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1 Topological vector spaces

1.1 Topological vector spaces

A topology O on a complex vector space X is a vector topology and the pair (X,O) is a topological
vector space iff it satisfies T1 and the multiplication with scalars · : C × X → X as well as the
vector addition + : X ×X → X are continuous. Hence for α;β ∈ C resp. x; x1; x2 ∈ X and every
neighbourhood U ∈ U(αx) there are neighbourhoods Bδ(α) resp. V ∈ U(x) with βV ⊂ U ∀β ∈ Bδ(α)
and for each neighbourhood U ∈ U(x1 + x2) there are neighbourhoods V1 ∈ U(x1) resp. V2 ∈ U(x2)
with V1 + V2 ⊂ U .

1.2 Invariance

The translation operator Ta : X → X with Ta(x) = a + x and the two multiplication operators
Mα : X → X with Mα(x) = αx for α ̸= 0 resp. Mx : C → ⟨{x}⟩ with Mx(α) = αx for x ̸= 0 are
homeomorphisms, i.e. continuous, bijective and open on account of the continuity of the inverse
mappings T−1

a = T−a resp. M−1
α = M 1

α
resp. M−1

x (αx) = α. Note that these operators are not linear
since αTa(x) ̸= Ta(αx) resp. a + Mα(x) ̸= Mα(a + x) and hence they are not homomorphisms.
On account of a + X ∼= X the vector topology O is uniquely determined by the local basis B (0)
of the origin: x + U = Tx [U ] ∈ U(x) ⇔ U ∈ U (0). Hence every study of convergence can
be restricted to null sequences (xn)n∈N with lim

n→∞
xn = 0. Every neighbourhood U ∈ U(x)

can be symmetrized by taking V = U ∩ −U with V = −V . On account of the continuity of the
vector addition at the origin with 0 + 0 = 0 for every neighbourhood U ∈ U(0) there is a symmetric
neighbourhood V ∈ U(0) with V + V ⊂ U resp. a W ∈ U(0) with W + W + W ⊂ U (cf. [11, th.
12.1]). Due to the homeomorphic character of the translation we have Tx [U ] ∈ Tx (U(0)) = U(x) and
Tx [V + V ] = x + V + V ⊂ Tx [U ].

1.3 Separation axioms and uniformization

1. In a topological vector space X the compact set K ⊂ X and the closed set A ⊂ X with A∩K =
∅ can be separated by an open neighbourhood U ∈ U (0) of the origin: (K + U)∩(A+ U) = ∅:
For every x ∈ K there is a symmetric neighbourhood Ux ∈ U (0) with x+Ux +Ux +Ux ⊂ X \A,
i.e. x +Ux +Ux ∩A+Ux = ∅. The finite subcover K ⊂

⋃
x∈E (x + Ux) with finite E ⊂ K yields

the desired neighbourhood U = ⋂
x∈E Ux(cf. [11, p. 9.5]).

2. Topological vector spaces are regular and can be uniformized due to [11, p. 13.5]. The
local basis B (0) induces the basis B of a translation invariant neighbourhood filter U
with (x; y) ∈ B ∈ B ⇔ x − y ∈ B (0) ∈ B (0).

1.4 Boundedness and metrization

A subset A ⊂ X of a topological vector space X is bounded iff for every neighbourhood U ∈ U (0)
there is a τ > 0 with A ⊂ τU .

1. Since the multiplication operatorMx : K → ⟨{x}⟩ is continuous for every x ∈ X at α = 0 there
is an nx ∈ N such that x

nx
∈ U resp. x ∈ nxU for every given neighbourhood U ∈ U (0). Thus

we have X = ⋃
n≥1 nU and in particular every compact subset of X is bounded.

2. For a bounded neighbourhood V ∈ U (0) and every U ∈ U (0) there is an n ∈ N such that
V ⊂ nU resp. 1

nV ⊂ U . Hence the sets
(

1
nV
)
n≥1

constitute a countable local basis and on
account of [11, th. 13.3] the space X is metrizable.
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3. A translation invariant metric with d(x + y; x + z) = d(y; z) induces a translation invariant
neighbourhood filter by means of (y; z) ∈ U ⇔ y − z ∈ U (0) ⇔ (x + y; x + z) ∈ U . The
translation invariance is by no means obligatory since the continuity of the vector addition
according to ∀ϵ > 0∃δ > 0 : (d(y; z) < δ ⇒ d (x + y; x + z) < ϵ) can also be satisfied by non
translation invariant metrics allowing corresponding dilations of space with δ ̸= ϵ. (cf.
[11, th. 14.10])

4. For every translation invariant metric on a topological vector space X the triangle inequal-
ity and induction over n ≥ 1 yields the estimate d(nx; 0) ≤ d(nx; (n − 1)x) + d ((n− 1) x; 0)
= d(x; 0) + d ((n− 1) x; 0) ≤ n · d(x; 0). In comparison to this strong condition the continu-
ity of the scalar multiplication is much less demanding and asks only for ∀ϵ > 0∃δ > 0 :
d(δx; 0) < ϵd (x; 0). The construction of the metric on regular uniform spaces according to
[11, th. 13.2] yields the comparable relation 2−k−1d(x; 0) ≤ d

(
2−kx; 0

)
≤ 2−kd(x; 0) but this

inequality only holds in the local neighbourhood B1(0) whereas for x /∈ B1(0) the construction
defines d(x; 0) := 1 and hence provides no global structure since far reaching properties like
compactness or algebraic operations are not presumed. For translation invariant metrics and
every x ∈ X the ϵ-balls Bϵ(x) are of the same size such that the Cauchy property of a sequence
does not depend on the individual metric (cf. [11, th. 14.10]). In the case of a norm we have
d(αx; 0) = ∥αx∥ = α ∥x∥ = αd(x; 0).

1.5 Closed subsets

For α ∈ K and the closures A,B of subsets A,B ⊂ X of a topological vector space X the following
statements hold:

1. A = ⋂
{A+ U : U ∈ U (0)} on account of 1.2. (cf. [11, th. 7.7])

2. A + B ⊂ A+B since for a ∈ A, b ∈ B and every neighbourhood U ∈ U (0) with symmetric
W ∈ U (0) such that W + W ⊂ U we have (a +W ) ∩ A ̸= ∅, (b +W ) ∩ B ̸= ∅ and hence
(a + b +W +W ) ∩ (A+B) ̸= ∅. (cf. [11, th. 2.7])

3. αA = αA since due to Mα being a homeomorphism we have U (0) = αU (0) = 1
αU (0).

4. For bounded A ⊂ X the closure A is still bounded: On account of [11, th. 7.7] and 1.3.2
the closed U ∈ U (0) already form a local basis and for each of them there is a τ > 0 with
A ⊂ τU = τU ⇒ A ⊂ τU = τU .

5. On account of 1.4.1 the set X is the only open subspace of X. For every vector subspace
A the topological closure A is also algebraically closed since owing to 2. and 3. as well as
αA+ βA = A we have αA+ βA = αA+ βA ⊂ αA+ βA = A.

6. A proper vector subspace A = ⟨A0⟩ of X = ⟨X0⟩ with A0 ⊊ X0 is closed and of first
category since on account of the continuity of the multiplication with scalars Me : K → X
with Me(α) = αe for every basis vector e ∈ X0 at α = 0 for every basis set B ∈ B (0)
there exists an ϵ > 0 such that τe ∈ B ∀τ ∈ Bϵ (0) (cf. 1.7.1). For e /∈ BA it follows that
B ⊊ ⟨A0⟩ = A.

7. The sum A+B of a closed subspace A and a finite dimensional subspace B is closed since
according to 1.12 the set π [B] is a closed subspace of X/A and due to π being continuous its
inverse image π−1 [π [B]] = A+B is closed in X.
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1.6 Convex and balanced sets

convex but not balanced

balanced but not convex

convex and balanced

x

y

A subset A ⊂ X of a topological vector space X is

• convex iff for x,y ∈ A the line {τx + (1 − τ)y : 0 ≤ τ ≤ 1} is
contained in A such that ∀τ ∈ R : 0 ≤ τ ≤ 1 ⇒ τA+(1 − τ)A =
A.

• balanced iff for x ∈ A the disc {τx : |τ | ≤ 1} is contained in
A such that ∀τ ∈ C : |τ | ≤ 1 ⇒ τA ⊂ A resp. 0 ∈ A ∧ ∀τ ∈ C :
0 < |τ | ≤ 1 ⇒ A ⊂ τ−1A := σA resp. A = ⋃

|τ |≤1 τA =
{0} ∪

⋂
1≤|σ| σA.

Geometrically a convex set can be imagined as a an obviously connected shape without holes or
recesses. The convex hull co A =

{
n∑
k=1

αkxk : 0 ≤ αk;
n∑
k=1

αk = 1; xk ∈ A;n ∈ N
}

of a set A is the
intersection of all convex sets containing A. A balanced set is symmetrical to the origin and
can be imagined as a radial symmetric and connected set without holes centered around the
origin. Note that convexity relates to real τ ∈ R whereas balance refers to complex τ ∈ C. The
following properties hold in general:

1. Convexity and balance obviously transfer to intersections and linear images.

2. A convex A ⊂ X has a convex closure A since on account of 1.5.3 and 1.5.5 for every τ ∈ R
with 0 ≤ τ ≤ 1 we have τA+ (1 − τ)A = τA+ (1 − τ)A = A. The interior Å is convex since
from Å ⊂ A and the convexity of A follows that τÅ+ (1 − τ) Å ⊂ A. On account of 1.2 the set
τÅ+ (1 − τ) Å is open and hence must be included in Å.

3. A balanced A ⊂ X has a balanced closure A and a balanced interior Å following the same
arguments as in 2.

1.7 Properties of the local neighbourhood basis

A topological vector space is locally convex iff it has a convex local basis.

1. Every topological vector space has a balanced local basis.

2. Every locally convex topological vector space has a balanced convex local basis.

3. In the case of a balanced neighbourhood V ∈ U (0) the topology can be induced by a metric
with balanced ϵ-balls Bϵ (0) being convex if V is convex.

Proof:

1. On account of the multiplication with scalars being continuous for every neighbourhood U ∈
U (0) there is an open V ∈ U (0) and a δ > 0 such that τV ⊂ U ∀τ ∈ Bδ (0). Then W =⋃

|τ |<δ τV ⊂ U is a balanced and open neighbourhood in U .

2. For a convex U ∈ U (0) let W ⊂ U be a balanced and open neighbourhood in U according
to 1. and A = ⋂

|τ |=1 τU = {x ∈ X : τx ∈ U ∀τ ∈ C : |τ | = 1}. Since W is balanced we have⋂
|τ |=1 τW = W and hence W ⊂ A ⊂ U . Because W is an open neighbourhood it follows that

Å ∈ U (x). Due to 1.6.1 the set A is convex and owing to 1.6.2 this is also true for Å. For
σ ∈ C we have σA = ⋂

|τ |=1 |σ| σ|σ|τU = ⋂
|τ |=1 |σ|τU . Since τU is convex and contains x2 = 0

for |σ| ≤ 1 we conclude that |σ|τU ⊂ τU and hence σA ⊂ A, i.e. A is balanced and so is Å
due to 1.6.3.

3. Following the construction in [11, th. 13.2] for

d(x; y) := inf

 ∑
0≤i≤n−1

g (xi; xi+1) : (xi)i∈K ∈ Mxy

 < ϵ
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and α ∈ C with |α| ≤ 1 implies d(αx; 0) < ϵ since with B1 = V all other Bk = 2−kV
are balanced too such that with every pair (xi; xi+1) ∈ Bk ⇔ (xi − xi+1; 0) ∈ Bk we have
(α (xi − xi+1) ; 0) ∈ Bk ⇔ (αxi;αxi+1) ∈ Bk such that (αxi)i∈K ∈ Mxy and g (αxi;αxi+1) ≤
g (xi; xi+1). The case for convexity is proved in the same way.

1.8 Bounded sets

A ⊂ X is bounded iff for every sequence (xn)n∈N ⊂ A and every null sequence (αn)n∈N ⊂ C the
sequence (αnxn)n∈N ⊂ X is a null sequence.
Proof:

⇒: Due to the hypothesis for every U ∈ U (0) there is a τ ≥ 1 with xn ∈ τU ⇔ 1
τ xn ∈ U ∀n ∈ N

and an m ∈ N with |αn| < 1
τ ∀n ≥ m such that |αn| xn ∈ U . On account of 1.7.1 we can choose a

balanced U and hence obtain αnxn ∈ U .
⇐: Assuming there is a U ∈ U (0) and for every n ∈ N an xn ∈ A \ nU ̸= ∅ ⇒ 1

n · xn /∈ U we obtain a
sequence (xn)n∈N ⊂ A and

(
1
n

)
n∈N

⊂ C with lim
n→∞

1
n = 0 and lim

n→∞
1
nxn ̸= 0.

1.9 d-bounded sets

A subset A ⊂ X of a topological vector space X is d-bounded with reference to the inducing
metric d iff there is a τ < ∞ such that the diameter δ (A) < τ . Every bounded set is d-bounded for
every inducing metric d but the converse is not true since the metric itself may be bounded. E.g. for
a translation invariant metric d the bounded metric d′ = d

1+d (cf. [11, th. 1.7] and 1.4.4) a translation
invariant metric inducing the same topology with every single subset being d′-bounded on account of
δ′ (X) = 1.

1.10 Bounded and continuous linear mappings

A linear mapping Λ : X → Y between complex topological vector spaces X and Y is bounded iff
the images ΛA ⊂ Y of bounded sets A ⊂ X are bounded again in Y. For metrizable X the following
statements are equivalent. Without this hypothesis we only have 1. ⇒ 2. ⇒ 3. ⇒ 4.

1. Λ is continuous at the origin.
2. Λ is uniformly continuous.
3. Λ is bounded.
4. For every null sequence (xn)n∈N ⊂ X the image sequence (Λxn)n∈N ⊂ Y is bounded.
5. For every null sequence (xn)n∈N ⊂ X the image sequence (Λxn)n∈N ⊂ Y is again a null sequence.

Proof:

1. ⇒ 2. : For a x ∈ X and a neighbourhood U ∈ U (Λx) there is a V ∈ U (0) with Λ [V ] ⊂ U (Λ0)
and hence Λ [x + V ] = x + Λ [V ] ⊂ x + U (Λ0).

2. ⇒ 3. : Follows from 1.8 since for (Λxn)n∈N ⊂ ΛA with bounded A ⊂ X and every null sequence
(αn)n∈N ⊂ C we have (xn)n∈N ⊂ A and hence lim

n→∞
αnxn = 0 so that on account of Λ being

linear and continuous we conclude lim
n→∞

αnΛxn = lim
n→∞

Λ (αnxn) = 0.

3. ⇒ 4. : Every null sequence is bounded.
4. ⇒ 5. : Let d be the inducing metric for the topology on X and (xn)n∈N ⊂ X a null sequence

such that d (xn; 0) < 2−k for n ≥ nk. Choose α1 = 1 and αn = 1
k for nk ≤ n < nk+1 such

that
(

1
αn

· xn
)
n∈N

is still a null sequence. Owing to the hypothesis
(
Λ
(

1
αn

· xn
))

n∈N
⊂ Y is

bounded and with 1.8 we infer that
(
αnΛ

(
1
αn

· xn
))

n∈N
= (Λxn)n∈N ⊂ Y is a null sequence.
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5. ⇒ 1. : Let d be the inducing metric for the topology on X and U ∈ U (0) an arbitrary neighbour-
hood of the origin in Y . Assuming that for every n ∈ N there is an xn ∈ B 1

n
(0) with

Λxn /∈ U we had a null sequence (xn)n∈N ⊂ X whose image sequence (Λxn)n∈N ⊂ Y would
not be a null sequence.

1.11 Closed and continuous linear functionals

Every linear functional Λ : X → C is open since for every x ∈ X and every neighbourhood
U ∈ U (x) due to 1.2 there is an ϵ > 0 with (1 + λ) x ∈ U for all λ ∈ C and |λ| < ϵ and hence
(1 + λ) Λx = Λ (1 + λ) x ∈ Λ [U ] resp. Bϵ·|Λx| (Λx) ⊂ Λ [U ]. The following statements concerning
continuity are equivalent:

1. Λ is continuous in the origin.

2. ker Λ is closed in X.

3. ker Λ is not dense in X if Λ ̸= 0.

4. There is a V ∈ U (0) with a bounded image ΛV ⊂ C.

Proof:

1. ⇒ 2. : ker Λ = Λ−1 [{0}] is closed since due to 1.10.2 the linear functional Λ is uniformly con-
tinuous and {0} is closed in C.

2. ⇒ 3. : ker Λ being dense and closed would imply ker Λ = X.

3. ⇒ 4. : Owing to the hypothesis there is an x ∈ X \ ker Λ and a balanced neighbourhood V ∈ U (0)
with x + V ∩ ker Λ = ∅ resp. −Λx /∈ ΛV . Due to 1.6.1 the image ΛV is balanced in
C and hence includes the line {λΛy : |λ| ≤ 1} for every y ∈ V . Assuming Λy ∈ C with
|Λy| ≥ |Λx| implies −Λx ∈ {λΛy : |λ| ≤ 1} ⊂ ΛV in contradiction to −Λx /∈ ΛV whence
follows ΛV ⊂ B|Λx| (0).

4. ⇒ 1. : For Bϵ (0) ⊂ C and s = sup {|y| : y ∈ ΛV } follows Λ ϵ
sV = ϵ

sΛV ⊂ Bϵ (0), i.e. Λ is
continuous in the origin.

1.12 Finite dimensional topological vector spaces

On a finite dimensional vector subspace Y ⊂ X with the basis (bj)1≤j≤n the isomorphism i :

Cn → Y with i (ei) = bi and i

(
n∑

1=1
xiei

)
=

n∑
1=1

xibi on account of 1.11.3 is continuous as well as

the inverse i−1Y → Cn with i−1 (bi) = ei for the basis (ei)1≤i≤n of Cn. Hence Y is homeomorphic to
Cn, locally compact with a countable basis, metrizable und complete. Due to [11, th. 14.2.3]
and 1.3.2 Y is closed.

1.13 Locally compact vector spaces

A topological vector space X is locally compact iff it is of finite dimension.

Proof: Owing to 1.4.1 the compact neighbourhood V ∈ U (0) is bounded and hence
(

1
mV

)
m≥1

is a local basis. Let Y = ⟨{b1; ...,bn}⟩ with (bi)1≤i≤n ⊂ V taken from the finite subcover V ⊂
n⋃
i=1

(
bi + 1

2V
)
. On account of V ⊂ Y + 1

2V ⊂ Y +Y + 1
4V = Y + 1

4V , etc. we have V ⊂ Y + 1
nV resp.

V ⊂
⋂
m≥1

(
Y + 1

mV
)

= Y = Y since Y is closed in X due to 1.5.6. Because Y is a vector space we
conclude that mV ⊂ Y ∀m ≥ 1 and hence Y = ⋃

m≥1mV = X = ⟨{b1; ...,bn}⟩.
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2 Normalization

2.1 Seminorms

A seminorm (cf. [11, th. 1.3]) resp. a real seminorm on a topological vector space X is a function
p : X → [0; ∞[ with

1. p (λ · x) = |λ| · p (x) for all λ ∈ C. (Absolute homogeneity)
2. p (x + y) ≤ p (x) + p (y) for all x,y ∈ X. (sub-additivity resp. triangle inequality)

2.2 Properties

1. p (0) = 0 due to 2.1.2 with λ = 0.
2. |p (x) − p (y)| ≤ p (x − y) follows from 2.1.2.
3. p (x) ≥ 0 follows from 2. with y = 0.
4. ker p ⊂ X is a vector subspace since for α, β ∈ C and x,y ∈ p−1 ({0}) we have 0 ≤
p (αx + βy) ≤ |α|p (x) + |β|p (x) = 0 and hence αx + βy ∈ p−1 ({0}).

5. Bϵ = {p < ϵ} is convex since for 0 ≤ t ≤ 1 and x,y ∈ Bϵ we have p (tx + (1 − t) y) ≤ tp (x) +
(1 − t) p (y) < ϵ. Bϵ is balanced since for 0 ≤ |τ | ≤ 1 and x,y ∈ Bϵ we have p (τx) = |τ |p (x) < ϵ

2.3 Examples

1. The space X = L2 (Y ;C) of square integrable complex valued functions on a measure space

(Y ; A;µ) is provided with a seminorm by means of p(f) :=
√� (

f · f
)
dµ with p(f) = 0 ⇔

f = 0 µ-almost everywhere.
2. The space X = C (Y ;C) of continuous complex-valued functions on a topological space

(Y ; O) for any compact set K ⊂ Y is provided with a seminorm by means of pK (f) :=
sup {|f (x)| : x ∈ K} with p (f) = 0 ⇔ f (x) = 0 ∀x ∈ K.

3. Every seminorm ∥∥ generates a pseudometric by means of d(x; y) := ∥x − y∥ (cf. 2.8)

2.4 Absorbing sets and Minkowski functionals

1. A convex set A ⊂ X is absorbing iff for every x ∈ X there is a τ > 0 with x ∈ τA. Every
absorbing set contains the origin and every local neighbourhood is absorbing due to 1.4.1.
Hence absorbing sets which are not neighbourhoods of the origin must contain the origin as a
boundary point.

2. For every absorbing set A ⊂ X the Minkowski functional µA : X → [0; ∞[ with µA (x) =
inf {τ > 0 : x ∈ τA} is a real seminorm and even a (complex) seminorm if A is balanced
since for x,y ∈ X and λ ∈ C we have

• µA(λx) = λ · µA(x) for λ ≥ 0 and µA(x) < ∞ since A is absorbing.

• µA (x + y) ≤ µA(x)+µA(y) since x ∈ τA∧y ∈ σA ⇔ 1
τ x, 1

σy ∈ A ⇒ τ
τ+σ · 1

τ x + σ
τ+σ · 1

σy =
1

τ+σ · (x + y) ∈ A since A is convex.

• µA(λx) = |λ| · µA(x) for λ ∈ C since µA(λx) ≤ τ ⇔ λx ∈ τA = λ
|λ|τA ⇔ x ∈ τ

|λ|A ⇔
µA(x) ≤ τ

|λ| in the case of a balanced A.

3. Bϵ = {p < ϵ} is absorbing with p = µB1 since for an arbitrary x ∈ X we have p(x) < ∞ and
thus ϵ

p(x)x ∈ Bϵ ⇔ x ∈ p(x)
ϵ Bϵ = p(x) · B1 as well as µ1(x) ≤ p(x). Since on the other hand

1
τ x /∈ B1 for all 0 < τ < p(x) we obtain µ1(x) ≥ p(x) and hence the equality.
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4. For a bounded, balanced and convex neighbourhood U ∈ U (0) the seminorm µU becomes
a norm since for every x ̸= 0 there is an n ≥ 1 with x /∈ 1

nU and hence µU (x) ≥ 1
n since U is

balanced.

2.5 Construction of a family of separating seminorms from a convex local basis

For a locally convex vector space X with the convex local basis B the Minkowski functionals
{µV : V ∈ B} form a separating family of continuous and real seminorms with V = {µV < 1} for
every open V ∈ B. A family P of (real) seminorms is separating iff for every x ̸= 0 there is a p ∈ P
with p(x) ̸= 0. In the case of a balanced B the Minkowski functionals are even continuous and
complex seminorms.

Proof: According to 2.4.2 every µV is a (real) seminorm. It is continuous since for ϵ > 0 and
x − y ∈ ϵV we infer from 2.4.2 the relation |µV (x) − µV (y)| ≤ µV (x − y) < ϵ. Finally on account
of 1.3.1 for every 0 ̸= x ∈ X there is a V ∈ B with x /∈ V and hence µV (x) ≥ 1, i.e. the µV are
separating. For an open V ∈ B and x ∈ V due to the continuity of Mx there is a t < 1 with
1
tx ∈ V ⇔ x ∈ tV and hence µV (x) ≤ t < 1. On the other hand if x /∈ V and x ∈ tV ⇔ 1

tx ∈ V
implies t ≥ 1 and hence µV (x) ≥ 1 since V is convex and contains the origin 0 ∈ V . Thus we have
shown V = {µV < 1}.

2.6 Construction of a bounded, balanced and absorbing local basis from a family of
separating seminorms

On a topological vector space X with a separating family P of seminorms the family B of all finite
intersections of sets Bp,n =

{
p < 1

n

}
for n ∈ N∗ and p ∈ P forms a bounded, balanced and

absorbing local basis for a topology O such that every p ∈ P is continuous and an arbitrary set
A ⊂ X is bounded iff every p ∈ P is bounded on A.

