1 ergénzen, so dass

J
igl Up(i)

< eC'y, und damit > Up)| S eCn t+e
1<i<;
p(i)#m+1

8.7 Umordnung endlicher Vektorketten Il

Fiir jede endliche Vektorkette (v;),.; C R™ mit I = {1;...;m} und Betrdgen ||v;| < ¢,i € I
sowie jedes 0 < ¢t < 1 gibt es eine Permutation p : I — I mit p(1) = 1, und ein j € I , so dass

J m
z‘;l Up(iy — to|| < e./C%_l + 1 mit v ::':Z1 v; .

)

o4



J
Beweis: Sei zundchst n = 1 und 0.B.d.A v > 0 sowie 1 < j < m der kleinste Index mit }_ v; —tv > 0,
=1
7—1
dann ist )  v; —tv < 0 und wegen v; < € folgt
i=1

Zv,—tv

1=

< €, womit die Behauptung fiir Cy := 0

erfilllt ist. Im Fall n > 1 betrachtet man wie im Beweis zu 20.4 die Projektionen v} := v; — (vi, W) ”Z—”

J
auf den orthogonalen Unterraum {v} . Wegen 3 v} = v/ = 0 und ||[v}|| < € lisst sich 2.1 anwenden
i=1
J
und liefert eine Permutation p : I — I mit p(1) = 1, so dass Vj € I gilt || > v;(z)
=1

8 (optos )| = ol = v 27,

()

die Komponenten <Ui, ”:j—”> HZ—H parallel zu v gilt <Ui, ”Z—”> < € und

j
so dass sich wie im Beweis fiir n = 1 ein j € [ finden ldsst mit Z < ”> —t HUHH < e. Die

J
Differenz Z U’ ok tv der beiden Vektorketten und in Richtung v ist hochstens € und orthogonal dazu

S € 02_1+1-

in Richtung v+ hochstens eC,,_. Insgesamt gilt also o

Z Up(i) — tv

8.8 Umordnungssatz

Besitzt die Folge (Sm),,>; der Partialsummen S, —Z v; einer Folge (v;);cy € R™ von Vektoren
1=1
eine Teilfolge (Sp,,) k>1) die gegen ein S € R" konvergiert, so lasst sich die Gesamtreihe durch eine

Bijektion p : N — N so umordnen, dass sie gegen S konvergiert: hm H p(m) — S H =0.

Beweis: Man verwendet 8.2, um die zwischen den Gliedern der konvergierenden Teilfolge liegenden
Vektoren vy, 41, ..., U, —1 S0 umzuordnen, dass ihre Partialsummen und damit die Abweichungen

von Sy, minimal werden: Fir &3 := [|S),, — S| und €; := max {0 + 01, sup {||lvi|| : ¢ > my}} gilt
my41—1 M1 my
ooy ( Sov— S> — (E v — S) — V|| < Okg1 + Ok + [Jopga]] < 2. Geméif 8.5
i=mp+1 i=1 i=1
J
existiert eine Permutation py von {my + 1;...,;m — 1} mit > )| <26 (Cr +1)Vmy +1 <
i=mg+1

j< mk:+1 — 1. Setzt man p(m) := p(i) fir mg +1 < i < mpyq — 1 und p (myg) := my, sonst, so folgt
< 2¢, (Cp, + 1) — 0 und wegen ||Sy,, — S|| = dx — 0 schliefllich die Behauptung.

[ = S

8.9 Satz von Lévy und Steinitz |

Die Menge ¥ der Grenzwerte der Partialsummen ),y vy ;) aller moglichen Permutationen p : N — N
einer gegebenen Folge (v;);cy C R™ von Vektoren ist ein affiner Unterraum der Gestalt ¥ = X 4 I" mit
einem Untervektorraum I' C R".

Beweis: Fir ¥ = () ist nichts zu zeigen. Sei also v € ¥ # (), dann kann 0.B.d.A. vy durch v; — v
ersetzt werden und durch diese Verschiebung der gesamten Summe erhélt man 0 € S. Es geniigt nun
zu zeigen, dass X ein Untervektorraum ist:

81,82 € X = s1+89 € X : Da es drei verschiedene Anordnungen gibt, die unabhéingig von endlichen
Umordnungen gegen s1, 0 bzw. so konvergieren, existieren fiir jedes m > 1 endliche Indexmengen
{1;..;m} C I, C Jpyy C Ky C Iipy1 C ... mit ||Zz‘elm v —s1]| < 27™, sz‘eJm v; — 0| < 27™ und
HZieKm v; — SQH < 27™. Die Summe bewegt sich also auf I,,, in Richtung s1, dann auf J,, \ I,, wieder
zuriick in Richtung —s; bzw. 0 und schlielich auf K, \ J,, in Richtung so. Wenn man die Summanden
im Bereich J,, \ I, entfernt, werden die Restsummen gegen s; + s2 streben: Mittels einer endlichen
Permutation p : N — N lassen sich die Indexmengen I,,, Jp,, K, und I,4+1 aufsteigend sortieren, so
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dass es Indizes im < jm < km < Imy1 < ... gibt mit Iy, = p[{1;...;im}], Jm = p[{1;..; jm}], usw. und

im Jm ku, km
damit || > vy — s1 22 Up(ay|| < % und || >0 vy) — S2|| < % Wegen || > vy — 82| =
i=1 i=1 i=1 i=jm+1
km Jm
‘21 Up(i) — 52— Zl Vp(iy|| < % folgt daraus fiir den Rest HZ Up(i)t Z+ Vp(y — (51 + 82)‘ < %
1= 1= = =Jm

P+ Jm —im)  fUr i, <1 <y + ki — Jm
Wenn man den hinteren Abschnitt mittels p’ (p (7)) = < p (i — jm + im)  Fr i + Kk — Jim <1 < ki

p(7) sonst
nach vorne in die Liicke schiebt, ergibt sich eine Partialsumme Z; Uplop(i) — (s1+s2)|| < %

und damit eine gegen s1 + so konvergierende Teilfolge, woraus nach 8.4 die Behauptung folgt.

s €Y = ts € XVt € R: Man verwendet 0.B.d.A s5 mit den Anordnungen aus Teil 1. und nutzt die
eben bewiesene Additivitat, um sich auf 0 < ¢t < 1 zu beschranken und damit 8.3 anwenden zu konnen:

Mit 6, = sup{va(l) =g+ 1,...,k:m} gibt es eine Permutation ¢, von {p (jm +1),....,0 (kn)},

km km by
so dass || 3 Vg — b X V)| < Omy/Chy 1. Wegen ||t 3wy —tsy|| < 7 und
1=Jm+1 = Jm+1 1=Jm+1
Jm
> Up(i) folgt Z Up(i)t Z qu(p(i)) —isa]| < 5mm+ % Aus der Annahme X # ()
Z:1 27 m

folgt 1i£11 O0m =0, 80 dass die Tellfolge der so umgeordneten Partialsummen gegen tse konvergiert und
m—0o0
aus 8.4 folgt wieder die Behauptung.

s € > = —s € X: Man verwendet wieder s2 mit den Anordnungen aus Teil 1. und betrachtet

Jm+1 Im Im+1 km 1 1 1
Z Up(i)t E Up(i) — (—s2) Z:l Up(i) T Z:l Up(s) — 21 Upy =82 ||| < op t gt T Analog

zu 1. lasst s1ch durch die Riickverschiebung der letzten j,,+1 — (kn + 1) Glieder eine gegen —so
konvergierende Teilfolge von Partialsummen bilden, so dass sich mit 8.4 erneut die Behauptung ergibt.

8.10 Komponentenweise bedingte Konvergenz

Eine Reihe ),y v; mit v; € R™ heifit bedingt konvergent, wenn es eine Permutation p : N — N
gibt mit ‘ZieN Upi)|| < oo und komponentenweise bedingt konvergent, wenn die Summen

> ien (vi, w) der Projektionen in alle Richtungen w € R™ und insbesondere die Summen ),y vi; der
Komponenten v;; = (v;, ej) bedingt konvergent sind. Aufgrund der (Sesqui-)Linearitét des Skalarpro-
m m m
5 o] = |((£0) w)] < |5
1= 1= 1=
m € N, d.h., eine bedingt konvergente Vektorreihe ist insbesondere komponentenweise bedingt kon-
vergent.