Proof: The family O of all unions of arbitrarily shifted basis sets x + B with x ∈ X and B ∈ B
obviously forms a translation invariant topology on X. The Bp,n are balanced due to 2.1.1,
convex on account of 2.1.2 and absorbing since τBp,n =

{
p < τ

n

}
resp. the boundedness of p.

According to 1.6.1 these properties extend to the set B of its finite intersections.

According to the hypothesis for every 0 ̸= x ∈ X there is a p ∈ P and an n ∈ N with p(x) > 1
n > 0

⇔ np(x) > 1 ⇔ x /∈ Bp,n ∈ B (0) ⇔ 0 /∈ x +Bp,n ∈ B (x). Hence {0} is closed in X and on account
of the translation invariance of the neighbourhood basis this extends to every other x ∈ X, i.e. X
satisfies T1.

Since B is a local basis for every neighbourhood U ∈ U (0) there are finitely many seminorms pi ∈ P
and ni ∈ N with 1 ≤ i ≤ m for an m ∈ N such that

m⋂
i=1

Bpi,ni ⊂ U . With V =
m⋂
i=1

Bpi,2ni due to 2.1.2
we have V +V ⊂ U and hence the continuity of the addition. According to 2.4.3 the above chosen
set V is absorbing such that for x ∈ X there is an s > 0 with x ∈ sV . For α ∈ C let β ∈ B 1

s
(α) ⊂ C

and y ∈ s
1+|α|sV (x). Then we have βy−αx = β (y − x)+(β − α) x ∈ |β|s

1+|α|sV + |β−α|sV ⊂ V +V ⊂
U since V is balanced on account of 2.2.5 resp. 1.6.1. Hence we have shown the continuity of the
multiplication. The continuity of the p ∈ P follows from the definition of the Bp,n and 2.2.2. Since
B is a local basis for a bounded A ⊂ X and p ∈ P there is a k < ∞ with A ⊂ kBp,1 and therefore
p(x) < k ∀x ∈ A. Hence p is bounded on A. Conversely let p be bounded on A and U ∈ U (0) an
arbitrary local neighbourhood. As above we find pi ∈ P resp. ni ∈ N such that

m⋂
i=1

Bpi,ni ⊂ U and

hence for every 1 ≤ i ≤ m a Mi < ∞ with pi(x) < Mi ∀x ∈ A. Then for n = max {Mini : 1 ≤ i ≤ m}
we have A ⊂ nU , hence A is bounded. In particular we have found that all Bp,n are bounded.
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2.7 Normalization

A topological vector space (X,O) is normalizable iff it has a bounded and convex local basis.
Proof:
⇒: According to 2.6 the given norm ∥∥ : X → [0; ∞[ generates a locally convex topology O′ with a
bounded and convex local basis B =

{
B 1

n
(0) : n ≥ 1

}
. Since the given norm also generates O

the two topologies O resp. O′ must be identical.
⇐: Due to 1.7.1 there is a bounded, convex, balanced and open local neighbourhood U ∈ U (0)
which according to 2.5 resp. 2.4.3 induces a continuous norm ∥∥ = µU : X → [0; ∞[ with U =
{∥x∥ < 1} = B1 (0) resp. 1

nU = B 1
n

(0). The basis B =
{
B 1

n
(0) : n ≥ 1

}
generates a topology O′ on

X coincidong with the topology O being induced by the same basis
{

1
nU : n ≥ 1

}
.

2.8 Metrizability

Every locally convex vector space (X,O) with a countable basis can be generated by a translation
invariant metric.
Proof:
Owing to 2.5 and 2.4.3 the open, convex and countable basis U (0) = (Un)n≥1 generates a separat-
ing family of continuous seminorms (pn)n≥1 with pn = µUn such that Un = {pn < 1} for n ≥ 1. By
means of d(x; y) := max

n≥1
pn(x−y)

n(1+pn(x−y)) we obtain a translation invariant metric: The positive definite-
ness [11, th. 1.2.1] results from the separation property 1.3.2; the translation invariance as well as
the symmetry [11, th. 1.2.2] are obvious and the triangle inequality [11, th. 1.2.3] follows from
2.1.2 resp.2.3.3 (cf. [11, th. 1.5]). For ϵ > 0 and 1

m+1 < ϵ < 1
m the ball Bϵ (0) =

m⋂
n=1

{
pn(x)

n(1+pn(x)) < ϵ
}

=
m⋂
n=1

{
pn <

ϵn
1−ϵn

}
is open with reference to O on account of the pn being continuous such that

Od ⊂ O. On the other hand for ϵ < 1
2n we have Bϵ (0) ⊂ {pn < 1} = Un and hence O ⊂ Od. Hence

the metric d induces the given topology O. The balls Bϵ (0) are balanced due to 2.1.1, convex
owing to 2.1.2, absorbing because of 2.4.3 and due to 2.6 all of these properties extend to finite
intersections.

2.9 Fréchet and Banach spaces

Resuming the preceding two theorems we have obtained the following results for a complex topological
vector space (X; O):

1. the following three properties are equivalent:
a) O has a bounded and convex basis.
b) O is generated by a norm ∥ ∥.
c) O is generated by a translation invariant metric d with d (λx; 0) = |λ|d (x; 0).
A complete and normed topological vector space is a Banach space.

2. If O has a countable and convex basis it is generated by a translation invariant metric.
A complete topological vector space with a translation invariant metric is a Fréchet space.

2.10 Quotient spaces

For a topological vector space (X,O) and a subspace Y ⊂ X the quotient space X/Y with reference
to the equivalence relation xRy ⇔ x − y ∈ Y with the canonical projection π : X → X/Y
resp. π−1 (π(x)) = x + Y , addition π (x) + π (y) := π (x + y) and multiplication with scalars
α · π (x) := π (αx) for x,y ∈ X resp. α ∈ C is again a vector space over C.
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1. The canonical projection π : X → X/Y is linear, continuous and open.
2. For a local basis B in X the canonical image π (B) is a local basis for the quotient topology

OY =
{
π [O] ⊂ X \ Y : π−1 [π [O]] = O + Y ∈ O

}
.

3. For a closed Y the vector space X/Y with the quotient topology OY is a topological vector
space.

4. For a bounded resp. convex local basis B the same is true for its canonical image π (B) on
X/Y .

5. For a Fréchet resp. Banach space X the same is true for X/Y .
6. For a seminorm p on X the map ∥∥ : X/ ker p → [0; ∞[ with ∥π(x)∥ = p(x) is a norm on
X/ ker p.

Proof:
1. π is obviously linear, continuous (cf. [11, th. 4.5]) and open since for open O ∈ O we have
π−1 [π [O]] = O + Y ∈ O.

2. Since π is continuous for every neighbourhood U of a point π (x) ∈ X/Y there is an open
B ∈ B (0) with x + B ∈ B (x) and π [x +B] ⊂ U . Since π is linear we have π [x +B] =
π (x) + π [B] with open π [B] since π is open. Hence π (x) + π (B) is a neighbourhood basis for
π (x)and π (B) is a local basis for (X/Y ; OY ).

3. Due to 2. for every local neighbourhood U ∈ U (π (0)) there is a local neighbourhood V ∈
U (0) with V + V ⊂ π−1 [U ] and hence π [V ] + π [V ] = π [V + V ] ⊂ U . Thus the addition
on X/Y × X/Y is continuous. As above and due to 2. for U ∈ U (π (0)) there is a local
neighbourhood V ∈ U (0) with V ⊂ π−1 [U ]. Since the multiplication is continuous on C×X
for α ∈ C and x ∈ X there is an ϵ > 0 and a W ∈ U (0) with βy ∈ x +V ∀y ∈ x +W ;β ∈ Bϵ(α)
such that β · π (y) = π (βy) ∈ π (x) + π [V ] ⊂ π (x) +U . Thus the multiplication on C×X/Y
is continuous. Since Y is closed for π (x) ∈ X/Y the inverse image π−1 (π(x)) = x + Y is
closed in X. Due to 1. π (x) is closed in X/Y and hence OY satisfies T1.

4. This is a simple consequence of the linear character of π: For convex W ⊂ X its image π [W ] is
convex too since for π (x) , π (y) ∈ π [W ] and 0 ≤ t ≤ 1 the linear combination t ·π (x) + (1 − t) ·
π (y) = π (tx + (1 − t) y) ∈ π [W ]. The bounded character of W analogously extends to π [W ].

5. For a translation invariant metric d on X the mapping δ : X/Y × X/Y → [0; ∞[ given by
δ (π (x) ;π (y)) = inf {d (x + u; y + v) : u,v ∈ Y } = inf {d (x − y; z) : z ∈ Y } defines a transla-
tion invariant metric on X/Y inducing OY since π (x) ∈ Bϵ (π (0)) ⇔ δ (π (x) ;π (0)) < ϵ ⇔
inf {d (x; z) : z ∈ Y } < ϵ ⇔ π (x) ∈ π (Bϵ (0)). According to the construction of δ for a Cauchy
sequence (π (xn))n∈N there is a sequence (un)n∈N ⊂ Y such that (xn + un)n∈N ⊂ X converges
to an x ∈ X. Hence the continuous image π (xn + un)n∈N = π (xn)n∈N converges to π (x).
For a norm ∥∥ on X we obtain a norm by means of ∥π(x)∥ := inf {∥x − u∥ : u ∈ Y } on X/Y
inducing the given metric δ (π (x) ;π (y)) := ∥π(x) − π(y)∥ and hence the quotient topology
OY .

6. On account of π (x) = π (y) ⇒ 0 ≤ |p(x) − p(y)| ≤ p (x − y) = 0 ⇒ ∥π(x)∥ = ∥π(y)∥ the map
∥∥ is well defined and obviously a norm.

2.11 Closed subspaces

0

x1

y1

A

Bδ (x1)
1
δ

x1

B1
(

1
δ

x1
)

x = 1
δ

x1 − y1

Br (0)

B1 (x)

For every closed subspace A ⊊ X of a normed space X and
every r > 1 there exists an x ∈ X\A with ∥x∥ < r and d (x;A) =
inf
y∈A

∥x − y∥ ≥ 1.

Proof: Due to the hypothesis there is an x1 ∈ Br (0) \ A with
δ = d (x1;A) > 0 resp. d

(
1
δx1;A

)
= 1. Hence there exists a

y1 ∈ A with 1 ≤ ∥x1 − y1∥ < r and the assertion holds with
x = x1 − y1.
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2.12 The Banach spaces Lp (µ)

According to [8, th. 7.5] the terms

∥f∥p =
(�

|f |pdµ
) 1

p

for p < ∞ resp.
∥f∥∞ = inf {0 < α < ∞ : µ ({|f | > α}) = 0}

define a seminorm on the vector space Lp(µ) :=
{
f : (X; A;µ) →

(
C; B;λ

)
: ∥f∥p :< ∞

}
of the com-

plex valued Borel measurable functions on the measure space (X; A;µ). Special cases are the
integrable functions L1(µ) and the µ almost everywhere bounded functions L∞(µ) with the
supremum norm ∥∥∞. According to 2.10.6 we obtain a norm by moving on to the quotient space
Lp(µ) := Lp/ ker ∥∥. For 1 ≤ p ≤ ∞ all f ∈ Lp are µ almost everywhere finite (but except for p = ∞
not necessarily bounded). Since in every equivalence class we can find representants with only finite
values the study of integrable functions w.l.o.g. can be restricted to the range C. Due to [8, th. 7.7]
all Lp (µ) are complete and hence Banach spaces.

2.13 The Fréchet space (C (Ω;C) ; Oc)

Due to [11, th. 18.7.5 and th. 18.8] for an open set Ω ⊂ Cn on the vector space C (Ω;C) of
the continuous complex-valued functions the compact-open topology Oc is metrizable and
coincides with the topology of compact convergence. For compact Km ⊂ Cn with m ≥ 1,
w.l.o.g. Km ⊂ Km+1 and ⋃m≥1Km = Cn the separating family of seminorms ∥ ∥Km

defined by
∥f∥Km

= sup {|f(x)| : x ∈ Km} resp. the pseudometrics dm with dm (f ; g) = ∥f − g∥Km
induces a

metric D with D(f ; g) := max
m≥1

dm(f ;g)
m(1+dm(f ;g)) for f ; g ∈ C (Ω;C). According to 2.6 the neighbourhoods

Bm =
{

∥f∥Km
< 1

m : f ∈ C (Ω;C)
}

form a convex local basis for Oc and due to [11, th. 18.4]
the space (C (Ω;C) ; Oc) is complete. It is not normalizable since every basis set W (K;U) and
especially all Bm contain functions with unbounded arbitrary values outside of K resp. Km.

2.14 The Fréchet space (H (Ω;C) ; Oc) ⊂ (C (Ω;C) ; Oc)

Due to [6, th. 2.7] for an open set Ω ⊂ C the vector subspace (H (Ω;C) ; Oc) of the holomorphic
functions is closed in (C (Ω;C) ; Oc) relative to compact convergence and therefore complete on
account of [11, th.14.2.2]. Furthermore (H (Ω;C) ; Oc) has the Heine-Borel property, i.e. every
bounded and closed subset is compact: According to Montel’s theorem [6, th. 2.11] every
bounded subset F ⊂ (H (Ω;C) ; Oc) is normal, i.e. every sequence in F has a subsequence which
converges on compact sets to a limit function which is also an element of the closed set F such that
F is sequentially compact and hence compact due to [11, th. 10.12].

3 Complete spaces

3.1 The Banach-Steinhaus theorem

A family Γ of continuous linear mappings Λ : X → Y from a Banach space X to a normed vector
space Y is equicontinuous and uniformly bounded if the set B of all points x ∈ X with bounded
ranges Γ (x) = {Λx : Λ ∈ Γ} is of second category in X.
Proof: For an arbitrary neighbourhood U of the origin 0Y in Y and a balanced neighbourhood W ∈
U (0Y ) with W +W ⊂ U let E = ⋂

Λ∈Γ Λ−1
(
W
)
. For every x ∈ B there is a n ≥ 1 with Γ(x) ⊂ nW

resp. x ∈ nE and hence B ⊂
⋃
n≥1 nE. Due to Baire’s theorem [11, th. 16.4.1] the Banach space X

is Baire and hence according to the category theorem [11, th. 16.3.1] at least one nE is of second
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category. Since the multiplication operator Mn : X → X is a homeomorphism with Mn

[⋃
n∈N Ån

]
=[⋃

n∈N
˚

M (An)
]

the set E itself must be of second category. Since Λ is continuous E is closed and has

an interior point x ∈ x +V ⊂ E̊ with a neighbourhood V ∈ U (0) and ΛV ⊂ ΛE− Λx ⊂ W +W ⊂ U
for every Λ ∈ Γ. Hence we have shown that Γ is equicontinuous.
For an arbitrary bounded set A ⊂ X let U be an arbitrary neighbourhood of 0Y in Y with V ∈ U (0Y )
such that ΛV ⊂ U for all Λ ∈ Γ. Then there is a n ≥ 1 with A ⊂ nV and hence ΛA ⊂ ΛnV = nΛV ⊂
nU for all Λ ∈ Γ, i.e. ⋃Λ∈Γ ΛA ⊂ nU . Thus we have shown that Γ is uniformly bounded on Y . In
particular with A = {x} every Γ (x) is bounded in Y and hence B = X.

3.2 Convergence of continuous linear mappings

For a sequence (Λn)n∈N of continuous linear mappings Λn : X → Y on a Banach space X to a
normed space Y we have:

1. If the set C of all points x ∈ X with (Λnx)n∈N being a Cauchy sequence is of second
category in X we have C = X.

2. If the set L of all points x ∈ X having a limit Λx := lim
n→∞

Λnx is of second category in X we
have L = X and Λ is continuous.

Proof:

1. On account of the addition and the multiplication with scalars being continuous the set C is
a vector subspace of X and owing to 1.5.5 this property extends to C. Since C and hence C
are of second category it follows from 1.5.6 that C = X. For an x ∈ X and an arbitrary
neighbourhood U ∈ U (0Y ) in Y let V ∈ U (0Y ) with V + V + V ⊂ U . Since in a metric space
every Cauchy sequence is bounded the set B = {x ∈ X : ∃N ∈ N : ∥Λnx∥ ≤ N ∀n ∈ N} ⊂
X with C ⊂ B ⊂ C = X also is of second category such that due to Banach-Steinhaus 3.1
the family (Λn)n∈N is equicontinuous and there is a local neighbourhood W ∈ U (0X) in X
with x − y ∈ W ⇒ Λnx − Λny ⊂ V ∀n ∈ N. Since C is dense in X there actually exists such an
y ∈ C with x − y ∈ W and due to the hypothesis an n0 ∈ N with Λny − Λmy ∈ V ∀n,m ≥ n0
we conclude that Λnx − Λmx = Λnx − Λny + Λny − Λmy + Λmy − Λmx ∈ W +W +W ⊂ U .
Hence (Λnx)n∈N is a Cauchy sequence.

2. As in 1. we prove that L = X. For U ∈ U (0Y ) and W ∈ U (0X) as in 1. we have Λn [W ] ⊂
U ∀n ∈ N and due to the hypothesis Λ [W ] ⊂ U .

3.3 Uniform boundedness on compact and convex subsets

Let Γ be a family of continuous linear mappings Λ : K → Y on a compact and convex subset
K ⊂ X of a topological vector space X into a topological vector space Y . Then if the set of all
values Γ (x) = {Λx : Λ ∈ Γ} is pointwise bounded, i.e. for every x ∈ K there is a Bx ⊂ Y with
Λx ⊂ Bx for every Λ ∈ Γ it is already uniformly bounded on K, i.e. there is a bounded B ⊂ Y
with Λ [K] ⊂ B for every Λ ∈ Γ.
Proof: For an arbitrary balanced neighbourhood U ∈ U (0Y ) choose a balanced V ∈ U (0Y ) with
V + V ⊂ U and E := ⋂

Λ∈Γ Λ−1
(
V
)
. Since for every x ∈ K there is an n ≥ 1 with Γ (x) ⊂ nV

we have K ⊂
⋃
n≥1 nE. On account of Baire’s theorem (cf. [11, th. 16.4.2]) the compact set K

is Baire and since E is closed ist due to the category theorem (cf. [11, th. 16.3.1]) there is a
n ≥ 1, a x0 ∈ K ∩ nE and a balanced neighbourhood W ∈ U (0X) with K ∩ (x0 +W ) ⊂ nE. Owing
to 1.4.1 there is an m ≥ 1 with K ⊂ x0 + mW . Since K is convex for any x ∈ K the point z =(
1 − 1

m

)
x0 + 1

mx ∈ K and hence z − x0 = 1
m (x0 − x) ∈ W resp. z ∈ nE. Since ΛnE ⊂ V and

x = mz+ (1 −m) x0 we have Λx ⊂ mnV + (1 −m)nV ⊂ mn
(
V + V

)
mnU and hence the uniform

boundedness of Λ [K].
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3.4 The open mapping theorem

A continuous and linear mapping Λ : X → Y on a Fréchet space X into a topological vector space
Y is surjective and open if the image ΛX is of second category in Y . Moreover in that case Y
is a Fréchet space.
Proof: For any local basis set Bn := B2−n (0X) with n ≥ 2 we have ΛX = ⋃

m≥1mΛBn. Owing
to Baire’s theorem [11, th. 16.4.1] resp. the category theorem [11, th.16.3.1] there is a m ≥ 1
with ˚mΛBn ̸= ∅ and since x → mx is a homeomorphism we also have ˚ΛBn ̸= ∅. For an arbitrary
y0 ∈ ΛBn follows

(
y0 + ΛBn+1

)
∩ ΛBn ̸= ∅, i.e. there is an x0 ∈ Bn with y1 := y0 − Λx0 ∈

ΛBn+1. Subsequently we can find xk ∈ Bn+k with yk+1 := yk − Λxk ∈ ΛBn+k+1 such that lim
k→∞

yk ∈⋂
k∈N ΛBn+k = 0Y on account of Λ being continuous and Y being regular (cf. 1.3.2). Due to the

definition of the Bn the partial sums
(

u∑
k=0

xk
)
u≥0

form a Cauchy sequence converging to na x :=
∞∑
k=0

xk ∈ Bn−1 since X is complete. Again due to Λ being continuous the partial sums
(

u∑
k=0

Λxk
)
u≥0

=
(

u∑
k=0

(yk − yk+1)
)
u≥0

= y0 − (yu+1)u≥0 converge to Λx = y0 − lim
u→∞

yu+1 = y0 ∈ ΛBn−1. Thus

we have shown that ΛBn ⊂ ΛBn−1 and from ˚ΛBn ̸= ∅ we conclude that ˚ΛBn−1 ̸= ∅. Hence for every
open O ⊂ X and Λx ∈ ΛO we find an n ∈ N with x ∈ x + Bn ⊂ O and Λx ∈ Λx + ˚ΛBn ⊂ ΛO
and hence ΛO is open. Due to 1.5.5 the open mapping Λ must be surjective but not necessarily
injective.
In order to prove the Fréchet properties of Y we use 2.10.5 and show that f : X \ ker Λ → Y
with f ◦ π = Λ is a homeomorphism: Due to [11, p. 4.5] the continuity extends from Λ to f .
On the other hand for open O ⊂ X \ ker Λ the inverse iumage π−1 [O] is open in X and hence
f [0] = f

[
π
[
π−1 [O]

]]
= Λ

[
π−1 [O]

]
is open in Y .

3.5 Surjective and bounded linear maps

1. A continuous and linear map between Fréchet spaces is surjective iff it is open.
2. A continuous and linear bijection Λ between Banach spaces is bounded above and below,

i.e. there are bounds 0 < a < b < ∞ with a ∥x∥ ≤ ∥Λx∥ ≤ b ∥x∥ ∀x ∈ X.

Proof:

1. ⇒: According to Baire’s theorem [11, th. 16.4.1] and [11, th. 16.2.4] Fréchet spaces are
of second category. Hence in the case of ΛX = Y the hypothesis for the open mapping
theorem 3.4 is satisfied. ⇐: Due to 1.5.5 in the case of ΛX being open it follows that ΛX = Y .

2. Owing to 1.10.3 and 3.4 the maps Λ and Λ−1are bounded with ∥Λx∥ = ∥x∥ ·
∥∥∥Λ x

∥x∥

∥∥∥ ≤ ∥x∥ · b

and ∥x∥ =
∥∥Λ−1Λx

∥∥ = ∥Λx∥ ·
∥∥∥Λ−1 Λx

∥Λx∥

∥∥∥ ≥ ∥Λx∥ · 1
a

3.6 The closed graph theorem

A linear mapping Λ : X → Y between Fréchet spaces X and Y is continuous iff its graph
G = {(x; Λx) : x ∈ X} is closed in X × Y .
Proof:

⇒: follows from [11, th. 7.12] for any mapping Λ : X → Y between topological spaces X and Y .
⇐: The product X×Y is again a vector space with the componentwise addition resp. multiplication
according to α (x1; y1)+β (x2; x2) := (αx1 + βx2;αy1 + βx2). The complete and translation invariant
metrics dX and dY generate the metric d ((x1; y1) ; (x2; y2)) := dX (x1; x2) + dY (y1; y2) on X × Y
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with corresponding properties inducing the product topology. Since Λ is linear the graph G is
a vector subspace X × Y and hence a Fréchet space due to [11, th. 14.2.2]. The projection
π1 : G → X with π1 ((x; Λx)) = x is a continuous and linear bijection between Fréchet spaces;
due to 3.4 its inverse π−1

1 : G → X is continuous too. Likewise the projection π2 : X × Y → Y
with π2 (x; y) = y is continuous and so is the composition Λ = π2 ◦ π−1

1 .

3.7 Continuous bilinear maps

For a Fréchet space X and arbitrary topological spaces Y resp. Z the bilinear map B : X×Y → Z
is sequentially continuous on the product X × Y iff it is separately sequentially continuous
on the components X and Y , i.e. the cuts Bx : Y → Z resp. By : X → Z are sequentially continuous
for every fixed x ∈ X resp. y ∈ Y .

Proof :

⇒: directly follows from the definition of the product topology.

⇐: For sequences (xn)n≥1 ⊂ X resp. (yn)n≥1 ⊂ Y converging to x0 = lim
n→∞

xn ∈ X resp. y0 = lim
n→∞

yn ∈
Y for each x ∈ X the set (B (x; yn))n≥1 ⊂ Z is bounded and every Byn : X → Z is continuous the
Banach-Steinhaus theorem 3.2.2 implies that the family (Byn)n≥1 ⊂ C (X;Z) is equicontinuous.
Hence for every neighbourhood W ∈ U (0) in Z and U ∈ U (0) with U + U ⊂ W there is a further
neighbourhood V ∈ U (0) such that Byn [V ] ⊂ U for every n ≥ 1. Then for sufficiently large n we
have xn ∈ x0 + V such that Byn (xn − x0) ∈ U and due to the continuity of Bx0 : Y → Z holds
B (x0; yn − y0) ∈ U . Hence we obtain B (xn; yn) − B (x0; y0) = B (xn − x0; yn) + B (x0; yn − y0) ∈
U + U ⊂ W .

3.8 The Sperner decomosition

irregularregular

A Sperner-labeled regular decomposition
1 1

1

1

1

1 2

2 2

2 2

3 3 3

3

An n-simplex S = co (A) is the convex hull of n+ 1 affinely
independent elements A = {x0; ...; xn} of a vector space X
with dim (X) ≥ n, i.e. the vectors xk − x0 are linearly inde-
pendent.

A regular decomposition of S is a finite family {S1; ...;Sm}
of n-simplices whose union is

m⋃
i=1

Si = S and whose pairwise

intersections are either empty Si ∩ Sj = ∅ or there is an xik
with Si ∩ Sj = Ai ∩ Aj = {xik}, i.e. a vertex or there are two
xik,xjl with Ai∆Aj = {xik,xjl} and Si ∩ Sj = co (Ai ∩Aj), i.e.
a boundary segment consisting of an n− 1-simplex.

A Sperner labeling of a regular decomposition {S1; ...;Sm}
with Si = co (Ai) of an n-simplex S = co (A) with A =
{x0; ...; xn} is a function si : Ai → {0; ...;n} such that for a
vertex xik ∈ co (A \ {xj}) only labels from that boundary are
used, i.e. si (xik) ∈ {0; ...;n} \ {j}. The labeling is complete,
iff si is injective.

3.9 Sperner’s lemma
In a vector space X with dim (X) ≥ n every Sperner-labeled regular decomposition of an
n-simplex contains an odd number of completely labeled elements.
Proof : By induction over the dimension n:

Induction start n = 2: We examine the decomposition of a
closed interval S = [x1;x2] with x1 < x2 into closed subintervals Si = [xi1;xi2] with 1 ≤ i ≤ m
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starting with x1 = x11, closing with xm2 = x2 and any two subintervals sharing at most one boundary
point. Since we start with s1 (x11) = 1 and close with s1 (xm2) = 2 there must be at least one
subintervall with si (xi1) = 1 and si (xi2) = 2. Any further subintervals with different labeling must
be complemented by a second interval with inverse labeling such that we arrive at an odd number of
differently, i.e. completely labeled intervals.

Completely labeled 3-simplex
2

1

4

3

Induction step n−1 ⇒ n: Each completely labeled n-simplex Si includes
exactly one boundary segment consisting of a completely labeled n − 1-
simplex with si (xik) ∈ {0; ...;n− 1} for xik ∈ Ai \ {xil} with si (xil) = n.
If such a completely labeled n−1-simplex is included in the boundary of S,
i.e., if it lies on the outside it belongs to exactly one Si; if it is not included
in the boundary and lies inside, it is shared by exactly two Si. According to
the base case applied to the single Sperner-labeled decomposition boundary
n−1-simplex containing the desired labels 0; ...;n−1 this boundary includes
an odd number of completely labeled n − 1-simplices with these labels .
The other boundarys include at most completely labeled n−1-simplices with other subsets of {0; ...;n},
i.e. none of the desired sort. Hence we we arrive at an odd number of completely labeled n-simplices
on one boundary and an even number lying inside including those looking with the “wrong” face at
the other boundaries.

3.10 Every simplex is homeomorphic to a closed unit ball

In a topological vector space X with dim (X) ≥ n every simplex S = co {x0; ...; xn} with 0 ∈ S
is homeomorphic to the closed unit ball B = {x : |x| ≤ 1}.

Proof : The condition 0 ∈ S entails that each xj can be expressed as a linear combination xj =∑
i∈Nj

βixi of the remaining xi with nonpositive coefficients βi ≤ 0 for i ∈ Nj and i ∈ Nj =
{0; ...;n} \ {j} since S must include a neighbourhood Bϵ (0), hence it must contain the vector −ϵxj =∑
i∈Ni(min)

(−ϵβi) xi and due to the linear independence of the remaining xi this expression is uniquely
determined whence follows −ϵβi > 0 according to the definition of the convex hull. In particular any
subset of n vectors {xi : i ∈ Nj} must be linearly independent.

h (x)

v2

v3
B

co {v2; v3}

S

v1 = vi(min)

x

W.l.o.g. we assume that all |xi| = 1. Then for every
x ∈ S =

{
x =

n∑
i=0

αixi : αi ≥ 0; 0 ≤ i ≤ n;
n∑
i=0

αi = 1
}

we

have |x| =
∣∣∣∣ n∑
i=0

αixi
∣∣∣∣ ≤

n∑
i=0

αi |xi| = 1 with equality only iff

x ∈ {x0; ...; xn} and hence S ⊂ B. We start by express-
ing the component xi(min) with the smallest coefficient
αi(min) = min {α0; ...;αn} > 0 and Ni(min) = {0; ...;n} \
{i (min)} as a linear combination xi(min) = ∑

i∈Ni(min)
βixi

of the remaining linearly independent xi with nonpositive
coefficients βi ≤ 0 for i ∈ Ni(min).

Now we dilate x = ∑
i∈Ni(min)

δixi with δi = αi + αi(min)βi until reaches the boundary section of S
formed by Hmin =

{∑
i∈Ni(min)

γixi : γi ≥ 0; i ∈ Ni(min);
∑
i∈Ni(min)

γi = 1
}

by defining h (x) = x
h(x)

with h (x) = ∑
i∈Nmin

δi <
∑
i∈Nmin

αi < 1 such that we have ∑i∈Ni(min)
δi
h(x) = 1 , i.e. h (x) ∈ δS lies

on the convex hull co
{

xi : i ∈ Ni(min)
}

defining the face opposite xi(min). Because of the minimal

character of αi(min) and βi < 0 we have 0 < δi < 1 and hence |h (x)| = |x|
h(x) ≤

√∑
i∈Ni(min)

δ2
i∑

i∈Ni(min)
δi

< 1 such

that g : S → B given by g (x) = x
|h(x)| with |g (x)| = h (x) < 1 is again a dilation and thus injective

with g [S] ⊂ B. For x ∈ B and ϵ > 0 with Bϵ (0) ⊂ S there are uniquely determined and continuous
αi (x) ≥ 0; 0 ≤ i ≤ n with ϵx =

n∑
i=0

αi (x) xi and
n∑
i=0

αi (x) = 1. Furthermore we can determine
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an equally continuous αi(min) (x) = min {α0; ...;αn} > 0 and hence 0 < h (ϵx) < 1. The inverse
g−1 : B → S is then given by g−1 (x) = |h (ϵx)| · x = |h(ϵx)|

ϵ · ϵx = |h(ϵx)|·h(ϵx)
ϵ · h (ϵx) = |ϵx|

ϵ · h (ϵx) ∈ S

since S is convex with 0 ∈ S, h (ϵx) ∈ S and |ϵx|
ϵ ≤ 1.

Thus g is surjective and obviously continuous. It can be extended to a continuous bijection
g : S → B by g (x) = x for x ∈ {x0; ...; xn} = δS ∩ δB.

3.11 Approximate fixed-point lemma

A continuous function f : X → X on a compact metric space (X; d) has a fixed point iff for
every ϵ > 0 there is an xϵ ∈ X such that d (xϵ; f (xϵ)) < ϵ .

Proof : Due to (cf. [11, th. 10.12]) and since X is compact the sequence (xn)n≥1 with d (xn; f (xn)) <
1
n converges to an x ∈ X. Due to f being continuous (f (xn))n≥1 → f (x) and hence (xn; f (xn))n≥1 →
(x; f (x)). Since d is continuous we have d (xn; f (xn))n≥1 → d (x; f (x)) such that the assertion follows
from lim

n→∞
d (xn; f (xn)) = 0.

3.12 Brouwer’s fixed point theorem

Every continuous mapf : B1 (0) → B1 (0) on a finite dimensional Banach space X has a fixed
point x = f (x) ∈ B1 (0).

Proof : W.l.o.g we assume X = span {e0; ...; en} with dim (X) = n + 1 and S = co {e0; ...; en}
homeomorphic and homomorphic to T = co {v0; ...; vn} with 0 ∈ T by the linear transformation
t : S → T with t (e0) = v0 resp. t (ei − e0) = vi − v0 for 1 ≤ i ≤ n . Note that the condition 0 ∈ T
entails the linear independence of the direction vectors vi − v0. Hence lemma 3.10 justifies the
assumption.

Any f =
n∑
i=0

fiei : S → S must satisfy
n∑
i=0

fi (x) = 1 for every x ∈ S. Hence if we assume that it

does not fix any subvertex of a regular decomposition
{
S1; ...;Sm

}
of S it determines a Sperner

labeling of subervertices:

Since for any subvertex p holds f (p) ̸= p and
n∑
i=1

fi (p) = 1 we can choose a j ∈ {0; ...;n} with

fj (p) < pj and define s (p) = j. Since we have chosen basis vectors ei as vertices of the original
simplex S the k-th coordinate of a new vertex p ∈ co ({e0; ...; en} \ {ek}) lying on a boundary face is
pk = 0 and hence j ̸= k, i.e. we have the Sperner condition s (p) ∈ {0; ...;n} \ {k}.

Due to Heine’s theorem (cf. [11, th. 12.9]) the continuous function f is uniformly continuous on
the compact space X such that for every ϵ there is a δ with ∥f (x) − f (y)∥1 < ϵ for every x; y ∈ X with
∥x − y∥1 < δ < ϵ. In this computation we use the norm ∥(x0; ...xn)∥1 =

n∑
i=0

|xi| for x =
n∑
i=0

xiei ∈ X

being equivalent to the euclidean norm |(x0; ...xn)| =
n∑
i=0

x2
i according to (cf. [11, th. 1.8]).

We now prove that every completely labeled element Sϵ of a regular decomposition
{
S1; ...;Sm

}
of S with diameter δ

(
Sϵ
)
< δ < ϵ contains an an approximate fixed point xϵ ∈ Sϵ with

∥xϵ − f (xϵ)∥1 < ϵ: Let (xj)0≤j≤n ⊂ Sϵ be the vertices of Sϵ labeled by s (i) = j for 0 ≤ i ≤ n
such that fj (xj) < xjj for every xj = (xj0; ...;xjn). Thus we have
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∥xj − f (xj)∥1 =
n∑
i=0

|xji − fi (xj)|

=
n∑
i=0

|xji − xii + xii − fi (xi) + fi (xi) − fi (xj)|

≤
n∑
i=0

(δ + xii − fi (xi) + (n+ 1) ϵ)

≤
n∑
i=0

xii−
n∑
i=0

fi (xi) + 2 (n+ 1) ϵ

=
n∑
i=0

x0i+
n∑
i=1

(xii − x0i) −
n∑
i=0

fi (x0) +
n∑
i=1

(fi (x0) − fi (xi)) + 2 (n+ 1) ϵ

≤ 1 + nϵ− 1 + nϵ+ 2 (n+ 1) ϵ
≤ 4 (n+ 1) ϵ.

Hence every completely labeled vertex is an approximate fixed point and the assertion follows
from lemma 3.11.

4 Extension of continuous functionals

4.1 Dual spaces

For a complex topological vector space X the dual space X∗ is the vector space of all complex liner
functionals Λ : X → C. We have real linearity iff Λαx = αΛx holds for real α ∈ R as opposed to
(complex) linearity for α ∈ C. For linear Λ with (complex) linear real resp. imaginary parts we
have Λix = ReΛix + iImΛix = iReΛx − ImΛx = iΛx whence the imaginary part ImΛx = −ReΛixis
already determined by the real part. Conversely every Λ : X → C defined by Λx = ReΛx − iReΛix
with a real linear and real valued ReΛ : X → R is complex linear since for α + iβ ∈ C we
have Λ (α+ iβ) x = αReΛx + βReΛix − iαReΛix + iβReΛx = (α+ iβ) ReΛx − i (α+ iβ) ImΛx =
(α+ iβ) Λx. Moreover Λ is continuous iff its real part is continuous.

4.2 The Hahn-Banach theorem

Every continuous and linear functional ΛY : Y → C on a vector subspace Y ⊂ X of a locally
convex vector space X can be extended to a continuous and linear Λ : X → C. In the case of a
bounded ΛY with reference to a real seminorm p with |ΛY y| ≤ p(y) ∀y ∈ Y this property transfers
to the extension |Λx| ≤ p(x) ∀x ∈ X.

Note: According to 1.4 for every continuous and linear functional Λ : X → C on a locally convex
vector space X there is a real seminorm p with |Λx| ≤ p(x) ∀x ∈ X: On account of Λ being
continuous for every convex local neighbourhood U ∈ U (0) with |Λx| < 1 ∀x ∈ U for p = µU we
have U = {p < 1} and hence p(x) ≤ t ⇒ x ∈ tU ⇒ |Λx| < t.

Proof: Let ΛY : Y → R be real valued and real linear. The family M of all continuous and
real linear extensions ΛZ : Z → R on vector subspaces Y ⊂ Z ⊂ X with |ΛZz| ≤ p(z) ∀z ∈ Z is
not empty since for every vector subspace Y ⊂ Z ⊊ X and x′ ∈ X \ Z any ΛY can be extended
to a ΛZ′ : Z → R on Z = Y ⊕ ⟨x′⟩ with ΛZ (y + αx′) := ΛY y − αp (x′). Since ΛZ is obviously
real linear and continuous we only have to prove an upper bound for |ΛY y + αp (x′)|: In the case of
ΛY y ≥ αp (x′) the absolute value is identical to the argument such that owing to the boundedness of
ΛY we obtain |ΛY y − αp (x′)| = ΛY y − αp (x′) ≤ p (y) − p (αx′) ≤ p (y + αx′). In the opposite case
ΛY y < αp (x′) we compute the absolute value by exchanging minuend and subtrahend to arrive again
at the upper bound |ΛY y − αp (x′)| = αp (x′) − ΛY y ≤ p (y + αx′) since due to the triangle equation
resp. the hypothesis we have αp (x′) − p (y + αx′) ≤ −p (y) ≤ ΛY y. We provide the family M with
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an order by means of ΛZ1 ⪯ ΛZ2 ⇔ Z1 ⊂ Z2 ∧ ΛZ1 = ΛZ2 |Z1 such that for any linearly ordered
subfamily N ⊂ M we obtain an upper bound ΛN := ⋃

N = {(z; ΛZz) : ∃ΛZ ∈ N : z ∈ Z} ∈ M
since ⋃ΛZ∈N Z ⊂ X is a vector subspace and ΛN : ⋃ΛZ∈N Z → R is continuous and linear with
|ΛN z| = |ΛZz| ≤ p (z) as for every z ∈ dom (ΛN ) there is a ΛZ ∈ N with z ∈ Z. Due to Zorn’s
lemma [9, th. 14.2.4] there is a maximal Λ : Z → R in M which has to be the desired extension on
the whole set Z = X since otherwise for a x′ ∈ X \Z we could construct an extension Λ′ : Z⊕⟨x′⟩ → R
with Λ ⪯ Λ′ as described above and contrary to the maximal character of Λ.
For a complex valued, bounded, continuous and linear functional ΛY : Y → C according to the
preceding part of the proof the real part u := ReΛY can be extended to a real valued U : X → R
which owing to 4.1 uniquely determines a complex valued, bounded, continuous and linear functional
Λ : X → C with Λ (x) = U (x)− iU (ix) coinciding on Y with ΛY (x) = u (x)− iu (ix). The functional
Λ is bounded since with α = |Λx|

Λx we have |Λx| = αΛx = Λ (αx) = U (αx) ≤ p (αx) = α |p (x)|≤
p (x).

4.3 Existence of bounded functionals

On a Banach space X for every x0 ∈ X there is a Λ ∈ X∗ with Λx0 = ∥x0∥ and |Λx| ≤ ∥x∥ ∀x ∈ X.
Proof: Apply 4.2 to Y = ⟨x0⟩ and ΛY (αx0) = α ∥x0∥.

4.4 Separation properties of linear functionals

For disjoint, convex subsets A,B ⊂ X of a topological vector space X the following statements hold:
1. For open A there is a Λ ∈ X∗ and γ ∈ R such that for every a ∈ A,b ∈ B we have ReΛa <
γ ≤ ReΛb.

2. For locally convex X, compact A and closed B there is a Λ ∈ X∗ and γ1, γ2 ∈ R such that
for every a ∈ A,b ∈ B we have ReΛa < γ1 < γ2 < ReΛb.

Proof: Since only the real part of Λ is concerned it suffices to construct a real valued U : X → R
which owing to 4.1 is the real part U = ReΛ of a uniquely determined Λ(x) = U(x) − iU(ix) with the
desired properties.

1. Choose an a0 ∈ A resp. b0 ∈ B and define x0 = b0 − a0 such that C = A − B + x0 is a
convex local neighbourhood. According to 2.4.1 and 2.4.2 the Minkowski functional µC is
a real seminorm with µC (x0) ≥ 1 since x0 /∈ C. Due to the Hahn-Banach theorem 4.2
the linear functional Λ0 ⟨x0⟩ → R with Λ (tx0) = t ≤ tµC (x0) = µC (tx0) can be extended
to a linear Λ : X → R with Λ ≤ µC and particularly Λ ≤ 1 on C resp. Λ ≥ −1 on −C such
that Λ is bounded on C ∩ (−C) and continuous owing to 1.11.4. For a ∈ A resp. b ∈ B we
have a − b + x0 ∈ C such that Λa − Λb + 1 = Λ (b − a + x0) ≤ µC (b − a + x0) < 1 since C
is open and the multiplication Ma−b+x0 is continuous. Hence we obtain Λa < Λb for every
a ∈ A resp. b ∈ B and since Λ [A] is open due to 1.11 we obtain the proposition by choosing
γ := inf

b∈B
Λb

2. Owing to 1.3.1 there is an open and convex neighbourhood U ∈ U (0) with (A+ U) ∩ B = ∅
and with 1. we obtain ReΛ (a + x) = ReΛa + ReΛx < γ ≤ ReΛb for every a ∈ A,b ∈ B and
x ∈ U . Since Λ is open there is an ϵ > 0 with Bϵ (0) ⊂ Λ [U ] such that we obtain the proposition
with e.g. γ1 = γ − ϵ and γ2 = γ − ϵ

2 .

4.5 Separating functionals on locally convex spaces

For a locally convex space X the following propositions hold:
1. For every vector subspace Y ⊂ X and x0 ∈ X \ Y there is a Λ ∈ X∗with Λx0 = 1 and

Λ [Y ] ⊂ {0}.
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2. For every convex and balanced subset Y ⊂ X and x0 ∈ X \ Y there is a Λ ∈ X∗with Λx0 > 1
and Λ [Y ] ⊂ [−1; 1].

Proof:

1. For Λ ∈ X∗ according to 4.4.1 the vector subspace Λ [Y ] ⊂ R does not contain the point Λx0
so that we conclude Λ [Y ] = {0}and hence Λx0 ̸= 0.

2. On account of 1.6.2 and 1.6.3 the closure Y also is convex and balanced such that with 4.4.2
and A = {x0} we find an Λ0 ∈ X∗ with Λ0x0re

iφ /∈ Λ
[
Y
]
. Since the balanced character of Y

implies a balanced Λ
[
Y
]

there is a 0 < s < r with |z| ≤ s for every z ∈ Λ
[
Y
]
. The functional

Λ = s−1e−iφΛ0 then shows the desired properties.

5 Weak convergence

5.1 Linear combinations of functionals

For linear functionals Λi, 1 ≤ i ≤ n and Λ on a vector space X with N =
n⋂
i=1

ker Λi the following three
statements are equivalent:

1. Λ =
n∑
i=1

αiΛi with αi ∈ C for 1 ≤ i ≤ n.

2. There is a γ < ∞ with |Λx| ≤ γ max
1≤i≤n

|Λix| for every x ∈ X.

3. Λx = 0 for every x ∈ N .

Proof : We only have to show 3. ⇒ 1.: We define a linear map π : X → Cn by π (x) = (Λ1x; ...; Λnx).
Since 0 = π (x) − π (y) = π (x − y) implies x − y ∈ N whence Λx − Λy = Λ (x − y) = 0 the
map f : π [X] → C defined by f (π (x)) = Λx is a linear functional on the vector subspace
π [X] ⊂ Cn. Due to the Hahn-Banach-theorem 4.2 it can be extended to a linear F : Cn → C with
F (z1; ...; zn) =

n∑
i=1

αizi for some (αi)1≤i≤n ⊂ C. This means Λx = F (π (x)) =
n∑
i=1

αiΛix for x ∈ X

which is the assertion.

5.2 The initial topology of a family of linear functionals

Let Γ be a separating family of linear functionals on a vector space X, i.e. for every pair x1 ̸= x2 ∈ X
there is a Λ ∈ Γ with Λx1 ̸= Λx2. Then the initial topology O = τ (Γ) on X with reference to Γ is
locally convex and its dual space is again X∗ = Γ.

Proof: Since C is Hausdorff and Λ ∈ Γ is continuous as well as separating the topology O is
Hausdorff too. Due to [11, th. 12.10] the local neighbourhoods U (0) = {|Λx| < ϵ} for ϵ > 0 and
Λ ∈ Γ form a subbasis for the initial neighbourhood filter resp. the resulting topology O. The
translation invariance follows from |Λx − Λy| = |Λ (x + a) − Λ (y + a)|. The neighbourhoods U(0)
are convex and balanced on account of |Λ (tx + (1 − t) y)| ≤ t |Λx| + (1 − t) |Λy|. The addition is
continuous due to 1

2V + 1
2V = V . For α ∈ C and x ∈ X let |α− β| < min

{
ϵ
3 ; ϵ

3|Λx|

}
and |Λ (x − y)| <

min
{
ϵ
3 ; ϵ

3|α|

}
. Then we have |Λ (αx − βy)| ≤ |α| · |Λ (x − y)| + |α− β| · |Λx| + |α− β| · |Λ (x − y)| <

ϵ
3 + ϵ

3 + ϵ2

3 ≤ ϵ and hence the continuity of the multiplication with scalars (cf. [11, th. 4.3.2]).

Since any Φ ∈ X∗ is continuous there are Λ1, ...Λn ∈ Γ and an ϵ > 0 with
{

max
1≤i≤n

|Λix| < ϵ

}
⊂

{|Φx| < 1}. Since it is linear we also have max
1≤i≤n

|Λix| = M ⇔ max
1≤i≤n

∣∣Λi ( ϵxM )∣∣ < ϵ ⇒
∣∣Φ ( ϵxM )∣∣ < 1

⇒ |Φx| < γ max
1≤i≤n

|Λix| with γ = 1
ϵ . From 5.1.2 we infer Φ = ∑

1≤i≤n αiΛi ∈ Γ and since obviously
Γ ⊂ X∗ we obtain Γ = X∗.
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5.3 The weak topology

For a topological vector space (X; O) with a separating dual space X∗ the initial topology Ow =
τ (X∗) ⊂ O is the topology of weak convergence or weak topology. Hence a filter F weakly
converges to an x ∈ X iff every image filter Λ (F ) converges to Λx on K. In the subsequent
paragraphs we frequently compare the given or original topology O with the weak topology Ow.

5.4 Weakly bounded subsets

A subset A ⊂ X of a topological vector space X is weakly bounded iff all Λ ∈ X∗ are originally
bounded on A.

Proof: According to 1.4.1 the set A is weakly bounded iff for every Λ ∈ X∗ there is τ > 0 with
A ⊂ τ {|Λ| < 1} resp. |Λx| < τ ∀x ∈ A.

5.5 Weak closure

On a locally convex vector space (X; O) the weak closure Aw of a convex set A ⊂ X coincides
with the original closure A.

Proof: Due to 5.3 we have Ow ⊂ O and consequently A ⊂ Aw. According to 4.4.1 for x0 /∈ A there is
a Λ ∈ X∗ and a γ ∈ R with ReΛx0 < γ ≤ ReΛx for all x ∈ A. Hence the set {ReΛx < γ} is a weak
neighbourhood of x0 not meeting A, i.e. x0 /∈ Aw.

5.6 Pointwise converging convex combinations

On a locally convex vector space X with a countable local basis for every sequence (xn)n≥1 ⊂ X
weakly converging to a x ∈ X there is a second sequence (yn)n≥1 ⊂ X of convex combinations

yn =
in∑
j=1

αjxjn with 1 =
in∑
j=1

αj originally converging to x since for A = {x1; x2; ...} we have

x ∈ co Aw = co A owing to 5.5 and the existence of the sequence (yn)n≥1 ⊂ co A is guaranteed by
the countable basis B (x).