duktes und der Schwarz-Ungleichung gilt - ||w]| fir alle

8.11 Folge der Summanden

Fiir eine komponentenweise bedingt konvergente Reihe ),y v; konvergiert die Folge der Summanden
gegen Null: lim ||v;]| = 0.
1— 00

Beweis: Angenommen, es gibt ein € > 0, so dass die Menge E = {n € N: |lv;]| > €} unendlich
ist, und die Folge (”z—ln) n C S auf der kompakten Menge S einen Haufungspunkt v, besitzt mit
g (2

einem ng € N, so dass UOOH < § fiir alle i > ng. Dann gilt |[(vs, veo)| = |lvs]| - ‘< To. ”,voo>‘ =

i
TTosll
l|vil| - ‘<H%H’v°° — HZ—ZH> + <”ZZ’”, ||m||>‘ >e(l—5) =5 firalle i € F, so dass die Reihe Yy (vi, voo)
nicht in eine konvergente Reihe umgeordnet werden kann im Widerspruch zur Voraussetzung der

komponentenweise bedingten Konvergenz.
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8.12 Divergenzpunkte und absolute Konvergenz

Ein Punkt z € S = {x € R" : ||z|| = 1} heifit Divergenzpunkt der Reihe > ;. v;, wenn die Menge
Ny = {z eN: % € U} fiir jede Umgebung U C S von x unendlich ist und die Teilfolge 3¢y, [lvill =

v;
oo divergiert. DHie HMenge D C S aller Divergenzrichtungen einer bedingt konvergenten Reihe ist nach
Definition abgeschlossen in S und als Teilmenge der kompakten und insbesondere abgschlossenen
Einheitsspire S auch abgeschlossen in R”. Im Fall D = () gibt es eine endliche Uberdeckung ¢/ offener
Mengen U C S, fiir die jeweils >y, [|vil] < oo und folglich ey [|vill < Xy dieny, llvill < oo,

d.h., absolute Konvergenz mit I' = R?, 't = () und ¥ = {v} fiir v = 3,y vi-

8.13 Konvexe Hiille der Divergenzpunkte

Im Fall D # () enthilt die konvexe Hiille

m m
co(D) = {Ztkwk:Ztk—l, tr €10;1], zx € D, OSkSm,meN}
k=0 k=0

den Koordinatenursprung, denn ansonsten existiert nach dem Satz von Hahn-Banach 4.2 ein w €
R™ und ein € > 0 mit (z,w) > eVz € co(D) sowie wegen der Stetigkeit des linearen Funktionals
(...,w) : R" = R auch eine Umgebung U € U(x) mit (z,w) > $Vx € U, so dass Y,y <vp(i),w> fir
keine Permutation p konvergieren kann im Gegensatz zur Annahme der komponentenweisen bedingten
Konvergenz von ),y v;-

8.14 Konvexe Hiille der minimalen Divergenzpunkte

Die minimale Teilmenge Dy C D mit 0 € co(Dp) ist affin unabhéngig

und besteht daher aus hochstens n 4+ 1 Punkten, denn im Fall Dy = &

{T6, ..., Tnt1} ist der Kern KerA = {t = (t1;...;tn41) € R"M 0 A(t) = 0} 0:17°
n+1 1 '

der linearen Abbildung A : R™ — R” mit A(t) =3 trzp A |+t i5=1)
k=0

to = 1— nil tp fir xg,...,xpy1 € D C R” ein mindestens eindi-
mensionalerk:ulnd héchstns (n + 1)-dimensionaler Unterraum des R
in der Form KerA = {t e Rt =a+ nil Spbry 81,00y Spi1 € R} mit
a € R und linear unabhingigen bl,..::b;+1 € R*™! sowie by # 0, der wegen 3.4 den Def-

initionsbereich [0;1]"™ der konvexen Hiille und fiir jedes 0 < j < n + 1 mit (ej,br) # 0
seinen Rand {(to, rtay) €[0; 1230 < <n41:t; = 0} schneidet. Dabei kann man sich
das Urbild A=![co (Dy)] der konvexen Hiille als mindestens eindimensionale und hochstns (n + 1)-

dimensionale Hyperfliche vorstellen, die durch den Schnitt der (n + 1)-dimensionalen Hyperebene

n+1
t= (to;...;the1) € R"2: try = 1 mit dem Einheitswiirfel [0;1 "2 entsteht. An jedem dieser
_l’_
k=0