5.7 Uniformly converging convex combinations

For every sequence (fn)n≥1 ⊂ C(K;C) of uniformly bounded, continuous and complex valued
maps on a compact Hausdorff space K originally resp. pointwise converging to a f ∈ C(K;C)

there is a sequence gn =
in∑
j=1

αjfjn with 1 =
in∑
j=1

αj of convex combinations uniformly converging

to f .

Proof: The sequence (fn)n≥1 converges µ-almost everywhere to f for any Borel measure µ
on K (cf. [8, th. 12.1]). According to Lebesgue’s dominated convergence theorem [8, th.
5.14] the sequence (fn)n≥1 converges in mean to f . Owing to the Riesz representation theorem
[8, th. 13.3] for bounded, continuous and according to 1.11.4 uniformly continuous maps on
the compact set K the sequence converges weakly to f . Due to [11, th. 18.6.4] any functional
Λ : C(K;C) → C being continuous with reference to the given neighbourhood filter W ({K} ,U)
of uniform convergence is also continuous with reference to the weaker resp. larger neighbourhood
system W (E ; U) ⊃ W ({K} ,U) of pointwise convergence on C (K;C). Hence weak convergence
with regard to the original topology of pointwise convergence implies weak convergence with regard
to the original topology of uniform convergence. But the topology of uniform convergence is
induced by the supremum norm ∥∥ on K whence (C (K) ; ∥∥) is a Banach space satisfiying the
hypothesis of the preceding corollary 5.6 which proves the assertion.
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5.8 The weak* topology on dual spaces

1. On the dual vector space X∗ ⊂ CX of linear and continuous functionals Λ : (X;O) → (C; d)
of a topological vector space (X,O) the vector subspace PX of the evaluation functionals
resp. projections πx : X∗ → C for x ∈ X with πxΛ = Λx is obviously separating and
isomorphic to X. The local neighbourhoods B∗

x;ϵ (0) = {Λ ∈ X∗ : |Λx| < ϵ} for x ∈ X and
ϵ > 0 of the null functional 0 form a subbasis of its initial neighbourhood filter. On account
of Λ1x + Λ2x = (Λ1 + Λ2) x the neighbourhoods are translation invariant with B∗

x;ϵ (Λ) =
Λ +B∗

x;ϵ (0). The corresponding initial topology O∗
w = τ (PX) on X∗ is the weak* topology.

Hence a sequence (Λn)n≥1 ⊂ X∗ converges weakly to a Λ ∈ X∗ iff lim
n→∞

Λnx = Λx pointwise
for every x ∈ X. The weak* topology is identical to the trace topology of X∗ with reference
to the product of the euclidean topologies

⊗
x∈X τ (d) [11, th. 2.2 resp. 4.2] and induced

by the local neighbourhoods B∗
x;ϵ (0) = {f : X → C : f linear and continuous with |f (x)| < ϵ}

for x ∈ X and ϵ > 0 on the vector space CX . Due to 5.2 it is locally convex and we
have X ≃ PX = (X∗)∗, i.e. every linear and weakly* continuous functional on X∗ is an
evaluation functional of the form Λ → Λx for some x ∈ X.

2. According to the Riesz representation theorem [8, th. 10.13] a sequence (Λn)n≥1 ⊂ (Cc (X,C))∗

with regard to the norm ∥∥∗ defined in [8, th. 9.13] by ∥Λ∥∗ = sup
{∣∣∣Λ ( f

∥f∥∞

)∣∣∣ : f ∈ Cc (X,C)
}

uniformly converges to a Λ ∈ (Cc (X,C))∗ iff the sequence (µn)n≥1 ⊂ M0 (L (X) ;C) with
Λnf =

�
fdµn ∀f ∈ Cc (X,R) of complete and regular complex Borel measures deter-

mined by the theorem of Lebesgue-Radon-Nikodym [8, th. 9.8] under the norm ∥∥ defined
in [8, th. 9.4] by ∥µ∥ := |µ| (X) uniformly converges to µ ∈ M0 (L (X) ;C). In comparison
with the weak* convergence the Riesz representation theorem implies the stronger assertion of
uniform convergence on the smaller domain Cc (X,C) of continuous complex functions
with compact support.

3. According to the Helly-Bray-theorem [10, th. 3.9] a sequence (µn)n≥1 ⊂ M0 (B (R) ; [0; 1])
of probability resp. bounded measures converges weakly resp. in distribution to
a bounded measure µ ∈ M0 (B (R) ; [0; 1]) iff lim

n→∞

�
fdµn =

�
fdµ for every bounded and

continuous f ∈ Cb (R;R). Like the weak* convergence the Helly-Bray theorem asserts
pointwise convergence but requesting only continuous bounded real functions on the
real line while its domain is much larger in the sense that the measures need neither be
complete nor regular and in particular not λ-continuous such that there may not exist
a Radon-Nikodym density with regard to λ and the continuous character of the linear
functional Λ ∈ (Cb (R;R))∗ determined by Λf =

�
fdµ is limited to the cases of the dominated

resp. monotone convergence theorems as stated in [8, th. 5.13 and 5.15].

5.9 The Banach-Alaoglu theorem

For every local neighbourhood U ∈ U(0) of a topological vector space X the polar

KU =
⋂

x∈U
B∗

x;ϵ (0)

is convex, balanced and weakly*compact.
Proof: Since the unit disc {|z| < 1} ⊂ C is convex as well as balanced this is also true for KU .
Due to 2.4.3 every local neighbourhood is absorbing such that for any x ∈ X there is a τx > 0 with
x ∈ τxU resp. |Λx| ≤ τx ∀x ∈ X,Λ ∈ KU . Thus we have KU ⊂ X∗ ∩P with P = ∏

x∈X Bτx (0) ⊂ CX
and according to 5.8 the product topology O∗

P on P coincides on KU with the weak* topology
O∗
w on X∗.

Furthermore KU is closed in O∗
P : Let f0 ∈ KU such that for every ϵ > 0 and x,y ∈ X resp.

α, β ∈ C there is a linear Λ ∈ KU with |(f0 − Λ) (z)| < ϵ for z ∈ {x; y;αx + βy} . On ac-
count of |f0 (αx + βy) − αf0 (x) − βf0 (y)| = |(f0 − Λ) (αx + βy) − α (f0 − Λ) (x) − β (f0 − Λ) (y)| <
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(1 + α+ β) ϵ the mapping f0 is also linear. For every x ∈ U there is a Λ ∈ KU with |Λx| ≤ 1 and
|(f0 − Λ) (x)| < ϵ, hence |f0(x)| ≤ 1 and therefore f0 ∈ KU .

According to Tychonov’s theorem [11, th. 9.9] the product P is originally compact on CX and
according to [11, th. 9.4] this is also true for the originally closed subset KU ⊂ P . Since O∗

P and
O∗
w coincide on KU the compactness property also applies to O∗

w - open covers of KU .

5.10 Boundedness

A subset A ⊂ X of a locally convex space X is weakly bounded iff it is originally bounded.

Proof: On account of Ow ⊂ O we only have to show that a weakly bounded set A is orig-
inally bounded. Let U be an originally local neighbourhood. Due to [11, th. 7.7], 1.3.2 and
1.7.2 there is an originally closed, balanced and convex neighbourhood V ⊂ U . We then have
V = ⋂

Λ∈KV
{x ∈ X : |Λx| ≤ 1} with the polar KV according to 5.9 since the right hand side is an

originally closed, balanced and closed set including V with the dual space KV such that on
account of 4.5.2 for any x0 /∈ V there is a Λ ∈ KV with Λx0 > 1.

Since A is weakly bounded for every Λ ∈ X∗ there is a τΛ < ∞ with |Λx| ≤ τΛ ∀x ∈ A. Hence
for every x ∈ A the family K∗

V (x) of the evaluation functionals πx : KV → C with Λ → Λx
are weakly* continuous , linear and pointwise bounded (by τΛ < ∞ dependent on Λ ∈ X∗

but independent of x ∈ A!) on the convex and due to 5.9 weakly* compact set KV ⊂ X∗

we can invoke 3.3 to infer that K∗
V is uniformly bounded on KV , i.e. there is a τ < ∞ with

|Λx| ≤ τ ∀x ∈ A,Λ ∈ KV . Due to V = ⋂
Λ∈KV

{|Λx| ≤ 1} we infer 1
τ x ∈ V ⊂ U for all x ∈ A. Since

V is balanced we have A ⊂ tV ⊂ tU for t > τ and hence A is originally bounded.

5.11 The convex hull

The convex hull co (A) is the set of all convex combinations
n∑
i=1

τixi with τi ∈ R, xi ∈ A,

1 ≤ i ≤ n and
n∑
i=1

τi = 1. It is the smallest convex set including A resp. the intersection of all convex
sets including A. Some properties are as follows:

1. In a topological vector space X the convex hull co
(

n⋃
i=1

Ai

)
of a family of compact and

convex Ai ⊂ X with 1 ≤ i ≤ n and n ≥ 1 is compact.

2. In a locally convex vector space X the convex hull co (A) of a precompact set A ⊂ X is
precompact.

3. In a Fréchet space X the convex hull co (A) of a compact set A ⊂ X is closed and
compact.

4. Every point x ∈ co (A) of A ⊂ Rn is a convex combination of at most n+ 1 points.

Proof:

1. Let f : S × A → X with S =
{

(s1; . . . ; sn) ∈ Rn :
n∑
i=1

si = 1, si ≥ 0, 1 ≤ i ≤ n

}
and A =

n⊗
i=1

Ai

be defined by f (s,a) =
n∑
i=1

siai. On account of Tychonov’s theorem [11, th. 9.9], the Heine-

Borel theorem [11, th. 9.10] and [11, th. 9.8] the image f [S ×A] ⊂ co
(

n⋃
i=1

Ai

)
is compact

and furthermore convex again since for (s; a) , (t,b) ∈ S×A and α, β ≥ 0 with α+β = 1 we have
αf (s; a)+βf (t; b) =

n∑
i=1

(αsiai + βtibi) = f (u; c) with u = αs+βt ∈ S and ci = αsiai+βtibi
αsi+βti ∈ Ai

for 1 ≤ i ≤ n due to the convexity of the Ai. Since ai ⊂ f [S ×A] for 1 ≤ i ≤ n we have
K = co

(
n⋃
i=1

Ai

)
whence follows the assertion.
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2. For a local neighbourhood U ∈ U (0) let V ∈ U (0) be convex with V + V ⊂ U . Due to the
hypothesis there is a finite E ⊂ X with A ⊂

⋃
x∈E U(x) ⊂ E + V ⊂ co (E) + V . Since the

sum of convex sets is again convex we also have co (A) ⊂ co (E) + V . Since owing to 1. resp.
[11, th. 17.7] the convex hull co (E) of the compact set E is again compact and particularly
precompact there is a finite set F with co (E) ⊂ F + V resp. co (A) ⊂ F + V + V ⊂ F + U .

3. co (A) is precompact due to 2., hence compact and closed owing of [11, th. 17.3 resp. th.
9.4].

4. For x =
k+1∑
i=1

τixi with 1 =
k+1∑
i=1

τi w.l.o.g. τi > 0, xi ∈ A for 1 ≤ i ≤ k + 1 and k > n the kernel

ker ∆ of the linear mapping ∆ : Rk+1 → Rn+1with ∆ (τ1; ...; τk+1) =
(
k+1∑
i=1

τixi;
k+1∑
i=1

τi

)
is at least

of dimension k−n ≥ 1 so that there is a (t1; ...; tk+1) ̸= 0 with w.l.o.g. tk+1 = τk+1,
k+1∑
i=1

tixi = 0

and
k+1∑
i=1

ti = 0 resp.
k∑
i=1

ti = −τk+1. Hence we obtain x =
k∑
i=1

(τi − ti)xi with 1 =
k∑
i=1

(τi − ti)
and since this is true for every k > n we have shown the assertion.

5.12 Separation axioms in dual spaces

For two non empty, disjoint, convex and compact sets A and B in a topological vector space X
with a separating dual space X∗ there is a Λ ∈ X∗ with sup

x∈A
ReΛx < inf

x∈B
ReΛx.

Proof: A and B are closed due to [11, th. 9.4] resp. 5.2 such that we can invoke 4.4.2 to obtain the
desired Λ ∈ X∗.

5.13 Extreme sets

An extreme subset S ⊂ A of a convex set A ⊂ X in a topological vector space X is
a subset of A containing for every z ∈ S the endpoints x,y ∈ A of any line l (x; y) =
{(1 − τ)x + τy : 0 < τ < 1} ⊂ A containing z ∈ l (x; y). Hence A itself is an extreme set
but also every vertex, every boundary point with tangents outside of A but also
every complete line segment of the boundary including end points. An extreme
point is an extreme set containing exactly one point which consequently does not meet
any line in A. Hence extreme points must lie on the boundary A \ Å excluding line
segments. The set of all extreme points of A is E (A) ⊂ A \ Å.

5.14 The Krein-Milman theorem

Any nonempty, convex and compact set K in a topological vector space X with separating dual
space X∗ is identical to the closed convex hull of its extremal points: K = co (E (K)).

Proof:

1. The set P of all compact and extremal subsets of K is not empty because of K ∈ P and
also closed concerning finite intersections.

2. For every S ∈ P, Λ ∈ X∗ and µΛ = max
x∈S

ReΛx we have SΛ = {x ∈ S : ReΛx = µΛ} ∈ P since
for 0 < t < 1, x,y ∈ K and tx + (1 − t)y = z ∈ SΛ ⊂ S we have z ∈ S ∈ P, hence x,y ∈ S and
therefore ReΛx,ReΛy ≤ µΛ. But since Λ is linear we also have tReΛx +(1 − t) ReΛy = ReΛz =
µΛ, hence ReΛx = ReΛy = µΛ resp. x,y ∈ SΛ.

3. Let P be the family of all compact and extremal subsets of K. Since K,KΛ ∈ P we have
P ̸= ∅ and according to the Hausdorff maximality principle [9, th. 14.2.2] there exists a

25



maximal linearly ordered subfamily M ⊂ P with regard to inclusion. Owing to [11, th. 9.4] and
[11, th. 9.2.2] the intersection M = ⋂

M of its elements is not empty and therefore M ∈ P.
Since M is maximal no proper subset of M can be contained in P such that M ⊂ SΛ for all
Λ ∈ X∗ due to 1. and 2., i.e. Λx = µΛ ∀x ∈ M,Λ ∈ X∗ and since X∗ is separating M must be
a single extremal point. Thus K contains an extremal point M ∈ E (K) which also is an
extremal point of every linear functional on K.

4. Since K is closed on account of [11, th. 9.4] and also convex we have co (E (K)) ⊂ K and
again due to [11, th. 9.4] the set co (E (K)) is compact. For a x0 ∈ K with x0 /∈ co (E (K))
the set {x0} is compact as well as convex such that according to 5.12 there is a Λ ∈ X∗ with
ReΛx < ReΛx0 for all x ∈ co (E (K)) contrary to KΛ ∩ E (K) ̸= ∅ on account of 3.

5.15 The closed and convex hull of a compact set

The closed and convex hull co (K) of a non empty and compact set K in a locally convex
vector space X with separating dual space X∗ is identical to the closed and convex hull of its
extremal points: co (K) = co (E (K)).

Proof: Analogous to the proof of 5.14 with co (K) instead of K (cf. [11, th. 17.7] and 2.4.2).

5.16 The Lebesgue integral as an extreme point

Let C (I) ⊂ CI be the Banach space of complex valued and continuous functions with the
supremum norm ∥∥ on the closed real interval I = [0; 1] and M ⊂ C (I)∗ the vector space of the
bounded linear functionals Λ : C (I) → C with the weak* topology induced by the projections
p∗
f : M → C with p∗

fΛ = Λf resp. the subbasis sets {Λ ∈ M : |Λf | < ϵ} for f ∈ C (I). The
mapping p : I → M with p(t) = pt with pt (f) = f (t) is weakly* continuous since the sets
p−1 [{|Λf | < ϵ}] = {t ∈ I : |f(t)| < ϵ} for f ∈ C (I) are open in I. Hence due to [11, th. 9.8] the
image K := p [I] = {pt : t ∈ I} is weakly* compact in M . The weak* closure co (K) of the
convex hull of K contains every integral Λµ with Λµf :=

�
I fdµ for bounded measures µ on I

with |µ (I)| = 1: For every ϵ > 0 and every f ∈ C (I) there is an n ≥ 1 such that |f(x) − f(y)| < ϵ for
|x − y| < 1

n resp.
∥∥∥∥f−

n∑
i=1

p(i−1)/n (f) · χIi,n

∥∥∥∥ < ϵ with
∣∣∣∣ n∑
i=1

µ (Ii,n)
∣∣∣∣ = 1 for the partition I =

n⋃
i=1

Ii,n

and Ii,n =
[
i−1
n ; in

[
, 0 ≤ i ≤ n− 1 resp. In,n =

[
n−1
n ; 1

]
. According to the dominated convergence

theorem [8, th. 5.14] we obtain
∣∣∣∣�I fdµ−

n∑
i=1

µ (Ii,n) · p(i−1)/n (f)
∣∣∣∣ < ϵ, i.e. Λµ ∈ co (K). The linear

combinations c0Λλ+
n∑
i=1

ctipti with cti ∈ C, ti ∈ I and the Lebesgue measure λ generate a vector

subspace L with co (K) ⊂ L ⊂ M and hence co (K) ⊂ L according to 1.5.6. Using L we can show
that the Lebesgue integral Λλ is an extreme point of co (K) but not of K: For endpoints Λ1,Λ2 ∈
co (K) ⊂ L with Λ1 = c1Λλ+

n∑
i=1

cttpti , Λ2 = c2Λλ+
m∑
j=1

dsjpsj ∈ L and Λλ = tΛ1 + (1 − t) Λ2 with

0 < t < 1 follows c1 = c2 = 1 since Λλ ∈ co (K) \ co (K) and hence t
n∑
i=1

cttpti + (1 − t)
m∑
j=1

dsjpsj = 0

such that ti = sj , n = m and tcti = (1 − t) dtj resp.
n∑
i=1

ctt =
n∑
i=1

dtt = t
1−t

n∑
i=1

ctt = 1, i.e. t = 1
2 resp.

cti = dtj and hence Λ1 = Λ2 = Λλ. Thus we have Λλ ∈ E (co (K)) \E (K). This case can be excluded
if co (K) is also compact:
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5.17 Milman’s theorem

If the closed convex hull co (K) of a compact set K ⊂ X in a locally convex space X is compact
it contains all extremal points of K, i.e. E (co (K)) = E (K).

Proof: For a p ∈ E (co (K)) \ E (K) there is a balanced convex local neighbourhood V ∈ U (0)
with

(
p + V

)
∩ K = ∅. For the finite cover K ⊂

n⋃
i=1

(xi + V ) with xi ∈ K, 1 ≤ i ≤ n the sets Ai =

co (K) ∩ (xi + V ) ⊂ co (K) are convex as well as compact and still cover K. Due to 5.11.1 we have
co (K) ⊂ co

(
n⋃
i=1

Ai

)
= co

(
n⋃
i=1

Ai

)
. On account of Ai ⊂ co (K) we arrive at co (K) = co

(
n⋃
i=1

Ai

)
and

particularly p =
n∑
i=1

tiyi with ti > 0,
n∑
i=1

ti = 1 and yi ∈ Ai. Hence p = t1y1 + (1 − t1) t2y2+...+tnyn

t2+...+tn

is a convex combination of two points in co (K) such that we conclude that y1 = p. But then
p ∈ Ai ⊂ xi + V ⊂ K + V contrary to

(
p + V

)
∩K = ∅.

6 Distributions

6.1 The Fréchet space (C∞ (Ω;R) ; OcD)

In this section we always assume an open set Ω ⊂ Rn as domain and the real numbers Ras the
range of all considered functions until further notice. We start with the vector subspace C∞ ⊂ C
of the infinitely differentiable real-valued functions with Dpf ∈ C for every f ∈ C∞ and the
differential operator Dp :=

(
∂
∂x1

)p1 · · ·
(

∂
∂xn

)pn defined in [6, th. 4.1]. According to 2.6 and 2.8 the
separating family

(
∥ ∥Km

)
m≥0

of seminorms with ∥f∥Km
= max {|Dpf(x)| : x ∈ Km, |p| ≤ m} for

compact Km ⊂ K̊m+1, m ≥ 0 and Ω ⊂
⋃
m≥0Km form a subbasis

{
∥f∥Km

< 1
m : f ∈ C∞

}
m≥1

for
the locally convex and metrizable topology OcD of compact convergence in all derivatives
on the topological vector space C∞. This topology obviously includes the weaker topology Oc ⊂ OcD
of compact convergence and has the following properties:

1. (C∞; OcD) is complete and hence a Fréchet space.

2. (C∞; OcD) has the Heine-Borel property.

3. For every sequence (gn)n≥1 ⊂ C∞ compactly converging in all derivatives to 0 and any
φ ∈ C∞

K with compact support K ⊂ Ω the product (φgn)n≥1 ∈ C∞
K compactly converges

in all derivatives to 0.

Proof :

1. For every OcD-Cauchy sequence (fi)i≥1 ⊂ C∞ exists a sequence (km)m≥1 with ∥fi − fj∥Km
< 1

m
for all i, j ≥ km. Since according to 2.13 the space (C; Oc) is complete this implies that every
sequence (Dpfi)i≥1 ⊂ C uniformly converges on every Km ⊂ Ω to an fp ∈ C and in particular
the (fi)i≥1 uniformly converge on the Km to an f ∈ C. According to Dini’s theorem [11, th.
12.9] the continuous partial differential quotients Qj;δf (x) := 1

δ (f (x + δej) − f (x)) for
δ → 0 uniformly converge for every x ∈ Km ⊂ Ω to the continuous derivative Djf (x). The
same applies to Qj;δfi (x) := 1

δ (fi (x + δej) − fi (x)) δ→0→ Djfi (x) and Qj;δfi (x) − Qj;δf (x)
δ→0→ Djfi (x) − Djf (x) i→∞→ 0. Hence for every m ≥ 1 we obtain |Djf (x) −Djfi (x)| ≤
|Djf (x) −Qj;δf (x)| + |Qj;δf (x) −Qj;δfi (x)| + |Qj;δfi (x) −Djfi (x)| < ϵ

3 + ϵ
3 + ϵ

3 = ϵ for
all x ∈ Km, |δ| < δm and i ≥ km. This implies Djf = fej an in general Dpf = fp whence
follows f ∈ C∞.

2. According to 2.6 the seminorms ∥ ∥Km
are bounded on the OcD-closed and bounded set

F ⊂ C∞ and in particular |Dpf(x)| ≤ Mm < ∞ for all f ∈ F , x ∈ Km and |p| ≤ m. The mean
value theorem [8, th. 11.9] yields 1

δ |Dpf (x + δej) −Dpf (x)| < ϵ with δ := ϵ
Mm+n

for every
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ϵ > 0, f ∈ F , x ∈ K̊m and m ≥ 0 , i.e. F is equicontinuous on Ω ⊂
⋃
m≥1Km. Since due

to [11, th. 9.10] the closure F(x) is compact in C for x ∈ X we can apply the Arzela-Ascoli
theorem [11, th. 19.6] to prove that F is compact.

3. The assertion directly follows from the Leibniz rule since for φ ∈ C∞
K there is an n ≥ 1 with

K ⊂ Km for every m ≥ n and consequently a Cm < ∞ with |Dqφ (x)| ≤ Cm for every multi-

index q ∈ Nn with |q| ≤ m; x ∈ Km and m ≥ n. With
(

p
q

)
≤ Dm < ∞ for |p| ≤ m this

implies

∥φgi∥Km
= max


∣∣∣∣∣∣
∑
q≤p

(
p
q

)
Dqφ (x)Dp−qgi (x)

∣∣∣∣∣∣ : x ∈ Km, |p| ≤ m


≤ max

CmDm

∑
q≤p

∣∣Dp−qgi (x)
∣∣ : x ∈ Km, |p| ≤ m


≤ CmDmm

n ∥gi∥Km

and hence the assertion.

6.2 The Fréchet spaces (C∞
K (Ω;R) ; OKD)

For every compact K ⊂ Ω the family C∞
K of all infinitely differentiable functions with compact

support {f ̸= 0} ⊂ K is a closed and hence complete subspace of C∞ relative to OcD. The
trace OKD of the topology OcD in C∞

K ⊂ C∞ is the topology of uniform convergence in all
derivatives on the compact set K.

Proof : Since every {x} ⊂ Ω is compact and due to [11, th. 18.8] for every open U ⊂ C the sets
{f ∈ C∞ : f (x) ∈ U} are open relative to Oc. Hence the evaluation functional Λx : C∞ → R with
Λx (f) = f(x) for every x ∈ Ω is continuous relative to Oc whence ker Λx is closed relative to Oc

and especially with reference to the stronger topology OcD. Consequently Dc = ⋂
x∈X\K ker Λx is

closed in OcD and the assertion then follows from [11, th. 14.2.2].

6.3 The space (C∞
c (Ω;R) ; OD)

We now consider the test function space C∞
c = ⋃

m≥1 C∞
Km

⊂ C∞ of all infinitely differentiable
functions with compact support, i.e. the countable union of all C∞

Km
with Km = [−m; m]. According to

2.6 and 2.8 the separating family (∥ ∥m)m≥0 of norms defined by ∥φ∥m = max {|Dpφ (x)| : |p| ≤ m}
induces a locally convex and metrizable topology OD on D coinciding on every subspace C∞

K ⊂ C∞
c

with the trace OKD of the topology OcD induced by the pseudonorms ∥ ∥Km
according to 2.14 since

for each given K exists an m0 such that K ⊂ Km for every m ≥ m0 and for these m the two
nondecreasing sequences of (semi)norms coincide for every φ ∈ C∞

K whence for every ϵ > 0 and
m ≥ m0 we have

{
∥φ∥Km

< ϵ : φ ∈ C∞
K

}
= {∥φ∥m < ϵ : φ ∈ C∞

K }. In particular for every m ∈ N and
ϵ > 0 both

{
∥φ∥Km

< ϵ : φ ∈ C∞
K

}
⊃ {∥φ∥m < ϵ : φ ∈ C∞

K } are local neighbourhoods in C∞
K .

This topology is not complete any more since e.g. for some positive φ ∈ C∞
[0;1] (R;R) the limes

lim
n→∞

φn of the OD-Cauchy sequence (φn)n≥1 ⊂ C∞
c (R;R) with φn (x) =

n∑
k=1

1
kφ (x− k) does not have

compact support. So in the following section we construct a stronger topology OT ⊃ OD on C∞
c also

coinciding with OKD on every C∞
K which is complete but not metrizable any more.
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6.4 The test function space (D; OT )

convex and balanced

convex and balanced

x

y

open relative to every τK

We consider the family W of all convex and balanced sets W ⊂ C∞
c

such that C∞
K ∩W ∈ OKD for every compact K ⊂ Ω, i.e. for each K

the infinitely differentiable functions in W with compact support in
K form an open, convex and balanced neighbourhood of the
0-function relative to OKD. The family of all sets φ+W with φ ∈ C∞

c

and W ∈ W is the basis for a topology OT on the test function
space D = (C∞

c ;OT ) and D is a locally convex vector space. Also
for every compact K ⊂ Ω the trace topology OT |C∞

K
coincides with

OKD on the subspace DK =
(
C∞
K ; OT |C∞

K

)
= (C∞

K ; OKD).

Proof : For every ψ ∈
⋃
i∈I

(φi +Wi) ∩
⋃
j∈J

(φj +Wj) with φk ∈ D resp. Wk ∈ W for k ∈ I ∪ J there

are i ∈ I resp. j ∈ J such that ψ ∈ φk +Wk for k ∈ {i; j} and a compact K ⊂ Ω with φk;ψ ∈ DK .
Since DK ∩Wk is open in DK there are δk > 0 such that ψ − φk ∈ (1 − δk)Wk. The convexity and
balance of Wk implies that ψ−φk + δkWk ⊂ (1 − δk)Wk + δkWk = Wk , so that ψ+ δkWk ⊂ φk +Wk

whence
ψ +W ⊂ (φi +Wi) ∩ (φj +Wj) ⊂

⋃
i∈I

(φi +Wi) ∩
⋃
j∈J

(φj +Wj)

with W = δiWi ∩ δjWj . Thus the intersection ⋃
i∈I

(φi +Wi) ∩
⋃
j∈J

(φj +Wj) is open in OT and OT is

a topology.

The addition is OT -continuous since the convexity of every W ∈ W implies that
(
φ+ 1

2W
)

+(
ψ + 1

2W
)

= φ + ψ + W . The scalar multiplication is continuous since for c ∈ C, φ ∈ D and
W ∈ W exists a δ > 0 such that δφ ∈ 1

2W whence for every b ∈ Bδ (c) and ψ ∈ φ+ 1
2(|c|+δ)W follows

bψ − cφ = b (ψ − φ) + (c− b)φ ∈ W . Due to 1.1 we conclude that DT is a topological vector
space.

For every ψ; ξ ∈ D and every compact K ⊂ Ω the sets {φ ∈ DK : ∥φ∥0 < ∥ψ − ξ∥0} are open in
OKD. This implies W = {φ ∈ DK : ∥φ∥0 < ∥ψ − ξ∥0} ∈ UT (0) with ψ /∈ ξ + W whence every atom
{ψ} is closed relative to OT , i.e. W is a local convex basis.

Finally we prove that OT |C∞
K

= OKD: Every φ ∈ O ∩ DK for an open O ∈ OT has a OT -open
neighbourhood φ+Wφ ⊂ O withWφ ∈ W whence φ+Wφ∩DK ⊂ O∩DK is OKD-open and so is O∩DK .
Conversely for every φ ∈ E ∈ OKD there are mφ ∈ N and δφ > 0 such that Bmφ;δφ (φ) ∩ DK ⊂ E and
V = ⋃

φ∈E Bmφ;δφ (φ) is a OT -open set with V ∩ DK = E whence follows E ∈ OT |DK
.

Note: OT is the strongest topology on D such that (D; OT ) is a locally convex vector space;
every injection iK : DK → D is continuous and every map Λ : D → G into another locally convex
vector space is continuous iff every Λ ◦ iK : DK → G is continuous on DK . This construction is
sometimes called the inductive limit or Finaltopologie on D relative to the subspaces DK .

6.5 Completeness of the test function space

The topology OT of the test functions D has the following properties:

1. W is a local basis of OT and contains the open balls Bm (0) =
{
φ ∈ D : ∥φ∥m < 1

m

}
for every

m ∈ N.

2. A convex balanced W ⊂ D is open in OT iff W ∈ W.

3. For every bounded E ⊂ D there is a compact K ⊂ Ω such that E ⊂ DK and for every m ≥ 0
exists a constant Mm < ∞ with ∥φ∥m ≤ Mm for every φ ∈ E, i.e. E is bounded in OKD.

4. D has the Heine-Borel-property.
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5. For every Cauchy sequence (φi)i≥1 ⊂ D there is a compact K ⊂ Ω such that (φi)i≥1 ⊂ DK
and lim

i;j→∞
∥φi − φj∥m = 0 for every m ≥ 0. Hence D is complete and a Fréchet space.

6. The sets DK are nowhere dense in D and D is of first category, hence not metrizable.

Proof :

1. Obvious from 6.4.

2. If W ⊂ D is open, convex and balanced then for every φ ∈ W there is a Wφ ∈ W with
φ + Wφ ⊂ W and Wφ ∩ DK ∈ OKD whence W ∩ DK = ⋃

φ∈W∩DK
(φ+Wφ) ∈ OKD. The

converse is obvious.

3. Assuming there is a set E ⊂ D not contained in any DK . Then there are sequences (φm)m≥1 ⊂ E
and (xm)m≥1 ⊂ Ω without limit point in Ω such that φm (xm) ̸= 0 for all m ∈ N. Since every K
contains only finitely many xm and the sets

{
φ ∈ DK : |φ (xm)| < |φm(xm)|

m

}
are open in DKD

we conclude that W = ⋂
m≥1

{
φ ∈ D : |φ (xm)| < |φm(xm)|

m

}
∈ W. Since φm /∈ mW no multiple

of W contains E whence according to 1.4 the set E cannot be bounded. Hence we conclude
that every bounded E ⊂ D is contained in some DK . By 6.5.3 the set E is also bounded in DK

whence according to 6.2 follows sup {∥φ∥m : φ ∈ E} < ∞ for every m ∈ N.

4. According to 6.5.3 every closed and bounded E ⊂ D lies in some DK where it is compact
due to 6.1.2. Compactness relative to a trace topology always extends to the original topology
whence by 6.5.3 the set E is compact in D. Conversely a compact E ⊂ D due to the Hausdorff
property is closed and it is bounded according to 6.5.3.

5. Since every Cauchy sequence is bounded 6.5.3 means that the complete sequence lies in some
DK and by 6.5.3 it is a Cauchy sequence relative to OKD whence due to 6.1 it converges
uniformly with all derivatives on K to a function in DK ⊂ D. By the definition 6.3 this
convergence also holds in OT .

6. According to [8, th. 13.2] the functions αab : Ω → [0; 1] defined by

αab (x) =
n∏
i=1

αaibi
(xi) for αab (x) =

e
1

(x−a)(x−b) if a ≤ x ≤ b

0 else

are infinitely differentiable with compact support [a; b] ⊂ Ω and finite norms ∥αab∥m <
∞ for m ∈ N. They can be used to construct an φ+αm;ϵ ∈ Bm;ϵ (φ) ∩ D \ DK for every φ ∈ DK ,
compact K ⊂ Ω, ϵ > 0 and m ∈ N whence DK has no interior points in D. According to [11,
th. 16.1] D = ⋃

m≥1 DKm for Km = [−m; m] is of first category relative to OT and due to [11,
th. 16.2.1] it is not a Baire space. Assuming that the complete space D is metrizable creates
a contradiction to Baire’s theorem [11, th. 16.4].

6.6 Distributions

A functional Λ : D → C on the topological vector space D of the test functions as defined in 6.3 is
called a distribution iff one of the following equivalent properties hold:

1. Λ is continuous.

2. Λ is bounded, i.e. for every compact Km = [−m; m] exists a Cm < ∞ such that |Λφ| ≤
Cm ∥φ∥m for every φ ∈ D.

3. If (φn)n≥1 converges to 0 in D then (Λφn)n≥1 converges to 0 in C.

4. The restriction Λ|DK
is continuous for every compact K ⊂ Ω.

5. For every compact K ⊂ Ω exist an mK ∈ N and a CmK < ∞ such that |Λφ| ≤ CmK ∥φ∥mK
for

every φ ∈ DK .
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The vector space of all distributions is denoted by D′ and as usual we tacitly assume the domain
D = (C∞

c (Ω;R) ; OT ) of the test functions on some open Ω ⊂ Rn. If there is a common mK

satisfiying the estimate 5 for all comapct K ⊂ Ω it is denoted as the order of the distribution. If no
such m exists the order is infinite.
Proof :
1. ⇒ 2.: cf. 1.10.3.
2. ⇒ 3.: Follows from 6.5.3 and the metrizability of the topology OT |DK

= OKD = OcD|DK
according

to 6.2, 6.3 and 6.5.3 allowing the application of 1.10.5.
3. ⇒ 4.: Every sequence (φn)n≥1 converging to 0 in OT according to 6.5.3 also converges to 0 with
regard to OKD whence by the hypothesis (Λφn)n≥1 converges to 0 in R. Since DK is metrizable we
can apply 1.10.1.
4. ⇒ 5.: Assuming there is a compact K and (φn)n≥1 ⊂ DK with |Λφn| ≥ n ∥φn∥n the functions
ψn = φn

n∥φn∥n
∈ DK obviously converge to 0 on OKD such that Λψn > 1 for every n ≥ 1 yields a

contradiction to the hypothesis.
5. ⇒ 3.: For every (φn)n≥1 ⊂ D converging to 0 relative to OT according to 6.5.5 there is a compact K
with (φn)n≥1 ⊂ DK . Due to the hypothesis there is a CmK < ∞ such that |Λφn| ≤ CmK ∥φn∥mK

for
every n ≥ 1. Also for every ϵ > 0 there is an nϵ;mK ≥ 1 such that ∥φn∥mK

< ϵ
Cm

for every n ≥ nϵ;mK

whence we obtain |Λφn| ≤ ϵ for every n ≥ nϵ;mK thus proving the assertion.
4. ⇒ 1.: According to [11, th. 3.2] the sequential continuity 3. of the mapping Λ : D → R generally
implies the general continuity 1. iff D is first countable, i.e. due to 2.8 metrizable in contradic-
tion to 6.5.6. However in the special case of D the conclusion is valid since the general continuity 4.
on every DK implies that every intersection Wϵ ∩ DKof the inverse image Wϵ = {|Λφ| < ϵ : φ ∈ D} of
the convex balanced and local basis sets ]−ϵ; ϵ[ is open in DK . Due to the linearity of Λ it also
convex balanced and local in DK and the definition in 6.4 of OT shows that Wϵ is open in OT .
Hence Λ is continuous at the origin and due to 1.10.2 the continuity extends to the entire space D.

6.7 Functions and measures as distributions

1. A Lebesgue measurable complex-valued function f : Ω → C is locally integrable on Ω
iff

�
K |f | dλ < ∞ for every compact K ⊂ Ω and the vector space of these functions is denoted as

Lloc (Ω;C). For every f ∈ Lloc (Ω;C) the linear functional Λf : D → C uniquely determined by
Λfφ =

�
φfdλ is a distribution of order 0 with the OT -continuity following from |Λfφ| ≤�

K |f | dλ ·∥φ∥0 ≤
�
K |f | dλ ·∥φ∥n for K with φ ∈ DK and n ≥ 0 and 6.6.5. Conversely in the case

of its existence the representing f ∈ Lloc (Ω;C) is λ-a.e. determined by the distribution Λf ∈ D′

with Λφ =
�
φfdλ. Hence we have a homomorphism D : Lloc (Ω;C) → D′ with D (f) = Λf

which is neither surjective nor injective. Its kernel contains every λ-a.e. vanishing Borel-
measurable function f : Rn → C.
Proof : For every right-open interval [a; b[ ∈ In (cf. [8, th. 7.7]) due to [8, th. 13.3] there
is a sequence (φk)k≥1 ⊂ D with [a; b] ≺ φk ≺

]
a−

n∑
i=1

ei
k ; b+

n∑
i=1

ei
k

[
which λ-a.e. converges to

χ[a;b[ such that for every f ∈ Lloc (Ω;C) the product f · φk λ-a.e. converges to f · χ[a;b[ whence
by dominated convergence [8, th. 5.14] the hypothesis

�
φfdλ = 0 for every φ ∈ D implies�

[a;b[ fdλ = 0 and since the right-open intervals generate the Borel-σ-algebra B (Rn) we can
apply [8, th. 5.23] to conclude λ-a.e. f = 0.

2. In the case of a continuous f ∈ C (Ω;C) ⊂ Lloc (Ω;C) the hypothesis
�
φfdλ = 0 for every

φ ∈ D implies f = 0 everywhere since the assumption w.l.o.g. f (x) = ε > 0 for some x ∈ Ω
together with the continuity of f in x and the locally compact character of Ω yields a δ > 0
with f (x) ≥ ϵ

2 ∀x ∈ Bδ such that with [8, th. 13.3] we find a φ ∈ D with Bδ/2 ≺ φ ≺ Bδ resulting
in Λfφ > 0. Hence in this case the homomorphism D : C (Ω;C) → D′ with D (f) = Λf is still
not surjective but injective.
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3. According to [8, def. 9.1 and def. 10.1] every complex
Borel measure µ : B (Ω) → C is finite and so is ev-
ery real Borel measure µ : B (Ω) → [0; ∞] on compact
K ⊂ X. Hence Λµ : D → C defined by Λµφ =

�
φdµ

is a distribution of order 0 with the OT -continuity
following from |Λµφ| ≤ µ (K) · ∥φ∥0 for every compact K.
Since D′ ⊂ (Cc (Ω;C))∗ is a vector subspace of the dual
space of the continuous complex-valued functions
φ : Ω → C with compact support due to the Riesz
representation theorem [8, th. 10.13] we have an in-
jective homomorphism M : D′ → M∗

0 (L (Ω) ;C) with
M (Λ) = µΛ determined by Λφ =

�
φdµ =

�
φ dµ
d||µ|d |µ|

into the Banach space of the complete and regular
complex Borel measures on the Lebesgue σ-algebra
L (Ω) ⊃ B (Ω) defined in [8, th. 10.11].

Lloc (Ω;C)

D

��

L1 (Ω;C)

ι
ff

D′
D−1(inj)

77

C (Ω;C)
D(inj)

88

ι

EE

3. In the case of a λ-absolutely continuous measure µ according to [8, th. 9.8] there is a uniquely
determined Radon-Nikodym derivative f ∈ L1 (Ω;C) such that Λf =

�
φfdλ for every

φ ∈ D. On account of the continuity condition requested by µ the injective homomorphism
D−1 : D′ → L1 (Ω;C) is not surjective .

6.8 Differentiation of distributions

1. For every multi-index p ∈ Nm he p-th distribution derivative DpΛ : D → C of a distri-
bution Λ ∈ D′ is defined by DpΛφ = (−1)|p| ΛDpφ for every φ ∈ D. Due to 6.6.5 and since
|DpΛφ| = |ΛDpφ| ≤ Cm · ∥Dpφ∥m ≤ Cm · ∥φ∥m+|p| we conclude that DpΛ ∈ D′.

2. Also for every p; q ∈ Nn the distributive differential operators commutate, i.e.
DpDqΛφ = (−1)|q|DpΛDqφ

= (−1)|p|+|q| ΛDpDqφ

= (−1)|p+q| ΛDp+qφ

= (−1)|q+p| ΛDq+pφ

= (−1)|p|DqΛDpφ

= DqDpΛφ.
3. For every p times differentiable function f ∈ Cp (Ω;C) and p ∈ Nn with |p| ≤ p holds DpΛf =

ΛDpf since for every φ ∈ DK with compact support K ⊂ [−n; n] Fubini’s theorem [8, th. 8.5]
and an integration by parts [6, th. 1.5] applied to the partial derivative in the w.l.o.g. first
coordinate yield
D(1;0...0)Λfφ =

�
φ ·D(1;0...0)fdλ

=
� n

−n
...

� n

−n
φ (x1; ...;xn) · ∂f (x1; ...;xn)

∂x1
dx1...dxn

=
� n

−n
...

� n

−n

(
[φ (x) · φ (x)]n−n −

� n

−n

∂φ (x1; ...;xn)
∂x1

· f (x1; ...;xn) dx1

)
dx2...dxn

= −
� n

−n
...

� n

−n

∂φ (x1; ...;xn)
∂x1

· f (x1; ...;xn) dx1...dxn

= −
�
D(1;0...0)φ · ffdλ

= ΛD(1;0...0)fφ

which by induction and the preceding formula 2. lead to the general result.
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4. A further generalization yields that for every differential operator D = ∑
|p|≤m

αpD
p of order

m ∈ N with coefficients αp ∈ C∞ (Ω;C) exists a uniquely determined adjoint D∗ defined by
D∗φ = ∑

p|≤m
(−1)|p|Dp (αpφ) such that

�
Ω f (Dφ) dλ =

�
Ω (D∗f)φdλ for every f ∈ C∞ (Ω;C)

and φ ∈ D.

6.9 Functions of bounded variation

According to the Lebesgue differentiatiom theorem for complex functions [8, th. 11.7] a complex-
valued left-continuous function f of bounded variation in Ω = [a; b] ⊂ R has a λ-a.e. defined
derivative Df and due to [8, th. 12.1] it determines a complex Lebesgue-Stieltjes measure µ
with µ ([x; y[) = f (y) − f (x) for a ≤ x ≤ y ≤ b. For these functions holds DΛf = ΛDf iff f is
absolutely continuous.

Proof : For very φ ∈ D we have φ (a) = φ (b) = 0 and in particular
� b
a φ

′ (x) dx = 0 whence by
Fubini’s theorem [8, th. 8.5]

DΛfφ = −
� b

a
φ′ (x) f (x) dx

=
� b

a
f (b)φ′ (x) dx−

� b

a
f (x)φ′ (x) dx

=
� b

a
φ′ (x) (f (b) − f (x)) dx

=
� b

a

(� b

x
φ′ (x)µdy

)
dx

=
�

{a<x<y<b}
φ′ (x)µdydx

=
� b

a

(� y

a
φ′ (x) dx

)
µdy

=
� b

a
(φ (y) − φ (a))µdy

=
� b

a
φ (y)µdy

= Λµφ.

Hence it remains to prove that
�
φdµ =

�
φDfdλ =

�
φ df
dλdλ for every φ ∈ D iff f is absolutely

continuous: ⇒ directly follows from fundamental theorem of calculus [8, th. 12.10.3] since the
existence df

dλ implies the absolute continuity of f . ⇐ is a consequence of the other direction [8, th.
12.10.2] of the same theorem and [8, th. 12.6].

Example: On the one hand the distribution derivative of the Heaviside function H = χ[0;∞[ is
determined by DΛHφ = −

�
φ′ (x)H (x) dx = φ (0) − 0 due to the compact support of φ ∈ D whence

follows DΛH = ϵ0 = Λδ{0} with the evaluation functional ϵ0 : D → R resp. the dirac measure

δ{0} =
{

1 for x = 0
0 for x ̸= 0

defined by ϵ0φ = Λδ{0}φ =
�
φdδ{0} = φ (0). On the other hand the ordinary

derivative of the Heaviside function is only λ-a.e. defined as H ′ = 0 with ΛH′ = 0.
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6.10 Multiplication by a function

For every g ∈ C∞ (Ω;R) and Λ ∈ D′ the product gΛ defined by gΛφ = Λ (gφ) for every φ ∈ D is a

distribution and the Leibniz rule holds in the form of Dp (gΛ) = ∑
q≤p

(
p
q

)
(Dp−qg) (DqΛ) for

every p ∈ Nn.

Proof : Considering (−1)|q−r|| = (−1)|q|+|r|| the Leibniz rule [6, t. 4.2] for functions yields

up = [v + (−v + u)]p

=
∑
q≤p

(
p
q

)
vp−q ∑

r≤q

(
q
r

)
(−1)|q−r| vq−rur

=
∑
r≤p

(−1)|r| vp−qur ∑
r≤q≤p

(−1)|q|
(

p
q

)(
q
r

)

whence ∑
r|≤q≤p

(−1)|q|
(

p
q

)(
q
r

)
=
{

(−1)|p| if r = p
0 else

.

Applying the Leibniz formula to the functional derivative of φ ∈ D and g ∈ C∞ (Ω;R) for q ≤ p ∈ Nn
gives

Dq (φ ·Dp−qg
)

=
∑
r≤q

(
q
r

)
(Drφ)

(
Dp−q+q−r|g

)
=
∑
γ≤β

(
q
r

)
(Drφ)

(
Dp−rg

)
whence the formula from above yields

∑
q≤p

(−1)|q|
(

p
q

)
Dq (φ ·Dp−qg

)
=
∑
q≤p

(−1)|q|
(

p
q

)∑
r≤q

(
q
r

)
(Drφ)

(
Dp−rg

)
= (−1)|p| gDpφ.

By this equation we finally obtain

Dp (gΛ)φ = (−1)|p| (gΛ) (Dpφ)
= (−1)|p| Λ (gDpφ)

=
∑
q≤p

(−1)|q|
(

p
q

)
Λ
(
Dq (φ ·Dp−qg

))
=
∑
q≤p

(
p
q

)
(DqΛ)

(
φ ·Dp−qg

)
=
∑
q≤p

(
p
q

) [(
Dp−qg

)
(DqΛ)

]
φ

According to 6.6.5 for every compact K ⊂ Ω exist C < ∞ and n ≥ 1 with |Λφ| ≤ C ∥φ∥n for every
φ ∈ DK . The Leibniz rule provides a further C ′ < ∞ depending on g ∈ C∞, K and n such that
∥gφ∥n ≤ C ′ ∥φ∥n for every φ ∈ DK . Hence we obtain |gΛφ| = |λ (gφ)| ≤ C ∥gφ∥n ≤ C · C ′ ∥φ∥n for
every φ ∈ DK whence gΛ ∈ D′ according to 6.6.5.
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6.11 Weak*-convergence of distributions

For a sequence (Λn)n≥1 ⊂ D′ converging weakly* to a linear form Λ ∈ D∗ such that Λf = lim
n→∞

Λnf
for every f ∈ D we have

1. Λ ∈ D′.

2. DpΛφ = lim
n→∞

DpΛnφ for every φ ∈ D and every p ∈ Nn.

3. gΛφ = lim
n→∞

gnΛnφ for every φ ∈ D and every sequence (gn)n≥1 ⊂ C∞ compactly converging
in all derivatives to a g ∈ C∞ according to 6.1.