1 b

Ker A
t

Durchstofipunkte ist mindestens ein ¢; = 0 und 0 = S tpxp A >t = 1 erfiillt, d.h.,
0<k<n+1 0<k<n+1
k#j k#j

0 € co(Dg\{z;}). Die minimale konvexe Hiille enthilt damit sogar eine offene Umgebung
des Ursprungs: 0 € U C co(Dy) fiir ein U € U(0), denn falls der Ursprung auf dem Rand

m
{ Yotrxp €co(Dg) N <j<n+1:t; = O} liegt, konnte wieder der entsprechende Divergenzpunkt
k=1

x; entfernt werden, d.h. 0 € co (D \ {z;}) im Widerspruch zum minimalen Charakter von Dy.
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8.15 Lineare Hiille der minimalen Divergenzpunkte

m
Sei Xy = { S tTk T,y Ty € Do} die lineare Hiille von Dy = {z1;...; z,,} mit der Projektion
k=1

Mkl / Nl

m
0 : R™ — Xg, wobei pro(v) =3 <v -~k >x—’“ und X; = X5 = {y € R": (x,y) = OVx € X} das
k=1

n
orthogonale Komplement mit der entsprechenden Projektion pr; : R" — X, wobei pri(v) =

k=m+1
<v, ”i:”> ”x 0 fiir die Basis {Z;41;...;2,} von Dg. Dann gibt es eine Teilmenge Q C N mit
>icq llpry (vi)|| < oo und 3;conn,, ||vill = oo fiir jede Umgebung U C S aller xy, € Dy
Beweis: Fir jedes n € N und v € B, := By-—n(z) C S gilt ||pry (v)| = ||pr; (v —2) + pr; (2)|| =

pry (v —2) + 0| < [lv — x| < 27" Fiir jedes xx € Do C D ist Np, unendlich und >,y ||lvil| = o0
Daher und nach 3.2 gibt es eine endliche Teilmenge F,, C Np, mit n < Y ;cp |lvi|| < n + 1. Fir

O = Unen Fu it dann Tico, [prs (0)]| € Cnen Tier, 91 ()]l = Sners Cier, vy (7)ol <

> neN ”2";1 < oo und fiir Q2 = U Oy, folglich die erste Behauptung. Fiir eine beliebige Umgebung U C S

von x € Dy gibt es einn € N mlt By () C U und damit F,, C Np_ C Ny fiir alle m > n, so dass

Yicanny lvill = ZzeU Fm ||vs|| > supm = oo, womit die zweite Behauptung gezeigt ist.
m>n

8.16 Naherung der linearen Hiille der minimalen Divergenzpunkte

Es gibt eine positive Konstante C, so dass fiir z € Xy, € > 0 und jede endliche Teilmenge F' C €2
eine weitere endliche Teilmenge £ C Q\ F existiert mit ||z — Y ;cpvil| < e und || ;cpvil| < C -
max {||z|, €} fiir alle B/ C E.

Beweis: Nach 8.5 gibt es ein § < 1 mit Bs(0) C co (Do) und Bs (z;) N Bs (x;) = 0Va;,x; € Do.
Seien z € Xo, € < & und die endliche Teilmenge F' C Q gegeben. Fiir ¢ = }max{|z|,e} folgt
L € Bs(0) C co(Dp) und damit x zin: ¢ tgr fir x1,...,2m € Dg und 0 < ¢, < 1 mit Z

C
k=1 =
try = 1. Auf der sphéarischen Kreisscheibe S, = Bs(zx) NS gilt zundchst z,y € Sy = (z, y> =

(,2) + (wy—a) > 1—|lz—y|| >1—26 > L, woraus fiir den zugehorigen Richtungskegel Sy,

{t-x:x €Sy t>0} die Abschitzung z,y € S, = |z +y| > <a: +, ﬁ> |l + [yl <HyH’ H§||>