Proof :

1. Due to [11, th. 16.2.4 and 16.4.1] the Banach-Steinhaus theorem 3.2.2 applied to the Fréchet
space DK implies that Λ is continuous on every subspace DK ⊂ D whence by 6.6.4 follows the
continuity on D, i.e. Λ ∈ D′.

2. Due to 1. for every φ ∈ D we have DpΛφ = (−1)|p| Λ (Dpφ) = (−1)|p| lim
n→∞

Λn (Dpφ) =
lim
n→∞

DpΛnφ.

3. For a given φ ∈ D we define a separately bilinear map B : C∞ × D′ → C by B (g; Λ) =
(gΛ). The assertion then directly follows from 3.7 and the fact that on metric spaces sequential
continuity implies general continuity (cf. [11, th. 10.12].

6.12 Smooth partitions of unity

For every open cover Γ of an open set Ω ⊂ Rn with Ω ⊂
⋃
U∈Γ U exists a partition of unity (ψn)n≥1 ⊂

D (Rn; [0; 1]) subordinate to Γ such that ∑n≥1 ψn = 1 and for every n ≥ 1 there is a Un ∈ Γ with
suppψn ⊂ Un. Also for every compact K ⊂ Ω exists an m ≥ 1 such that K ≺

n∑
j=1

ψj ≺ Ω.

Proof : The bijective enumeration (δ; ϵ; z) : N →
{
δ; ϵ ∈ Q+; z ∈ Zn : ∃U ∈ Γ : Bδ (ϵz) ⊂ U

}
with

Vn := Bδn (ϵnzn) ⊂ Un and Kn = Bδn/2 (ϵnzn) defines an open cover (Vn)n≥1 and a compact
cover (Kn)n≥1 of Ω. The smooth separation functions developed in [8, th. 13.2] provide a sequence

(φn)n≥1 ⊂ D (Rn; [0; 1]) with Kn ≺ φn ≺ Vn. By ψ1 = φ1 and ψn+1 =
n∏
j=1

(1 − φj) · φn+1 =

ψn ·
(

1
φn

− 1
)

· φn+1 we obtain a further sequence (ψn)n≥1 ⊂ D (Rn; [0; 1]) with suppψn ⊂ Vn. Since
ψn+1
ψn

=
(

1
φn

− 1
)

· φn+1 ⇔ ψn

φn
− ψn = ψn+1

φn+1
an induction over n shows that

n−1∑
j=1

ψj = 1−
n−1∏
j=1

(1 − φj).

Due to φj (x) = 1 for every x ∈ Kj and j ≥ 1 we conclude that
n⋃
j=1

Kj ≺
n∑
j=1

ψj ≺
n⋃
j=1

Vj ⊂ Ω.

6.13 Localization

For every family (Λi)i∈I ∈ D′ (ωi) of distributions on an open cover Γ = (ωi)i∈I with ⋃i∈I ωi = Ω ⊂ Rn
and Λiφ = Λjφ for every φ ∈ D (ωi ∩ ωj) exists a uniquely determined Λ ∈ D′ (Ω) with Λ|D(ωj) = Λj
for every j ∈ I.

Proof : Due to the preceding theorem 6.12 exists a smooth partition of unity (ψn)n≥1 ⊂ D (Rn; [0; 1])
subordinate to Γ such that ∑n≥1 ψn = 1 and for every n ≥ 1 there is an in ∈ I with suppψn ⊂ ωin .
Since for every compact K ⊂ Ω exists an m ≥ 1 such that K ≺

m∑
n=1

ψn ≺ Ω every φ ∈ D (Ω) can be
expressed in the form φ = ∑

n≥1 ψnφ with ψnφ ∈ D (ωin) such that Λφ = ∑
n≥1 Λin (ψnφ) defines a

linear functional Λ : D (Ω) → C. According to 6.5.5 for every sequence (φj)j≥1 compactly converging in
all derivatives to 0 exists a compact K ⊂ Ω with suppφj ⊂ K for every j ≥ 1 whence by the preceding
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theorem 6.12 there is an m ≥ 1 such that φj =
m∑
n=1

ψnφj resp. Λφj =
m∑
n=1

Λin (ψnφj). According to

6.1.3 and 6.6.3 we conclude that lim
j→∞

Λφj =
m∑
n=1

lim
j→∞

Λin (ψnφj) =
m∑
n=1

Λin
(

lim
j→∞

ψnφj

)
= 0 whence by

6.6.1 follows Λ ∈ D′.
Finally for every j ∈ I and φ ∈ D (ωj) follows ψnφ ∈ D (ωj ∩ ωin) whence Λin (ψnφ) = Λj (ψinφ) such
that Λφ = ∑

n≥1 Λin (ψnφ) = ∑
n≥1 Λj (ψinφ) = Λj

((∑
n≥1 ψin

)
φ
)

= Λj (φ). This assertion implies
uniqueness since Γ covers Ω.

6.14 The support of a distribution

A distribution Λ ∈ D′ (Ω) vanishes on the open setW = ⋃Γ with Γ = {open ω ⊂ Ω : Λ [D (ω)] = {0}},
i.e. Λφ = 0 for every φ ∈ D (V ) on open V ⊂ W since in the expression Λφ = ∑

n≥1 Λ (ψnφ) based on
the smooth partition of unity (ψn)n≥1 with ψn ∈ D (ωn) subordinate to the cover Γ of W according
to 6.12 we have ψnφ ∈ D (ωn) and ωn ∈ W whence Λ (ψnφ) = 0 for every n ≥ 1. The support of a
distribution Λ ∈ D′

L defined as L = suppΛ = Ω \W has the following properties:
1. For every φ ∈ DK with suppΛ ∩K = ∅ we have Λφ = 0.
2. suppΛ = ∅ ⇒ Λ = 0.
3. For every ψ ∈ C∞ with ψ|L = 1 we have ψΛ = Λ.
4. Every distribution Λ ∈ D′

L with compact support is of finite order.
5. Every distribution Λ ∈ D′

L with compact support extends in a unique way to an OcD-
continuous linear functional Γ ∈ (C∞)∗ with Γ|D = Λ.

6. The restriction Γ|D of very OcD-continuous linear functional Γ ∈ (C∞)∗ is a distribution
Γ|D ∈ D′

L with compact support L = suppΓ|D
Proof :

1. Follows from suppφ ⊂ W .
2. Follows from W = Ω.
3. For φ ∈ DK we have supp (φ− ψφ) ⊂ Ω \ L, i.e. suppΛ ∩ supp (φ− ψφ) = ∅ whence by 1.

follows Λφ = Λ (ψφ) = (ψΛ)φ.
4. Due to 6.12 we find a ψ ∈ D with ψ|L = 1 for L = suppΛ. Also we have ψφ ∈ DL and since
ψ|L = 1 whence Dpψ|L = 0 for every 0 ̸= p ∈ Nn we conclude that by the Leibniz rule
∥ψφ∥m = max {|Dp (ψφ) (x)| : |p| ≤ m; x ∈ L} = ∥φ∥m. From the preceding proposition 3. and
6.6.5 follows |Λφ| = |Λ (ψφ)| ≤ CmL ∥ψφ∥mL

= CmL ∥φ∥mL
, i.e. Λ is of order mL.

5. According to 6.12 for L = suppΛ there is a ψ ∈ DL with ψ|L = 1 and L ≺ ψ ≺ Ω. Then the
linear functional Γ ∈ (C∞)∗ defined by Γf = Λ (ψf) is well defined since ψf ∈ DK and it is
OcD-continuous since due to 6.1.3 for every sequence (fn)n≥1 ⊂ C∞ compactly converging in all
derivatives to 0 the product (ψfn)n≥1 ⊂ DK also OcD-converges to 0 whence the continuity of
Λ implies lim

n→∞
Γfn = 0. Since D is obviously OcD-dense in C∞ this extension is unique.

6. According to 1.11.4 and 6.1 for every OcD-continuous linear functional Γ ∈ (C∞)∗ exists a
compact set K ⊂ Ω, a number m ∈ N and a constant C < ∞ such that |Γ [BKm (0)]| ≤ C,
i.e. |Γf | ≤ m · C · max {|Dpf (x)| : |p| ≤ m; x ∈ K} for every f ∈ C∞. Hence Λ is of order at
most m and due to 6.12 it follows that suppΛ ⊂ K.

6.15 Distributions with atomic supprt

For every distribution Λ ∈ D′
{s} of order m with atomic support suppΛ = {s} exists a differential

operatorD = ∑
|p|≤m

cpD
p with constant coefficients cp ∈ C such that Λ = Dδs with the evaluation

functional δs : D′ → R defined by δs (φ) = φ (s).
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Proof :

Step I: For every ϵ > 0 there is a δ > 0 such that for every φ ∈ D; p ∈ N with |p| ≤ m and x ∈ Ω
with |x| < δ holds

|Dpφ (x)| < ϵ · nm−|p| |x|m−|p| < ϵ · (n · δ)m−|p| .

We prove this statement by downward induction over |p|: The case |p| = m is a direct consequence
ot the continuity of the derivatives. Assuming the hypothesis for |p| = i with 1 ≤ i ≤ m implies
that for q ∈ Nn with |q| = i− 1 holds

|∇Dqφ (x)| =
∣∣∣∣∣
n∑
i=1

DeiDqφ (x)
∣∣∣∣∣ ≤

n∑
i=1

|DeiDqφ (x)| ≤ n · ϵ · nm−i| |x|m−i| .

Since Dqφ (0) = 0 the mean value theorem [6, th. 1.7] implies that

|Dqφ (x)| = |Dqφ (x) −Dqφ (0)| ≤ |x| · max
0≤t≤1

{|∇Dqφ (tx)|} ≤ ϵ · nm−(i−1)| |x|m−(i−1|)

and hence the assertion.

Step II: For every φ ∈ D with Dpφ (s) = 0 for all p ∈ Nn with |p| ≤ m we have Λφ = 0. According to
[8, th. 13.2] for every 0 < δ there is an f1 ∈ D (Ω)with B1/2 (s) ≺ f1 ≺ B1 (s) and by scaling we obtain
an fδ ∈ D defined by fδ (x) = f1

(
1
δ (x − s) + s

)
with Bδ/2 (s) ≺ fδ ≺ Bδ (s) whence by the Leibniz

rule [6, th. 4.2] follows Dp (fδφ) (x) = ∑
q≤p

(
p
q

)
δ|q|−|p| (Dp−qfδ)

(
1
δ (x − s + s)

)
· (Dqφ) (x). Step

I implies ∥fδφ∥m ≤ ϵ · n2m · ∥fδ∥m. Since Λ is of order m there is a constant C < ∞ with |Λψ| ≤
C · ∥ψ∥m for every ψ ∈ DK with K = Bδ/2 (s). Hence 6.6.5 implies that from suppΛ = {s} ⊂ K
follows |Λφ| = |Λ (fδφ)| ≤ C · ∥fδφ∥m ≤ C · ϵ · n2m · ∥fδ∥m and since ϵ was arbitrary we conclude that
Λφ = 0.

Step III: Since for every φ ∈
⋂

|p|≤m
kerDpδs holds 0 = (Dpδs)φ = (−1)|p| δs (Dpφ) = (−1)|p| (Dpφ) (s)

step II implies Λφ = 0 such that we can apply 5.1.1 which proves the assertion.

6.16 Distributions of finite order as derivatives

1. For every distribution Λ ∈ D′ and compact K ⊂ Ω exists a function fK ∈ CK (Ω;C) such that
Λ|DK

= Dm+2fK , i.e. for every φ ∈ DK holds

Λφ = (−1)n(m+2))
�

Ω
Dm+2φ · fdλ.

2. For every distribution Λ ∈ D′ with compact support K = suppΛ ⊂ Ω und finite order m for
every multi-index q ≤ m + 2 exist functions fq ∈ CK (Ω;C) such that Λ = ∑

q≤m+2
Dqfq, i.e. for

every φ ∈ D holds
Λφ =

∑
q≤m+2

(−1)|q|
�

Ω
Dqφ · fqdλ.

Note: We abbreviate q = (q1; ...; qn) ∈ Nn and M = (M ; ...;M) with M ∈ N resp. 2 = (2; ...; 2).
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Proof :
1. If not stated otherwise in this proof we always assume φ ∈ DK . Due to the Heine-Borel-

property of Rn there is an M ∈ N such that K ⊂ [−M; M] and the mean value theorem [6,
th. 1.7] implies that |φ| ≤ max

−M≤x≤M
M · |(Diφ) (x)|. For the differential operator T = D1 ◦ ...◦Dn

Fubini’s theorem [8, th. 8.5] and the fundamental theorem of calculus [8, th. 12.10] yield
φ (y) =

�
−M≤x≤y (Tφ) (x) dx. Applying the inequality above to successive derivatives of φ and

invoking 6.6.5 gives
|Λφ| ≤ C · ∥φ∥m

≤ C ·Mn·m · max
−M≤x≤M

|(Tmφ) (x)|

≤ C ·Mn·m ·
�

−M≤x≤y

∣∣∣(Tm+1φ
)

(x)
∣∣∣ dx.

Due to the fundamental theorem of calculus as formulated above the map T : DK → DK

is bijective and this is also true for Tm+1 : DK → DK . Hence we may define a linear func-
tional Λ1 : Tm+1 [DK ] → C by Λ1T

m+1φ = Λφ and from the inequality above follows |Λ1φ| ≤
C ·

�
K |φ (x)| dx for every φ ∈ Tm+1 [DK ], i.e. Λ1 is bounded on Tm+1 [DK ] ⊂ L1 (K;C) with re-

gard to the norm ∥ ∥∗ :
(
L1 (K;C)

)∗ → R+
0 defined by ∥Λ∥∗ = sup

{∣∣∣Λ ( φ
∥φ∥1

)∣∣∣ : φ ∈ L1 (K;C)
}

.
According to the Hahn-Banach theorem 4.2 Λ1 can be extended to a bounded linear
functional Λ1 : L1 (K;C) → C. By the representation theorem [8, th. 9.13] for the dual
space

(
L1 (K;C)

)∗ resp the theorem of of Radon-Nikodym [8, th. 9.8] there is a bounded
function g ∈ L1 (K;C) with Λφ = Λ1T

m+1φ =
�
K g (y)

(
Tm+1φ

)
(y) dy. If we extend g to

Rn by defining g (y) = 0 for y ∈ Rn \ K the function fK : Rn → C given by fK (x) =
(−1)n(m+1) � x1

−∞ ...
� xn

−∞ g (y) dyn...dy1 is obviously continuous with suppfK = K. Finally n

integrations by parts show that Λφ = (−1)n
�

Ω
(
Dm+2φ

)
(x) · fK (x) dx, i.e. the assertion.

2. According to [11, th. 10.5] there is an open W with compact closure W such that K ⊂ W ⊂
W ⊂ Ω and due to 6.12 we find a ψ ∈ D (Ω) with K ≺ ψ ≺ W . Hence for every φ ∈ D we have
ψφ ∈ DK so that due to the preceding result 6.16.1 there is an fK ∈ CK (Ω;C) with the Leibniz
rule [6, th. 4.2] and 6.14.3 yield
Λφ = Λ (ψφ)

= (−1)n
�

Ω
Dm+2 (ψφ) · fKdλ

= (−1)n
�

Ω

∑
q≤m+2

fK ·
(

m + 2
q

)(
Dm+2−qψ

)
(Dqφ) dλ

=
∑

q≤m+2
(−1)|q|

�
Ω
Dqφ · fqdλ

with fq = (−1)n−|q| ·
(

m + 2
q

)
· fK ·Dm+2−qψ ∈ CK (Ω;C).

6.17 General distributions as derivatives

For every distribution Λ ∈ D′ and every q ∈ Nn exist functions fq ∈ Cc (Ω;C) such that each compact
K ⊂ Ω intersects the supports of only finitely many fq and Λφ = ∑

q≥0
Dqfq, i.e. for every φ ∈ DK

holds
Λφ =

∑
q≥0

(−1)|q|
�
K
Dqφ · fqdλ.

If Λ is of finite order the functions fq can be chosen so that only finitely many are different from 0.
Proof : According to 6.12 exists a partition of unity (ψn)n≥1 ⊂ D (Rn; [0; 1]) subordinate to the
cover Γ = {[−m; m] : m ≥ 1} of Ω such that ∑n≥1 ψn = 1 and for every n ≥ 1 there is a [−m; m] ∈ Γ
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with suppψn ⊂ [−n; n]. Also for every compact K ⊂ Ω exists an m ≥ 1 such that K ≺
n∑
j=1

ψj ≺ Ω.

Since the preceding theorem 6.16 applies to every product ψnΛ defined according to 6.10 there are
finitely may fn;q ∈ C[−n;n] (Ω;C) such that ψnΛ = ∑

q≥0
Dqfn;q. Then the sums fq = ∑

n≥1
fn;q are finite

whence fq ∈ Cc (Ω;C) and since we have φ = ∑
n≥1

ψnφ for every φ ∈ D we have Λ = ∑
n≥1

ψnΛ whence

by the preceding theorem 6.16 follows the assertion.

6.18 Convolutions with test functions

In the context of convolutions we always assume Ω = Rn. Also we use the translation τx :
F (Rn;C) → F (Rn;C) defined by τxf (y) = f (y − x) for x ∈ Rn and the reflectionˇ: F (Rn;C) →
F (Rn;C) defined by f̌ (y) = f (−y). The relation

�
(τxf) · φdλ =

�
f · (τ−xφ) dλ leads to the

extension of the definition to distributions Λ ∈ D′ by (τxΛ)φ = Λ (τ−xφ) for φ ∈ D and x ∈ Rn.
Obviously the translate of a distribution is continuous according to 6.6.5 and hence a distribution. By(
τxf̌

)
(y) = f (− (y − x)) = f (x − y) = f (−y + x) = (τ−xf )̌ (y) the convolution of two integrable

functions f ∈ L1 and g ∈ Lp with 1 ≤ p ≤ ∞ according to the definition in [6, th. 5.1] takes the form
(f ∗ g) (x) =

�
f (y) ·g (x − y) dy =

�
f · τxǧdλ. Extending this definition to distributions we obtain

(Λ ∗ φ) (x) = Λ (τxφ̌) for Λ ∈ D′; φ ∈ D and x ∈ Rn. The convolution has the following properties for
Λ ∈ D′;φ;ψ ∈ D; x ∈ Rn and p ∈ Nn:

1. supp (ψ ∗ φ) = suppψ + suppφ.

2. supp (Λ ∗ φ) = suppΛ + suppφ.

3. τx (Λ ∗ φ) = (τxΛ) ∗ φ = Λ ∗ (τxφ).

4. ψ ∗ φ ∈ D with Dp (ψ ∗ φ) = (Dpψ) ∗ φ = ψ ∗ (Dpφ).

5. Λ ∗ φ ∈ D with Dp (Λ ∗ φ) = (DpΛ) ∗ φ = Λ ∗ (Dpφ).

6. Λ ∗ (φ ∗ ψ) = (Λ ∗ φ) ∗ ψ.

Proof :

1. Directly follows from the definitions.

2. Dito

3. Dito.

4. Follows from [6, th. 1.15].

5. For every 1 ≤ i ≤ n we have Dei (Λ ∗ φ) (x) = DeiΛ (τxφ̌) = −Λ (Dei (τxφ̌)) = Λ (τx (Deiφ)̌ ) =
Λ ∗ (Deiφ) which generalizes to Dp (Λ ∗ φ) = Λ ∗ (Dpφ). The first equality follows from Λ ∗
(Dpφ) = Λ (τx (Dpφ)̌ ) = Λ

(
(−1)|p|Dp (τxφ̌)

)
= (DpΛ) ∗ φ.

6. Using the auxiliary variable ξ, differentiating under the integral sign according to [6, th.
1.15], changing the order of integration due to Fubini’s theorem [8, th. 8.5] and finally
the variable η = x − y the preceding theorem 6.17 gives

39



(Λ ∗ (φ ∗ ψ)) (x) = (Λ ∗ (ψ ∗ φ)) (x)
= Λξ (ψ ∗ φ) (x − ξ)

= Λξ

�
ψ (η)φ (x − ξ − η) dη

=
∑
q≥0

(−1)|q|
�
fq (ξ) ·Dq

(�
ψ (η)φ (x − ξ − η) dη

)
dξ

=
∑
q≥0

(−1)|q|
�
fq (ξ) ·

(�
ψ (η)Dqφ (x − ξ − η) dη

)
dξ

=
∑
q≥0

�
K
fq (ξ) ·

(�
ψ (η) · (Dqφ) (x − ξ − η) dη

)
dξ

=
� ∑

q≥0

�
fq (ξ) · (Dqφ) (y − ξ) dξ · ψ (x − y) dy

=
� ∑

q≥0
(−1)|q|

�
fq (ξ) ·Dq (φ (y − ξ)) (ξ) dξ · ψ (x − y) dy

=
�

Λξφ (y − ξ) · ψ (x − y) dy

=
�

(Λ ∗ φ) (y) · ψ (x − y) dy

= ((Λ ∗ φ) ∗ ψ) (x) .

6.19 Approximate identities

For every approximate identity or mollifier (ρk)k≥1 ⊂ D with ρk (x) =knρ (kx) for x ∈ Rn derived
from a positive ρ ∈ D

(
Ω;R+) with

�
ρdλ = 1 as e.g. ρ = α1;0�

α1;0dλ
with α1;0 defined in [6, th. 13.2],

every φ ∈ D and every Λ ∈ D′ we have

1. lim
k→∞

φ ∗ ρk = φ with compact convergence in all derivatives in D

2. lim
k→∞

Λ ∗ ρk = Λ with weak*-convergence in D′

Proof :

1. For every simply continuous φ ∈ C with x ∈ Rn and K = suppρ we have 1
kK = suppρk and�

knρ (k (x − y)) dy = 1 whence |φ (x) − (φ ∗ ρk) (x)| =
∣∣� (φ (x) − φ (y)) · knρ (k (x − y)) dy

∣∣ ≤
sup

x−y∈ 1
k
K

|φ (x) − φ (y)|, i.e. uniform convergence of lim
k→∞

φ ∗ ρk = φ. Owing to 6.18.4 we can

extend this result to lim
k→∞

Dp (φ ∗ ρk) = lim
k→∞

(Dpφ ∗ ρk) = Dpφ for every p ∈ Nn whence follows
uniform convergence in all derivatives.

2. The assertion follows from 6.6.3, 6.19.1 and 6.18.6 since Λφ̌= (Λ ∗ φ) (0) = lim
k→∞

(Λ ∗ (ρk ∗ φ)) (0)
= lim

k→∞
((Λ ∗ ρk) ∗ φ) (0) = lim

k→∞
(Λ ∗ ρk) φ̌.

6.20 Representation of linear maps as convolutions

For any linear map L : D → C (Rn) exists a Λ ∈ D such that Lφ = Λ ∗ φ for every φ ∈ D iff L is
OT -continuous and one of the two following equivalent conditions hold:

1. τxL = Lτx for every x ∈ Rn.

2. DpLφ = LDpφ for every p ∈ Nn and φ ∈ D.
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Proof :

1. ⇒: For every compact K ⊂ Rn and every sequence (φn)n≥1 ⊂ DK with lim
k→∞

φn = φ ∈ DK and
lim
k→∞

(Λ ∗ φn) = f ∈ C∞ on account of the continuity 6.6.1 of Λ we have f (x) = lim
k→∞

(Λ ∗ φn) (x)
= lim

k→∞
Λ (τxφ̌n) = Λ (τxφ̌) = (Λ ∗ φ) (x), i.e. lim

k→∞
(φn; Λ ∗ φn) = (φ; Λ ∗ φ). Hence the closed

graph theorem 3.6 implies that L is continuous. Furthermore we have τx (Λξ ∗ φ) (y) =
(Λξ ∗ φ) (y − x) = Λξφ (y − x − ξ) = Λξ (τx (φ (y − ξ))) = Λξ ∗ (τxφ) whence τxL = Lτx.
⇐: Since φ → φ̌ is continuous on D and the evaluation at 0 is continuous on C the functional
Λ : D → R defined by Λφ = (Lφ̌) (0) is a distribution. According to the hypothesis we
have (Lφ) (x) = (τ−xLφ) (0) = (Lτ−xφ) (0) = Λ (τ−xφ)̌ = Λ (τxφ̌) = (Λ ∗ φ) (x) whence its
convolution represents L. The representation is uniquely determined since for every Λ ∈ D′

with Λ ∗ φ = 0 for every φ ∈ D follows Λ (φ̌) = (Λ ∗ φ) (0) = 0 whence Λ = 0.

2. ⇒: Follows from 6.18.5.
⇐: For φ ∈ D define hφ ∈ C∞ (Rn) by hφ (x) = (τ−xLτxφ) (0) = (Lτxφ) (x) for x ∈ Rn. Then
the hypothesis for every basis vector ej ∈ Rn with 1 ≤ j ≤ n implies
(Dejhφ) (x) = lim

ϵ→0

1
ϵ

((Lτx+ϵφ) (x + ϵ) − (Lτxφ) (x))

= lim
ϵ→0

1
ϵ

((Lτx+ϵφ) (x + ϵ) − (Lτxφ) (x + ϵ) + (Lτxφ) (x + ϵ) − (Lτxφ) (x))

= lim
ϵ→0

1
ϵ

((L (τx+ϵφ− τxφ)) (x + ϵ)) + lim
ϵ→0

1
ϵ

(Lτx (φ (x + ϵ) − φ (x)))

= (DejLτxφ) (x) − (LτxD
ejφ) (x)

= 0
whence follows hφ (x) = hφ (0). This is equivalent to τxL = Lτxwhence by 2. follows the
assertion.

6.21 Convolution with smooth functions

Owing to 6.14.5 every distribution Λ ∈ D′
L with compact support L ⊂ Rn extends in a unique way to

a Γ ∈ (C∞ (Rn;R))∗ defined by Γf = Λ (ψf) with ψ ∈ DL (Ω) with ψ|L = 1 and L ≺ ψ ≺ Ω according
to 6.12. Due to the Hahn-Banach theorem subsec:The Hahn-Banach-theorem resp. 6.6.2 the
bounded character of Λ extends to C∞ such that for every compact Km = [−m; m] exists a
Cm < ∞ such that |Λφ| ≤ Cm ∥f∥m for every f ∈ C∞. Hence according to 6.18.5 the convolution
Λ ∗ f ∈ C∞ defined by (Λ ∗ f) (x) = Γ

(
τxf̌

)
= Λ (τx (ψf )̌ ) for Λ ∈ D′ with compact support L ⊂ Rn

; f ∈ C∞; φ ∈ DK and x ∈ Rn has the following properties:

1. τx (Λ ∗ f) = (τxΛ) ∗ f = Λ ∗ (τxf).

2. Dp (Λ ∗ f) = (DpΛ) ∗ f = Λ ∗ (Dpf).

3. Λ ∗ (f ∗ ψ) = (Λ ∗ f) ∗ ψ = (Λ ∗ ψ) ∗ f ∈ D.

Proof :

1. Directly follows from the definitions as in 6.18.3

2. Directly follows from the definitions as in 6.18.4

3. Owing to 6.12 for every x ∈ Rn there is a φx ∈ D with φx|x−K−L = f whence for ev-
ery ξ ∈ L and η ∈ x − ξ − K ∈ x − K − L follows x − ξ − η ∈ K and consequently
(f ∗ ψ) (x − ξ) =

�
f (η)ψ (x − ξ − η) dη = (φx ∗ ψ) (x − ξ), so that

Λ ∗ (f ∗ ψ) (x) = Λξ (f ∗ ψ) (x − ξ) = Λξ (φx ∗ ψ) (x − ξ) = Λ ∗ (φx ∗ ψ) (x) . (I)

Also for ξ ∈ x −K and η ∈ L we have f (ξ − η) = φx (ξ − η) whence (Λ ∗ f) (ξ) = Ληf (ξ − η)
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= Ληφ (ξ − η) = (Λ ∗ φx) (ξ) and thus

((Λ ∗ f) ∗ ψ) (x) =
�

(Λ ∗ f) (ξ)ψ (x − ξ) dξ =
�

(Λ ∗ φx) (ξ)ψ (x − ξ) dξ ((Λ ∗ φx) ∗ ψ) (x) . (II)

Finally due to 6.18.2 we have supp (Λ ∗ ψ) ⊂ L + K whence supp (Λ ∗ ψ)̌ ⊂ x − K − L and
consequently

((Λ ∗ ψ) ∗ f) (x) = ((Λ ∗ ψ) ∗ φx) (x) . (III)

According to 6.18.6 and the commutativity of the convolution the right sides of (I) - (III)
coincide which proves the assertion.

6.22 Convolution with distributions

If at least one of the distributions Λ; Γ ∈ D′ has a compact support the convolution Λ ∗ Γ ∈ D′

defined by (Λ ∗ Γ)φ = Λ ∗ (Γ ∗ φ̌) (0) for every φ ∈ D has the following properties:
1. The distribution Λ ∗ Γ ∈ D′ is uniquely determined by (Λ ∗ Γ) ∗ φ = Λ ∗ (Γ ∗ φ).
2. Λ ∗ Γ = Γ ∗ Λ.
3. supp (Λ ∗ Γ) ⊂ suppΛ + suppΓ.
4. If at least two of Λ; Γ; ∆ ∈ D′ have a compact support we have (Λ ∗ Γ) ∗ ∆ = Γ ∗ (Λ ∗ ∆).
5. For every p ∈ Nnwe have DpΛ = (Dpδ) ∗ Λ and in particular Λ = δ ∗ Λ.
6. For every p ∈ Nnwe have Dp (Λ ∗ Γ) = (DpΛ) ∗ Γ = Λ ∗ (DpΓ).

Proof :
1. Λ∗Γ is well defined since for compact suppΓ theorem 6.18.5 implies Γ∗ φ̌ ∈ D and Λ∗ (Γ ∗ φ̌) ∈

C∞ while for compact suppΛ 6.18.5 implies Γ ∗ φ̌ ∈ C∞ and 6.21 assures that Λ ∗ (Γ ∗ φ̌) ∈
C∞. In any case the map Λ ∗ Γ : D → R is well defined and linear with (τx (Λ ∗ Γ))φ =
Λ ∗ (Γ ∗ φ̌) (0 − x) = Λη (Γ ∗ φ̌) (−x − η) = Λη (Γξφ (x + η − ξ)) = Λη (Γ ∗ (τxφ̌) (0 − η)) =
Λ ∗ (Γ ∗ (τxφ̌)) (0) = (Λ ∗ Γ) τx whence τx (Λ ∗ Γ) = (Λ ∗ Γ) τx for every x ∈ Rn. Hence 6.20
implies that Λ ∗ Γ ∈ D′ is uniquely determined.

2. For φ;ψ ∈ D theorem 6.18.6 implies that (Λ ∗ Γ)∗(φ ∗ ψ) = Λ∗(Γ ∗ (φ ∗ ψ)) = Λ∗((Γ ∗ φ) ∗ ψ) =
Λ∗(ψ ∗ (Γ ∗ ψ)). Applying 6.21.3 for compact suppΓ resp. 6.18.5 in the case of compact suppΛ
gives (Λ ∗ Γ) ∗ (φ ∗ ψ) = (Λ ∗ ψ) ∗ (Γ ∗ φ) and repeating the computation for with exchanged φ
and ψ resp. Λ and Γ yields (Γ ∗ Λ) ∗ (φ ∗ ψ) = (Γ ∗ φ) ∗ (Λ ∗ ψ). Finally a third invocation of
the commutativity of the concolution of functions obtains (Λ ∗ Γ) ∗ (φ ∗ ψ) = (Γ ∗ Λ) ∗ (φ ∗ ψ)
and the assertion follows from the uniqueness argument at the end of the proof of 6.20.1.

3. By 2. we may assume that suppΓ is compact such that as in the proof of 6.21.3 an application
of 6.18.2 yields supp (Γ ∗ φ̌) ⊂ suppΓ − suppφ. Hence (Λ ∗ Γ)φ = Λ ((Γ ∗ φ̌)̌ ) ̸= 0 ⇔ suppΛ ∩
(suppφ− suppΓ) ̸= ∅ ⇔ (suppΛ + suppΓ) ∩ suppφ ̸= ∅.

4. We conclude form 3. that both (Λ ∗ Γ) ∗ ∆ and Λ ∗ (Γ ∗ ∆) are defined if two of their supports
are compact. For every φ ∈ D the definition gives (Λ ∗ (Γ ∗ ∆)) ∗ φ = Λ ∗ ((Γ ∗ ∆) ∗ φ) =
Λ ∗ (Γ ∗ (∆ ∗ φ)). In the case of a compact supp∆ and because ∆ ∗φ ∈ D theorem 6.21.3 yields
((Λ ∗ Γ) ∗ ∆)∗φ = (Λ ∗ Γ)∗ (∆ ∗ φ) = Λ∗ (Γ ∗ (∆ ∗ φ)) whence follows the assertion in this case.
If supp∆ is not compact then suppλ is compact and the preceding case combined with the
commutativity proved in 2. gives Λ ∗ (Γ ∗ ∆) = Λ ∗ (∆ ∗ Γ) = (∆ ∗ Γ) ∗ Λ = ∆ ∗ (Γ ∗ Λ) =
∆ ∗ (Λ ∗ Γ) = (Λ ∗ Γ) ∗ ∆.
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5. For every φ ∈ D and x ∈ Rn we have (δ ∗ φ) (x) = δ (τxφ̌) = (τxφ̌) (0) = φ̌ (−x) = φ (x) whence
δ ∗ φ = φ. With 4. and 6.18.5 follows (DpΛ) ∗ φ = Λ ∗Dpφ = Λ ∗Dp (δ ∗ φ) = Λ ∗ (Dpδ) ∗ φ.

6. With 2., 4. resp. 5. we obtain Dp (Λ ∗ Γ) = (Dpδ) ∗ (Λ ∗ Γ) = ((Dpδ) ∗ Λ) ∗ Γ = (DpΛ) ∗ Γ and
((Dpδ) ∗ Λ) ∗ Γ = (Λ ∗Dpδ) ∗ Γ = Λ ∗DpΓ.

7 Duality in Banach spaces

7.1 The norm of a bounded linear operator

The function ∥ ∥ : B (X;Y ) → [0; ∞[ defined by ∥Λ∥ = sup
{

∥Λx∥Y
∥x∥X

: x ∈ X
}

= sup {∥Λx∥Y : ∥x∥X = 1}
is a norm on the vector space B (X;Y ) of all bounded linear maps Λ : X → Y between the normed
vector spaces X and Y . If Y is a Banach space so is B (X;Y ). In the case of infinitely dimensional
function spaces X res. Y the linear map Λ is called an operator (usually a differential operator)
and in the case of Y = C it is a functional (very often represented as an integral)
Proof : By the hypothesis we have ∥Λ∥ < ∞ and the norm on Y implies ∥αΛ∥ = |α| · ∥Λ∥. Hence for
every x ∈ X we have
∥(Λ1 + Λ2) x∥Y = ∥Λ1x + Λ2x∥Y

≤ ∥Λ1x∥Y + ∥Λ2x∥Y
≤ (∥Λ1∥ + ∥Λ2∥) · ∥x∥X

whence follows ∥Λ1 + Λ2∥ ≤ ∥Λ1∥ + ∥Λ2∥. Finally for every Λ ̸= 0 there is an x ̸= 0 with Λx ̸= 0
whence ∥Λ∥ ≥ ∥Λx∥Y

∥x∥X
> 0 which shows that ∥ ∥ : B (X;Y ) → [0; ∞[ is a norm.

For a ∥ ∥-Cauchy sequence (Λn)n∈N ⊂ B (X;Y ) there isn an M ∈ N such that for n;m ≥ M we have
∥Λn − Λm∥ < ϵ and every fixed x ∈ X holds

∥Λnx − Λmx∥Y ≤ ∥Λn − Λm∥ · ∥x∥X < ϵ · ∥x∥X ,

i.e. (fn (x))n∈N ⊂ Y is a ∥ ∥Y -Cauchy sequence. In the case of a complete space Y follows

lim
n→∞

∥Λy − Λny∥Y = 0

for a uniquely determined Λx ∈ Y . Owing to the continuity of multiplication and addition the
function Λ : X → Y is linear such that for every ϵ > 0 there is an Mx ≥ M with

∥Λx − Λnx∥Y ≤ ϵ ∥x∥X

for n ≥ Mx. This implies ∥Λx∥Y
∥x∥X

≤ ∥Λn∥ + ϵ for every x ∈ X and n ≥ Mx and since the fn due to
the ∥ ∥-Cauchy character of the sequence are uniformly bounded we conclude that Λ ∈ B (X;Y ).
Due to 2.10.2 the bounded linear maps Λ resp. fM are uniformly continuous such that for every
x ∈ δB1 (0) there is a neighbourhood U (x) with ∥Λx − ΛMxx∥Y ≤ 2ϵ for x ∈ U (x) ∩ δB1 (0). For
n;m ≥ M we have ∥Λxn − ΛMxx∥Y ≤ ϵ whence ∥Λx − Λnx∥Y ≤ 3ϵ for n ≥ Mx. The finitely
many (U (xi))1≤i≤k covering the compact set δB1 (0) provide an N = max {Mx1 ; ...;Mxk

} such that
∥Λx − Λnx∥Y ≤ 3ϵ for x ∈ δB1 (0) and n ≥ N whence ∥Λ − Λn∥ ≤ 3ϵ, i.e. lim

n→∞
∥Λn − Λ∥ = 0.

7.2 The norm* of the dual space

According to the preceding paragraph 7.1 the norm* ∥ ∥∗ : X∗ → [0; ∞[ defined by ∥x∗∥∗ =
sup {|⟨y; x∗⟩| : ∥y∥ = 1} with the usual notation ⟨y; x∗⟩ = x∗y on the dual space X∗ of the con-
tinuous and due to 2.10.2 bounded linear functionals x∗ : X → C is complete such that (X∗; ∥ ∥∗)
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is a Banach space. According to [7, th. 3.10] in the finite dimensional case X is isomorphic
(and isometric) to its dual space X∗. As the theorems of Lebesgue-Radon-Nikodym [8, th. 9.8]
resp. Riesz [8, th. 10.11] show in the general case this is not true so that we have to confine ourselves
to subspaces.

According to 5.8 the weak* topology generated by the neighbourhoods

U∗
y;ϵ (0∗) = {x∗ ∈ X∗ : |⟨y; x∗⟩| < ϵ}

for y ∈ X and ϵ > 0 is the smallest topology on X∗ such that all linear evaluation func-
tionals x : X∗ → C defined by xy∗ = y∗x = ⟨x; y∗⟩ for y∗ ∈ X∗ are continuous. Due to
{y∗ ∈ X∗ : ∥y∗∥∗ < ϵ} ⊂

{
y∗ ∈ X∗ :

∣∣∣〈 x
∥x∥ ; y∗

〉∣∣∣ < ϵ
}

= {|x| < ϵ · ∥x∥} the evaluation functionals are
also originally continuous and obviously originally bounded with referencet to the original norm
∥ ∥∗. Hence the weak* topology is included in the original norm* topology on X∗.

7.3 The norm of the bidual space

The vector subspace C∗ (X∗;C) ⊂ X∗∗ of the weakly* continuous and due to 2.10.2 bounded
linear evaluation functionals x∗∗ : X∗ → C by φ : X → C∗ (X∗;C) with y∗φ (x) = xy∗ = ⟨x; y∗⟩
for every y∗ ∈ X∗ is isomorphic to X.

The norm ∥ ∥∗∗ : C∗ (X∗;C) → [0; ∞[ defined by

∥φ (x)∥∗∗ = sup
{∣∣∣∣〈x; y∗

∥y∗∥∗

〉∣∣∣∣ : y∗ ∈ X∗
}

= sup {|⟨x; y∗⟩| : ∥y∗∥∗ = 1}

coincides with ∥x∥ = ∥φ (x)∥∗∗ so that (C∗ (X∗;C) ; ∥ ∥∗∗) is also isometric to (X; ∥ ∥).

Proof : According to the corollary 4.3 to the Hahn-Banach theorem for every x ∈ X there is
an y∗ ∈ X∗ with ⟨x; y∗⟩ = ∥x∥ and ⟨z; y∗⟩ ≤ ∥z∥ ∀z ∈ X whence ∥y∗∥∗ = 1 such that we infer
∥φ (x)∥∗∗ ≥ ∥x∥. The definition of the dual norm implies

∣∣∣〈 x
∥x∥ ; y∗

〉∣∣∣ ≤ ∥y∗∥∗ resp.
∣∣∣〈x; y∗

∥y∗∥∗

〉∣∣∣ ≤ ∥x∥
for every y∗ ∈ Y whence follows ∥φ (x)∥∗∗ ≤ ∥x∥ and hence the assertion.

Note: According to [11, th. 14.2.3] the complete vector subspace C∗ (X∗;C) = φ [X] is closed in
X∗∗. A Banach space X is called reflexive iff C∗ (X∗;C) = X∗∗. The most important examples are
the Lebesgue spaces Lp (λ) for 1 < p < ∞.

7.4 Annihilators

According to [7, th. 3.13] the annihilators of the vector subspaces M ⊂ X resp. N ⊂ X∗ of a Banach
space X are defined as the vector subspaces

M0 = {x∗ ∈ X∗ : ⟨y; x∗⟩ = 0 ∀y ∈ M} =
⋂

y∈M
kerφ (y) ⊂ X∗

0N = {x ∈ X : ⟨x; y∗⟩ = 0 ∀y∗ ∈ N} =
⋂

y∗∈N
ker y∗ ⊂ X

Note that

1. M0 is weakly* closed hence norm* closed in X∗ since the φ (y) ∈ X∗∗ are both weakly* and
norm* continuous.

2. 0N is weakly closed hence norm closed in X since the y∗ ∈ N are both weakly and norm
continuous.
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7.5 The closure of the annihilator

For vector subspaces M ⊂ X resp. N ⊂ X∗ of a Banach space X

1. M = Mw = 0 (M0)
2. N = Nw =

(0N)0
Proof : Due to 5.5 and since vector subspaces are convex the weak and norm closures of M =
Mw ⊂ X resp. the weak* and norm* closures of N = Nw ⊂ X∗ coincide.

For x ∈ 0 (M0) we have ⟨x; y∗⟩ = 0 ∀y∗ ∈ M0 whence follows x ∈ M . Furthermore 0 (M0) is weakly
closed hence norm closed in X whence is includes the closure M = Mw ⊂ 0 (M0). Due to the
corollary 4.4 of the Hahn-Banach theorem for every x /∈ M there is an y∗ ∈ X∗ with ⟨x; y∗⟩ = 1
and ⟨z; y∗⟩ = 0 ∀z ∈ M , i.e. y∗ ∈ M0 hence x /∈ 0 (M0). The second proposition is proved analogously.

7.6 The dual of the quotient space

For every closed vector subspace M ⊂ X of a Banach space X the maps

1. φ : M∗ → X∗/M0 defined by φ (m∗) = x∗
m + M0 with the extension x∗

m ∈ X∗ of every
m∗ = x∗

m|M ∈ M∗ according to the Hahn-Banach-theorem 4.2 and

2. ψ :(X/M)∗ → M0 defined by ψ (z∗) = z∗ ◦ π with the canonical projection π : X → X/M

are both isometric isomorphisms.

Proof : For the sake of clarity and deviating from 7.2 in this proof we use the same notation for the
three norms on X, X∗ and X/Y .

1. Directly from the definition we infer that φ is well defined, injective, surjective and linear.
According to 2.10.5 on the one hand we have ∥φ (m∗)∥ = inf

{
∥x∗

m + n∗∥ : n∗ ∈ M0} ≤ ∥x∗
m∥

whereas on the other hand owing to the definition 7.2 of the dual norm holds
∥m∗∥ = sup {|⟨y; m∗⟩| : y ∈ M ∨ ∥y∥ = 1}

≤ sup {|⟨y; x∗
m⟩ + ⟨y; n∗⟩| : ∥y∥ = 1}

= ∥x∗
m + n∗∥

such that we obtain ∥m∗∥ ≤ ∥φ (m∗)∥ ≤ ∥x∗
m∥. Due to the Hahn-Banach-theorem 4.2 there

is an extension x∗
m ∈ X∗ of m∗ with ∥x∗

m∥ ≤ ∥m∗∥ which completes the proof.

2. The map ψ is obviously well defined, injective and linear. For every y∗ ∈ M0 and since
M ⊂ ker y∗ there is an z∗ ∈ (X/M)∗ with z∗ ◦π = y∗. Since ker z∗ = π (ker y∗) is a closed vector
subspace of X/M and due to 1.11.2 the map z∗ is continuous whence z∗ ∈ (X/M)∗. Hence ψ
is surjective. Due to the proof of 2.10.5 we have ∥x∥ = 1 ⇔ ∥π (x)∥ = 1 whence ∥ψ (z∗)∥ =
∥z∗ ◦ π∥ = sup {|⟨π (x) ; z∗⟩| : x ∈ X ∨ ∥x∥ = 1} = sup {|⟨y; z∗⟩| : y ∈ X/Y ∨ ∥y∥ = 1} = ∥z∗∥
which proves that ψ is an isometry.

7.7 The adjoint of a bounded operator

Analogously to the finite dimensional case from [7, th. 6.11] for every Λ ∈ B (X;Y ) between Banach
spaces X;Y the adjoint map Λ∗ : Y ∗ → X∗ defined by Λ∗y∗ = y∗ ◦ f is linear and bounded with
⟨Λx; y∗⟩ = ⟨x; Λ∗y∗⟩ and ∥Λ∗∥ = ∥Λ∥.
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Proof : The map Λ∗ is obviously well defined and linear with ⟨Λx; y∗⟩ = ⟨x; y∗ ◦ Λ⟩ = ⟨x; Λ∗y∗⟩.
Also by 7.1 and 7.3 we have ∥Λx∥ = sup

∥y∗∥=1
|⟨Λx; y∗⟩| such that

∥Λ∗∥ = sup
∥y∗∥=1

∥Λ∗y∗∥

= sup
∥y∗∥=1

sup
∥x∥=1

|⟨x; Λ∗y∗⟩|

= sup
∥x∥=1

sup
∥y∗∥=1

|⟨Λx; y∗⟩|

= sup
∥x∥=1

∥Λx∥

= ∥Λ∥ .

7.8 Properties of the adjoint operator

For Λ ∈ B (X;Y ) on Banach spaces X;Y we have

1. ker Λ∗ = (Λ [X])0.

2. ker Λ = 0 (Λ∗ [Y ∗]).

3. ker Λ∗ ⊂ Y ∗ is weakly* closed.

4. Λ∗ is bijective iff Λ [X] is dense in Y .

5. Λ is bijective iff Λ∗ [Y ∗] is weakly* dense in X∗.

Proof :

1. y∗ ∈ ker Λ∗ ⇔ Λ∗ ◦ y∗ = 0 ⇔ ⟨x; Λ∗y∗⟩ = ⟨Λx; y∗⟩ = 0 ∀x ∈ X ⇔ y∗ ∈ (Λ [X])0

2. x ∈ ker Λ ⇔ Λx = 0 ⇔ ⟨Λx; y∗⟩ = ⟨x; Λ∗y∗⟩ = 0 ∀y∗ ∈ Y ∗ ⇔ x ∈ 0 (Λ∗ [Y ∗])

3. 8.4.1 with M = ker Λ∗

4. 8.5.1 with M = Λ [X]

5. 8.5.2 with N = Λ∗ [Y ∗]

7.9 Open and surjective operators

For Λ ∈ B (X;Y ) on Banach spaces X and Y the following statements are equivalent:

1. There is an δ > 0 such that ∥Λ∗ ◦ y∗∥ ≥ δ ∥y∗∥ for every y∗ ∈ Y ∗

2. There is an δ > 0 such that Bδ (0Y ) ⊂ Λ [B1 (0X)]

3. There is an δ > 0 such that Bδ (0Y ) ⊂ Λ [B1 (0X)], i.e. f is an open mapping

4. Y = Λ [X], i.e. Λ is surjective

Proof :

1. ⇒ 2.: According to 4.5.2 for y0 /∈ Λ [B1 (0X)] there is an y∗such that |⟨y0; y∗⟩| > 1 but |⟨y; y∗⟩| ≤ 1
for every y ∈ Λ [B1 (0X)]. Hence for every x ∈ B1 (0X) we have |⟨x; Λ∗ ◦ y∗⟩| = |⟨Λx; y∗⟩| ≤ 1
whence owing to the continuity of x 7→ |⟨Λx; y∗⟩| follows ∥Λ∗ ◦ y∗∥ ≤ 1. The hypothesis then implies
δ < δ |⟨y0; y∗⟩| ≤ δ ∥y0∥ · ∥Λ∗∥ ≤ ∥y0∥ · ∥Λ∗ ◦ y∗∥ ≤ ∥y0∥ whence we infer that y ∈ Λ [B1 (0X)] for
every y ∈ Y with ∥y∥ < δ.