2| + % [ly|| folgt. Nach 8.6 sind die Mengen € := {z €Q:pi € Sk} = {z EN:v € Sk} fur 1

v

A

k < m unendlich und Y ;cq, [|vill = 3 ica,nn, Vil = co. Da wegen (v;),cq, C Sy, auch >icq, Vi € Sk

und auflerdem lim ||v;|| = 0 gilt, lasst sich fiir eine gegebene endliche Teilmenge F' C 2 eine weitere
11— 00

endliche Teilmenge Ejy C € \ F finden, so dass sy = > ;cp, vi € S, und ¢ -ty — 5 < |lskl] < ety

et

Damit folgt ||sg — ¢ - tpzi|| < H”SkH ‘ —Cr it

ol

HZzeE Vi— Z C-tpxy

o - @—:”—c-thk\] = skl = -t +c-

o :ckH < 5—+c-tg 5 und fiir die endliche Teilmenge £ = U E, C Q\F folgt |3 ;cpvi — x| =

<Z HZZGEk v —cC- tkﬂka <Z st Cthg) = (1+ > tk)

Fir die zweite Behauptung sei E' C E und Ej, := E N Ej. Dann ist Zz’eE,’c v; € Sj mit HzieE; V|| <

sz'eEk vi|| Setp S ¢ also e vi =ty mit y € Sp und 0 < ¢ < ¢, so dass 1 icp vil| <c-6-C=

m
C - max {||z||, €} mit C := § sup {’ > trkyk
k=1

10 <ty <1,yx € Bs (xx) , 7 €D0}~

8.17 Die Richtungen absoluter Konvergenz

Die Richtungen absoluter Konvergenz sind orthogonal zur linearen Hiille der Divergenzpunkte: I' =
{y € R™: Yien [(y, vi)| < 00} ={y € X1 : Fien [y, pry (03))] < o0} =T
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Beweis: C: Angenommen, Jy € I' \ X; , dann existiert insbesondere ein x; € Dy mit (y,zx) # 0
und die Menge Ny := {z eEN: i€ U} fiir die offene Umgebung U = {z € S : [(y,z)| > [{y, zx)|}
von y ist unendlich und ;e [[vil] = oo. Damit folgt aber [(y,vi)| > vl - [(y,7x)| Vi € Ny und
folglich >~ [{y, vi)| = oo im Widerspruch zur Auswahl von y. D: Fiir y € X3 ist (y,pry (v;)) =
(y,vi) — (y,prg (vi)) = (y,vi) — 0 = (y,v;), woraus sich die Behauptung ergibt.

8.18 Satz von Lévy und Steinitz Il

Die Menge X aller moglichen Summen };cyvp;) zu den Permutationen p : N — N einer Folge
(vi);en C R™ von Vektoren ist ein affiner Unterraum: ¥ = ¥ + I't, wobei der Untervektorraum I' =

{y € R" : Yien [y, v3)| < oo} die Richtungen absoluter Konvergenz und I't = {z € R" : (y,z) = 0Vy € '}
das orthogonale Komplement zu I' beschreiben. Dabei gilt ¥ # () genau dann, wenn Y _;y v; kompo-
nentenweise bedingt konvergent ist. Im Fall absoluter Konvergenz mit ) oy ||vi]] < oo ist ¥ = {v}
mit v = 3 ;o v; sowie I' = R™und folglich T+ = ().

Beweis durch Induktion nach n: Aus der komponentenweise bedingten Konvergenz von  _;-y v;
in R™ folgt nach 8.8 die komponentenweise bedingte Konvergenz von > ;. pry (v;) im Hilbertraum
X1 ~ R™ mit der Dimension m < n, falls keine absolute Konvergenz vorliegt. (vgl. 8.3). Nach einem
geeigneten Basiswechsel kann die Induktionsannahme auf >, .y pry (v;) angewandt werden, so dass die
Menge XJ; aller moglichen Summen } ;- pry (Up(i)) die Struktur X1 = X1 + Ff NX;=4+4I+nXx,
besitzt, denn nach 8.8 gilt I'y =T' = {y € R" : 3", [(y, vi)| < co}. Man kann nun zeigen, dass fiir
die Menge ¥ aller moglichen Summen 37,y vy gilt X = ¥q + (FL N X1) ® Xy =% + T, wobei die
Gleichung (I‘J- N X1) ® Xo = I'" mit Hilfe der Zerlegung x = prg (x) + pry (x) sowie der Beziehung

I' € X, eingesehen werden kann. Die Inklusion ¥ C ¥; + (FJ- N X1) @ X ergibt sich trivialerweise
aus der Zerlegung R" = Xy & X;. Fiir die Umkehrung ist zu zeigen, dass fiir jedes € Xy und
y € ¥ eine Permutation p von N existiert mit ey vp) = @ +y. Die gewlinschte Permutation p
wird zweckméBigerweise durch eine Wohlordnung < auf N geméfl p(i) = max< [0;4]_ definiert, so dass
p(i) <p(j) i< jund EfeN v; = x+vy, d.h., fiir jedes € > 0 existiert ein k € N, so dass fur alle 7 = k

gilt “Zi>r'j v; — (x + y)H < e. Nach Induktionsannahme gibt es eine eine Permutation p von N mit

> ienPry (v ) = y und damit wie eben beschrieben eine Wohlordnung =<; auf N und insbesondere
ieN PL1  Up(q)

auf A =N\ Q mit ¢ <1 j < p(i) < p(j). Damit erhélt man bereits Y31, pry (vi) + Y jeq pry (v:) = y.
Auf 2 ist der Grenzwert der absolut konvergenten Teilreihe >, pr; (v;) € X1 unabhéngig von
der Permutation bzw. Wohlordnung und erlaubt daher weitere Anpassung der Wohlordnung <
auf 2, so dass die endgiiltige Wohlordnung < auf N = Q U A auf A mit < iibereinstimmt und wie
bisher Y% pr; (v;) = y gilt sowie zusétzlich Y7 pro (v;) = 2. Dazu konstruiert man induktiv die
absteigenden wohlgeordneten Mengenfolgen (Ax; <)oy und (Q2i; <),y sowie eine aufsteigende Folge
(Fk)pen mit den folgenden Eigenschaften fiir k£ € N:

1. Ak+1 = Ak \ {min Ak}
2. Qk—‘rl C Qp \ {min Qk}
3. Fyy1=Fp U {mlHAk} U (Qk \ Qk-{—l)

<27k

i

Hl’ - EieFkH pro (vi)

5. VE C Fppi \ F: [|Xiepuill <C- (2_k + [lvmin A, + UmianH>-
Nach 8.7 lisst sich eine endliche Menge Fy C Q finden mit ||z — Y, pro (vi)|| < [l — Yiep, vil| < 1.
Damit definiert man Q¢ = Q\ Fy und Ag = A = N\ Q. Fiir breits konstruierte Fj, Qk, Ag sei ap := x —
b1y <UminA;€ + Umin Q + ZieFk Ui) S XO mit ||ak|| < HZE - ZieFk prp (U’L) + ||vminAk + UmianH < 2ik+
| Umin A, + Vming, || wegen 4. Mit 8.7 lisst sich eine endliche Teilmenge Ey, C O \ Fr U{min €} finden
ar — Yiep, vi|| < 27" ! und fiir jede Teilmenge E C Ej, gilt |3 ;cp vil| < C-max {2*]“*1; HakH} <

mit
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C- (2"“ + ||vmin A, + vmianH). Definiere nun Fyy1 := Fy U Ex U {min Ag;min Qx}, Qpiq = Qi \
(Er U{minQ}) und Agpq1 = Ap \ {minAx}. Auf Upen Fie = N wird nun die angpasste Fortsetzung
=< der Wohlordnung =i defniert mit ¢ < j < Jk € N : ¢ € Fy A j ¢ Fi. Aufgrund der abso-
luten Konvergenz von Y ;cq pr; (v;) undabhéngig von der Ordnung gilt nach wie vor Y ;% pry (v;) =
S Py (vi)+ g pro (vi) = y. Wegen 4. und 5. sowie 8.2 gilt nun aber zusitzlich 3 prg (v;) = z,
womit x+y € ¥ bewiesen ist. Die Behauptung ergibt sich nun aus X +T'+ = (Xo @ $1)+ (XO &) I‘J-)

XO@(ZlJrFf):XO@Zl:E.

8.19 Beispiel |

Das erste Beispiel zeigt, dass die Mengen Xo C I't bzw. I' C X; nicht zusammenfallen miissen:
:—0,5

Fiir Reihe Y ;o v; mit v; = (—1)° (li,i ) ist >ien (Y, vi)| = 0o wa. fir y = (9), aber der einzige
Divergenzpunkt ist x = ZIE&H b = = (§)- In diesem Fall ist Xo = {(§):z e R}, X1 = {() : y e R},
I ={(3)} und I't = R%. Die Menge der moglichen Summen bzw. Grenzwerte ist ¥ = ¥ + 't = R2.
Auch orthogonal zur linearen Hiille X der Divergenzpunkte kénnen also Divergenzrichtungen liegen,
d.h., der Vektorraum I' der Richtungen absoluter Konvergenz ist i.A. eine echte Teilmenge von X;.

8.20 Beispiel Il

Das zweite Beispiel zeigt, dass die Mengen Dy C D bzw. I' C Xj nicht zusammenfallen miissen:

Fiir die Reihe Y ,cyv; in R3 mit v; = (= ’) ( ) sind die Divergenzrichtungen identisch mit dem
Einheitskreis in der z-y-Ebene: D = {(5110) 2?4 y? = 1} Eine minimale Teilmenge, deren konvexe
Hiille den Ursprung enthélt, ist z.B. Dy = {(tl)) ; (7)1)} mit co (Dy) = {(162t) 0<t< 1} und
. Y 0 ? O 0 0 — —
Xo = {(8) tx € R}. Das orthogonale Komplement ist X; = {(y) 1Y,z € R}. Offensichtlich ist
z
aber I' = {(8) 1z € R} und die Menge der moglichen Summen bzw. Grenzwerte ist ¥ = ¥ + 't =
z
{(%) tx,y € R}. In diesem Fall gilt also X = I't.

[e=]

60



Index

n-simplex, 16 cuts, 16
absolute homogeneity, 9 d-bounded set, 7
absolutely continuous, 33 diameter, 7
absolutely continuous measure, 32 differentiable functions, 27
absorbing, 23 differential operator, 27, 33, 36
absorbing set, 9 differential quotients, 27
adjoint, 33, 45 Differentiating under the integral sign, 39
affinely independent, 16 dilatation, 5
algebra, 49 dilation principle, 47, 50
algebraically closed, 5 Dini’s theorem, 27
almost everywhere, 9, 22 dirac measure, 33
annihilator, 44 disc, 6
approximate identity, 40 distribution, 30
Arzela-Ascoli theorem, 28, 48 distribution derivative, 32
atomic support, 36 dominated convergence, 31
dominated convergence theorem, 23, 26
Baire space, 13, 14, 30 dual space, 19, 21, 24, 25

Baire’s theorem, 13-15, 30, 47
balanced, 6, 23

dual vector space, 23

Banach algebra, 49 eigenspace, 50

Banach space, 11, 13, 14, 18, 22, 26 eigenvalue, 50

Banach-Alaoglu theorem, 23 eigenvector, 50

Banach-Steinhaus theorem, 13, 14, 16, 35 equicontinuous, 13, 14, 28, 48

basis vector, 5 evaluation functional, 23, 28, 33, 36
bedingt konvergent, 56 extreme point, 25, 26

bilinear map, 16 extreme set, 25

Borel measurable, 13

Borel measure, 22, 32 Finaltopologie, 29
Borel-o-algebra, 31 finite dimensional vector space, 8

bounded. 4 first category, 5, 30

’ first countable, 22, 31
fixed point, 18
Fredholm operator, 51
Fréchet space, 15, 16, 24

bounded mapping, 7
bounded variation, 33
Brouwer’s fixed point theorem, 18

category theorem, 13-15 Fréchet space, 11

Cauchy sequence, 5, 15 Fubini’s theorem, 32, 33, 38, 39

closed graph theorem, 15, 41 functional, 43

compact, 4, 14 fundamental theorem of calculus, 33, 38

compact convergence in all derivatives, 35, 40
compact operator, 48
compact-open topology, 13
complement, 49

complete labeling, 16
continuous, 4

convergence in distribution, 23
convergence in mean, 22
convex, 6, 14, 23

convex combination, 22
convex combinations, 24
convex hull, 6, 16, 24, 25
convolutions, 39

graph, 15

Hahn-Banach theorem, 19, 20, 38, 41, 45, 47,
49, 52, 57

Hahn-Banach-theorem, 21, 45

Hausdorff, 21

Hausdorff maximality principle, 25

Hausdorff space, 22

Heaviside function, 33

Heine’s theorem, 18

Heine-Borel property, 13, 27

Heine-Borel theorem, 24
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Heine-Borel-property, 29 Montel’s theorem, 13

Helly-Bray-theorem, 23 1 almost everywhere, 13
holomorphic function, 13 multiplication operator, 4
homeomorphism, 4 multiplication with scalars, 4

homomorphism, 4
neighbourhood filter, 22

inductive limit, 29 norm, 5, 13, 28

initial neighbourhood filter, 23 nowhere dense, 30

initial topology, 21-23 null sequence, 4

injection, 29

Tnneres Produkt, 53 open mapping theorem, 15, 46, 47, 49

integrable, 13 operator, 43

integral, 26, 43 order of a differential operator, 33
order of a distribution, 31

integration by parts, 32
Invariance, 4 origin, 4, 6

invertible, 49 original topology, 22
originally bounded, 44
orthogonales Komplement, 58

isomorphic, 23
isomorphism, 8

Kern, 57 partition, 26
kernel, 25 partition of unity, 36

komponentenweise bedingt konvergent, 56 pointwise bounded, 14

konvexe Hiille, 57 polar, 23, 24

Krein-Milman theorem, 25 precompact, 24
product topology, 23

Lebesgue differentiatiom theorem, 33 projection, 12, 23
Lebesgue measurable, 31 Projektion, 58
Lebesgue measure, 26

Lebesgue o-algebra, 32

Lebesgue spaces, 44

Lebesgue’s dominated convergence theorem, 22
Lebesgue-Radon-Nikodym theorem, 23, 44
left-continuous, 33

Leibniz formula, 34

Leibniz rule, 36-38

linear combination, 17, 26

linear functional, 8

lineare Hiille, 58

linearly independent, 16

local basis, 4, 12

local neighbourhoods, 23

locally compact, 48

locally convex, 6, 19-21

locally integrable, 31 Schwarz-Ungleichung, 56
second category, 14, 15, 47
second category, 13
seminorm, 9, 19, 27
separately continuous, 16
separating, 10, 22, 23, 25
separating family, 21
Separation axioms, 4
separation axioms, 25
separation properties, 20
sequential continuity, 31

quotient space, 11
quotient topology, 12

Radon-Nikodym, 38
Radon-Nikodym derivative, 32
Rand, 57

real linearity, 19

real seminorm, 9, 20

reflection, 39

reflexive, 44

regular, 4

regular decomposition, 16
Riemannscher Umordnungssatz, 53
Riesz representation theorem, 22, 23, 32, 44
ring, 49

LP-space, 13

mean value theorem, 37, 38
measure, 26

measure space, 9, 13

measures, 23

Milman’s theorem, 27

Minkowski functional, 20
Minkowski functionals, 9

mollifier, 40

monotone convergence theorem, 23
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sequentially compact, 13, 48
sequentially continuous, 16
spectrum, 50

Sperner labeling, 16
Sperner’s lemma, 16

square integrable, 9
sub-additivity, 9

subbasis, 23, 26, 27
support, 28

support of a distribution, 36
supremum norm, 13, 22

test function space, 28, 29

test functions, 30

topological vector space, 4

topology of comapct convergence, 27

topology of compact convergence, 13

topology of compact convergence in all deriva-
tives, 27

topology of weak convergence, 22

totally bounded, 48

trace topology, 23, 29

translation, 39

translation invariant metric, 5

translation invariant neighbourhood filter, 4

translation operator, 4

triangle inequality, 9

Tychonov’s theorem, 24

uniformization, 4
uniformly bounded, 13
uniformly bounded set, 14

vector addition, 4
vector topology, 4
vertex, 25

weak closure, 22

weak convergence, 22
weak topology, 22

weakly bounded, 22, 24
weakly* continuous, 23, 24
weakly*compact, 23
weak™® convergence, 35
weak* topology, 23, 26, 44
weak*-convergence, 40

Zorn’s lemma, 20
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