2. ⇒ 3.: This step specializes the main part of the proof of the open mapping theorem 3.4: We
proceed by induction and for y1 ∈ B1 (0Y ) we choose a sequence (ϵn)n≥1 such that ∑n≥1 ϵn <
1 − ∥y1∥. For given yn and w.l.o.g. δ = 1 the hypothesis implies the existence of an xn ∈ X with
∥xn∥ ≤ ∥yn∥ and ∥yn − Λxn∥ < ϵn. By yn+1 = yn − Λxn we obtain two sequences (xn)n≥1 and
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(yn)n≥1 with ∥xn+1∥ ≤ ∥yn+1∥ = ∥yn − f (xn)∥ < ϵn. Hence follows ∑n≥1 ∥xn∥ ≤ ∥x1∥ +∑
n≥1 ϵn ≤

∥y1∥ +∑n≥1 ϵn < 1 such that by the completeness of X resp. the triangle equation we infer that

x = ∑
n≥1 xn ∈ B1 (0X). From the continuity of Λ and lim

n→∞
yn = 0 follows Λx = lim

N→∞

N∑
n=1

Λxn =

lim
N→∞

N∑
n=1

(yn − yn+1) = y1, i.e. the assertion.

3. ⇒ 4.: Follows from the linearity of Λ.
4. ⇒ 1.: By the open mapping theorem 3.4 there is a δ > 0 such that Bδ (0Y ) ⊂ Λ [B1 (0X)].
Owing to the continuity of x 7→ |⟨x; Λ∗y∗⟩|
∥Λ∗ ◦ y∗∥ = sup {|⟨x; Λ∗y∗⟩| : x ∈ B1 (0X)}

= sup {|⟨Λx; y∗⟩| : x ∈ B1 (0X)}
≥ sup {|⟨y; y∗⟩| : y ∈ Bδ (0Y )}
= δ ∥y∗∥ .

7.10 The closed range theorem

For f ∈ B (X;Y ) on Banach spaces X and Y the following three statements are equivalent:
1. f∗ [Y ∗] is closed in X∗.
2. f [X] is closed in Y .
3. f∗ [Y ∗] is weakly* closed in X∗.

Proof :
1. ⇒ 2.: By Γx = Λx for every x ∈ X we define a Γ : X → Λ [X] coinciding with Λ on X and proceed
to show that Γ is surjective whence follows the assertion: Since Γ [X] is dense in Λ [X]theorem 8.8.4
implies that Γ∗ : Λ [X]∗ → X∗ is bijective. For every y∗ ∈ Λ [X]∗ the Hahn-Banach theorem 4.2
furnishes an extension y∗ ∈ Y ∗ with ⟨x; Λy∗⟩ = ⟨Λx; y∗⟩ = ⟨Γx; y∗⟩ = ⟨x; Γ∗y∗⟩. Hence Γ∗y∗ = Λ∗y∗

coincide for every x ∈ X, i.e. Λ∗ and Γ∗ must have identical ranges Γ∗
[
Λ [X]∗

]
= Λ∗ [Y ∗]. From

the hypothesis follows that Γ∗
[
Λ [X]∗

]
is closed, hence complete such that the open mapping

theorem 3.4 applies to Γ∗. Since Γ∗ is bijective the open character of Γ∗ implies that there exists a
c > 0 such that Bc (0∗

X∗) ⊂ Γ∗ [B1 (0∗
Y ∗)], i.e. ∥x∗∥ ≤ c ∥Γ∗x∗∥ for every x∗ ∈ X∗. By the preceding

theorem 7.9 follows Λ [X] = Γ [X] = Λ [X] and hence the assertion.
2. ⇒ 3.: Due to [11, th. 14.2.2] the image Λ [X] is complete, and owing to Baire’s theorem [11,
16.4.2 resp. 16.2.4] it is of second category such that the open mapping theorem 3.4 applies.
Hence there exists an K > 0 such that B1/K (0Y ) ⊂ Λ [B1 (0X)], i.e. for every y = Λ (x) ∈ Λ [X] there
is an x ∈ X with ∥x∥ ≤ K ∥Λx∥ = K ∥y∥. Thus the linear functional Γ : Λ [X] → C defined for
every x∗ ∈ (ker Λ)0 by ΓΛx = ⟨x; x∗⟩ is continuous since |Γy| = |ΓΛx| = |⟨x; x∗⟩| ≤ K ∥y∥ ∥x∗∥. By
the Hahn-Banach theorem 4.2 some y∗ ∈ Y ∗ extends Γ with ⟨Λx; y∗⟩ = ΓΛx = ⟨x; x∗⟩ whence the
definition 7.7 of the adjoint map implies x∗ = Λ∗y∗. Hence we have shown that (ker Λ)0 ⊂ Λ∗ [Y ∗]
and the assertion follows from 8.5.2 and 8.8.2 since Λ∗ [Y ∗]w =

(0 (Λ∗ [Y ∗])
)0 = (ker Λ)0.

3. ⇒ 1.: follows directly from the definitions in 5.3.

7.11 Surjective operators

A linear, continuous and bounded map Λ ∈ B (X;Y ) on Banach spaces X and Y is surjective iff
its adjoint Λ∗ is bijective and f∗ [Y ∗] is closed in X∗.
Proof :
⇒: The bijectivity of Λ∗ follows from 8.8.4 and due to 8.9.1 the dilation principle [11, th. 14.11]
applies to yield its closed character.
⇐: The image Λ [X] is dense by 8.8.4 is and closed by 8.10.2.
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7.12 Compact operators

A linear, continuous and bounded map Λ ∈ B (X;Y ) on Banach spaces X and Y is compact iff
one of the following equivalent conditions is satisfied:

1. Λ [B1 (0X)]is sequentially compact .

2. Λ [B1 (0X)] is compact.

3. Λ [B1 (0X)] is totally bounded.

4. For every bounded sequence (xn)n∈N ⊂ X exists a subsequence (xnk
)k∈N such that its image

(Λxnk
)k∈N converges to an y ∈ Y .

Also

5. The vector subspace C (X;Y ) ⊂ B (X;Y ) of the compact operators is norm closed.

Proof :

1. ⇔ 2.: follows from [11, th. 10.12] since Y is metric and complete.

1. ⇔ 3.: follows from [11, th. 17.5] since Y is metric and complete.

1. ⇔ 4.: follows from the definition [11, def. 10.11] since X and Y are vector spaces and f is linear.

5.: For compact Λ; Γ ∈ B (X;Y ) resp. α;β ∈ C and due to 8.12.3 the set (αΛ + βΓ) [B1 (0X)] is
obviously totally bounded such that the compact operators form a vector subspace C (X;Y ) ⊂
B (X;Y ). For any Λ ∈ C and r > 0 there is a Γ ∈ C with ∥Λ − Γ∥ < r and since Γ [B1 (0X)] is totally
bounded there are (xi)1≤i≤n ⊂ B1 (0X) such that Γ [B1 (0X)] ⊂

n⋃
i=1

Br (Γxi). Since ∥Λx − Γx∥ < r for

every x ∈ B1 (0X) it follows that Λ [B1 (0X)] ⊂
n⋃
i=1

B3r (Λxi) whence Λ ∈ C (X;Y ) by 8.12.3.

7.13 Operators with finite dimensional range

1. If dimY < ∞ then every Λ ∈ B (X;Y ) is compact.

2. If Λ ∈ B (X;Y ) is compact with a closed image Λ [X] then dimY < ∞.

Proof :

1. Due to 1.13 the neighbourhood B1 (0X) is compact. Owing to [11, th. 9.8] its continuous image
Λ
[
B1 (0X)

]
is compact hence totally bounded and since Λ [B1 (0X)] ⊂ Λ

[
B1 (0X)

]
the assertion

follows from 8.12.3.

2. The closed image Λ [X] is also complete in the Banach space Y such that the open mapping
theorem 3.4 applies whence Λ is a homeomorphism. In this case condition 8.12.2 implies that
Λ [X] is locally compact whence by 1.13 the image has a finite dimension dim imΛ < ∞.

7.14 Compact adjoints

A linear, continuous and bounded operator Λ ∈ B (X;Y ) on Banach spaces X and Y is compact
iff its adjoint Λ∗ is compact.

Proof :

⇒: Any sequence (y∗
n)n∈N ⊂ B1 (0Y ∗) is equicontinuous since for every y; y′ ∈ Y we have |y∗

ny − y∗
ny′| =

|y∗
n (y − y′)| ≤ ∥y − y′∥. Since according to the hypothesis Λ [B1 (0X)] is compact the Arzela-

Ascoli theorem [11, th. 19.6] implies the existence of a uniformly converging subsequence(
y∗
nk

)
k∈N

⊂ Λ [B1 (0X)]. Due to
∥∥∥Λ∗y∗

nk
− Λ∗y∗

nl

∥∥∥ = sup
∥x∥=1

∣∣∣〈Λx; y∗
nk

− y∗
nl

〉∣∣∣ = sup
∥x∥=1

∣∣∣y∗
nk

Λx − y∗
nl

Λx
∣∣∣
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the sequence
(
Λ∗y∗

nk

)
k∈N

⊂ X∗ is Cauchy whence the assertion follows due to 8.12.4 and since X∗ is
complete.

⇐: According to7.3 the isometries

φ : X → C∗ (X∗;C) ⊂ X∗∗ defined by y∗φ (x) = xy∗ = ⟨x; y∗⟩ for every x ∈ X resp.

ψ : Y → C∗ (Y ∗;C) ⊂ Y ∗∗ defined by x∗ψ (y) = yx∗ = ⟨y; x∗⟩ for every y ∈ Y

allow the application of the first part to the adjoint Λ∗: For x ∈ X and y∗ ∈ Y ∗ we have

⟨y∗;ψΛx⟩ = ⟨Λx; y∗⟩ = ⟨x; Λ∗y∗⟩ = ⟨Λ∗y∗;φx⟩ = ⟨y∗; Λ∗∗φx⟩

so that ψΛ = Λ∗∗φ. For x ∈ B1 (0X) follows φ (x) ∈ B1 (0X∗∗) whence (ψ ◦ Λ) [B1 (0X)] ⊂ Λ∗∗ [B1 (0X∗∗)].
The first part of the theorem yields that Λ∗∗ is compact and Λ∗∗ [B1 (0X∗∗)] is totally bounded. This
property obviously extends to the subset (ψ ◦ Λ) [B1 (0X)] and further to Λ [B1 (0X)] since ψ is an
isometry. Hence Λ is compact.

7.15 Direct sums

A closed vector subspace M ⊂ X of a topological vector space X has a closed complement N such
that X = M ⊕N if

1. dimM < ∞ and X is locally convex or

2. dimX/M < ∞.

Proof :

1. For M = span
{

(ei)1≤i≤n

}
and every x =

n∑
i=1

ai (x) ei the coefficients ai : M → C are linear

and continuous functionals which by the Hahn-Banach theorem 4.2 can be extended to
linear and continuous ai : X → C. Then N =

n⋂
i=1

ker ai is the desired complement.

2. ForX/M = span
{

(ei +M)1≤i≤n

}
the desired complement is obtained byN = span

{
(ei)1≤i≤n

}
.

7.16 The Banach algebra B (X)

An algebra is a complex vector space (B; +; ·) with a multiplication ◦ : B ×B → B and the usual
rules of compliance for Λ; Γ;Θ ∈ B resp. λ ∈ C such that (B; +; ◦) is a ring:

1. associativity: Λ ◦ (Γ ◦Θ) = (Λ ◦ Γ) ◦Θ and λ · (Λ ◦ Γ) = (λ · Λ) ◦ Γ

2. distributivity: Λ ◦ (Γ +Θ) = Λ ◦ Γ + Λ ◦Θ

3. a neutral element ∃I ∈ X : Λ ◦ I = I ◦ Λ = Λ

An element Λ ∈ X is invertible iff there is an

4. inverse Λ−1 ∈ X with Λ−1 ◦ Λ = Λ ◦ Λ−1 = I

By the open mapping theorem 3.4 Λ ∈ X is invertible iff it is bijective, i.e. ker Λ = {0} and
Λ [X] = X. In the following paragraphs we examine the Banach algebra of linear, continuous
and bounded operators B (X) = B (X;X) on a Banach space X with the composition ◦. For
Λ; Γ ∈ B (X) we have the additional property

5. ∥Λ ◦ Γ∥ ≤ ∥Λ∥ · ∥Γ∥
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7.17 Compact operators in B (X)

For compact Λ; Γ ∈ B (X) on a Banach space X we have:
1. dim ker (Λ − λI) < ∞ for every λ ̸= 0
2. 0 ∈ σ (Λ) if dimX = ∞

3. Λ ◦ Γ; Γ ◦ Λ ∈ B (X)
Proof :

1. The restriction Λ|Y : Y → Y on the closed subspace Y = ker (Λ − λI) is again compact so
that the assertion follows from 8.13.2.

2. If 0 /∈ σ (Λ) then Λ is bijective hence Λ [X] = X so that 8.13.2 applies again.
3. obvious.

7.18 The image of a compact operator

For every compact Λ ∈ C (X) and λ ̸= 0 the image im (Λ − λI) is a closed set.
Proof : By the preceding theorem 8.17.1 we have dim ker (Λ − λI) < ∞ and by 8.15.1 follows the
existence of a closed subspace M with X = ker (Λ − λI) ⊕M . Then Γ : M → X with Γx = Λx − λx
is bijective with imΓ = im (Λx − λx). Assuming the existence of a sequence (xn)n∈N ⊂ M ∩ δB1 (0X)
with lim

n→∞
Γxn = 0. Since Λ is compact and due to 8.12.1 a subsequence (Λxnk

)k∈N ⊂ Λ [B1 (0X)]
converges to some x0 ∈ X whence lim

k→∞
λxnk

= x0. Since M ∩ δB1 (0X) is a closed subspace we
conclude that x0 ∈ M whence the continuity of Γ implies Γx0 = lim

k→∞
λΓxnk

= 0 and from the
bijectivity Γ follows x0 = 0 in contradiction to ∥xn∥ = 1 ∀n ∈ N. Hence there is no such sequence,
i.e. there exists an r > 0 with ∥x∥ ≥ 1 ⇒ ∥Γx∥ ≥ r resp. ∥Γx∥ ≥ r ∥x∥ for all x ∈ M such that the
closed character of imΓ = im (Λx − λx) follows from the dilation principle [11, th. 14.11] .

7.19 Eigenvalues

A scalar λ ∈ C is an eigenvalue of an operator Λ ∈ B (X) iff there are eigenvectors 0 ̸= x ∈ X with
Λx = λx. Hence λ ∈ C is an eigenvector of Λ ∈ B (X) iff its eigenspace ker (Λx − λx) ̸= {0} resp.
iff im (Λx − λx) ⊊ X. The spectrum σ (Λ)is the set of all λ ∈ C such that Λ − λI is not invertible,
i.e. it is

1. not surjective

2. not injective

In the case if dimX < ∞ the two conditions are equivalent. (cf. [7, th 3.8]). The number λ is an
eigenvalue of Λ iff 2. is satisfied.
A set E ⊂ σ (Λ) of eigenvalues of a compact Λ ∈ C (X;Y ) with |λ| > r for some r > 0 and every
λ ∈ E has the following properties:

1. im (Λ − λI) ̸= X for every λ ∈ E

2. E is finite.
Proof : We show that if either 1. or 2. is false then there exist closed subspaces Mn ⊂ X and scalars
λn ∈ E such that for every n ≥ 1
a) Mn ⊊Mn+1

b) Λ [Mn] ⊂ Mn

c) (Λ − λn+1I) [Mn+1] ⊂ Mn

The proof wil be completed by showing that this contradicts the compactness of Λ:
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1. Assuming the existence of an λ0 ∈ E with im (Λ − λ0I) = X we define the closed subspace
Mn = ker Γn for Γ = Λ − λ0I. Then there exists an eigenvector 0 ̸= x1 ∈ M1. Since imΓ = X
there is a sequence (xn)n≥1 ⊂ X such that Γxn+1 = xn for n ≥ 1. Consequently on the one hand
we have Γnxn+1 = x1 ̸= 0 but on the other hand Γn+1xn+1 = Γx1 = 0. Hence xn+1 ∈ Mn+1\Mn

and we have shown that a) holds. Since in this case we have Γ ◦ Λ = Λ ◦ Γ and in particular
Λ ◦ Γn = Γn ◦ Λ condition b) is also satisfied while c) is obvious.

2. Assuming that there is an infinite sequence (λn)n≥1 ⊂ E of distinct eigenvalues with cor-
responding eigenvectors en define the finite dimensional hence closed subspaces Mn =
span {e1; ...; en}. Since the λn are distinct the en are linearly independent whence follows a).

For x =
n∑
i=1

αiei ∈ Mn we obviously have Λx ∈ Mn and (Λ − λnI) x =
n−1∑
i=1

αi (λi − λn) ei ∈ Mn−1

which shows b) and c).

3. Assuming a) theorem subsec:Closed-subspaces provides yn ∈ Mn with ∥yn∥ ≤ 2 and d (yn;Mn−1)
for n ≥ 2. Conditions b) and c) then imply that zm = Λym − (Λ − λnI) yn ∈ Mn−1 whence
∥Λyn − Λym∥ = ∥λnyn − zm∥ = |λn| ·

∥∥∥yn − 1
λn

zn
∥∥∥ ≥ |λn| > r. Hence (Λyn)n≥1 has no conver-

gent subsequence although (yn)n≥1 is bounded. This contradicts the assumed compact character
of Λ hence both 1. and 2. must be true.

7.20 The spectrum of a compact operator

For every compact Λ ∈ C (X) and 0 ̸= λ ∈ σ (Λ) the following statements hold:

1. The following four numbers are finite and equal:
α = dim ker (Λ − λI)
β = dimX/im (Λ − λI)
α∗ = dim ker (Λ∗ − λI)
β∗ = dimX∗/im (Λ∗ − λI)

2. λ is an eigenvalue of Λ and of Λ∗.

3. σ (Λ) is compact, countable and has at most one limit point, namely, 0.

Note: A linear and continuous Γ : X → Y map between Banach spaces X and Y is called
Fredholm, iff dim ker Γ < ∞ and dimX/imΓ < ∞.

Proof :

Proposition 1.:

Step I: For tvery closed subspace M ⊂ Y of a locally convex space Y holds dimY/M ≤ dimM0:
For every positive integer k ≤ dimY/M exist linearly independent y1; ...; yk ∈ Y \M and due to 1.5.7
each Mi = span {y1; ...; yi} ⊕ M is closed. By 4.5.1 there are continuous and linearly independent
functionals Λ1; ...; Λk on Y such that Λiyi = 1 and Λi [Mi−1] ⊂ {0}.

Step II: β ≤ α∗: This follows from step I with Y = X, M = im (Λ − λI) since by subsec:The image
of a compact operator zhe space M is closed and by 8.8.1 we have ker (Λ∗ − λI) = (im (Λ − λI))0.

Step III: β∗ ≤ α: Apply step I with Y = X∗ with weak* topology and M = im (Λ∗ − λI) since
due to subsec:The image of a compact operator resp. 8.10.3 M is weakly* closed while theorem 8.8.2
yields ker (Λ − λI) = 0 (im (Λ∗ − λI)).

Step IV: α ≤ β: We assume α > β whence according to 8.17.1 and subsec:Direct-sums there are
closed complements M ;N such that X = ker (Λ − λI) ⊕ M = im (Λ − λI) ⊕ N . Since dimN =
dimX/im (Λ − λI) there is a linear φ : ker (Λ − λI) → N with dim kerφ ≥ 1. Owing to 8.13.1 and
since dimN = β < ∞ the composition φ◦π : X → N with the canonical and in particular continuous
projection π : X → ker (Λ − λI) is compact. and so is Φ = Λ + φ ◦ π. Since π [M ] = {0} we have
(Φ − λI) [M ] = im (Λ − λI) and
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(Φ − λI) [ker (Λ − λI)] = (Λ − λI + φ ◦ π) [ker (Λ − λI)] = (φ ◦ π) [ker (Λ − λI)] = φ [ker (Λ − λI)] = N.

This implies
X = im (Λ − λI) ⊕N ⊂ im (Φ − λI) .

Also for every x0 ∈ kerφ we have φx0 = (Φ − λI) x0 = 0, i.e. λ is an eigenvalue of Φ and since Φ is
compact the preceding theorem subsec:Eigenvalues states that im (Φ − λI) ̸= X in contradiction to
the result above. Hence the assertion a) is proved.
Proposition 2.: Assuming that λ is not an eigenvalue of Λ implies α (Λ) = 0, i.e. injectivity,
whence β (Λ) = 0 by 1., i.e. surjectivity. Thus Λ − λI is invertible and λ /∈ σ (Λ).
Proposition 3.: The preceding theorem 8.19.2 shows that 0 is the only possible limit point of the
spectrum σ (Λ), that σ (Λ) is at most countable and that σ (Λ) ∪ {0} is compact. In the case of
dimX < ∞ there are at most finitely many eigenvalues for a finite number of linearly independent
eigenvectors (cf. [7, th 5.1]). In the case of dimX = ∞ theorem 8.17.2 assures that 0 ∈ σ (Λ) such
that in both cases we have shown that σ (Λ) is compact.

8 Umordnung von Vektorsummen

8.1 Einleitung

Nach dem Riemannsche Umordnungssatz lässt sich eine bedingt konvergent Reihe reeller Zahlen so
umordnen, dass die Partialsummen gegen jede beliebige reelle Zahl konvergieren. Da die Partialsum-
men einer bedingt konvergenten Reihe zwar beliebig groß werden, die Beträge der Summanden aber
gegen Null konvergieren, kann man eine Umordnung konstruieren, die eine beliebige reelle Zahl approx-
imiert. Die Verallgemeinerung auf endlichdimensionale Banachräume und insbesondere die komplexen
Zahlen und den Rn gelang 1905 P. Lévy bzw. 1913 E. Steinitz [5]. Der elementare und sehr aufwendige
Beweis wurde von W. Gross [2], I. Halperin [3] und P. Rosenthal [4] vereinfacht. Der mehr topologisch
motivierte aber ebenfalls konstruktive Ansatz von T. Banakh [1] aus dem Jahr 2017 verkürzt den
Beweis deutlich. Abgesehen vom Satz von Hahn-Banach 4.2 setzt der Beweis nur elementare linear
Algebra und Topologie voraus.
Nach einem ersten Abschnitt mit bekannten Ausssagen zu bedingt und absolut konvergenten Reihen
wird im zweiten Abschnitt der Beweis des ersten Teils des Satzes von Lévy-Steinitz nach P. Rosen-
thal behandelt: Die durch Umordnung möglichen Grenzwerte einer bedingt konvergenten Vektorreihe
bilden einen affiner Unterraum. Der Beweis enthält Ergebnisse zur Umordnung endlicher Vektorketten,
die auch für sich von Interesse sind. Im dritten Abschnitt wird der Beweis des Satzes von Lévy-Steinitz
einnschließlich der Aussagen zur Lage des affinen Unterraums nach T. Banakh dargestellt.

8.2 Absolute Konvergenz von Vektorsummen

Sind die Partialsummen einer Vektorfolge (vi)i∈N mit vi ∈ Rn absolut konvergent mit ∑i∈N |vi| < ∞,
so ist der Grenzwert ∑j∈N vp(j) = v unabhängig von der Permutation p.
Beweis: Für jedes ϵ > 0 und jede Permutation p : N → N gibt es ein i0 ∈ N mit ∑i≥i0 ∥vi∥ < ϵ und für
i1 = max

{
p−1(j) : 0 ≤ j ≤ i0

}
gilt demnach

∥∥∥∑i≥0 vi −
∑
j≥0 vp(j)

∥∥∥ ≤
∥∥∥∑0<i≤i1 vi −

∑
0<j≤i1 vp(j)

∥∥∥+∑
i>i1 ∥vi∥ + ∑

j>i1

∥∥∥vp(j)

∥∥∥ ≤
∥∥∥∥∥∑i0<i≤i1 vi −

∑
0<j≤i1
p(j)>i0

vp(j)

∥∥∥∥∥ + 2ϵ ≤ 4ϵ. Dabei wurde im vorletzten

Schritt die endliche Summe ∑0<j≤i1 vp(j) so umgeordnet, dass die „großen“ vp(j) mit p(j) = i für
0 ≤ i < i0 zu Beginn stehen und sich mit den entsprechenden „großen“ Summanden in ∑0<i≤i1 vi
aufheben. Die übrigen „kleinen“ Summanden vimit i > i0 und vp(j) mit p(j) > i0 heben sich nicht
gegenseitig auf, lassen sich aber wegen der absoluten Konvergenz durch jeweils ϵ abschätzen.
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8.3 Riemannscher Umordnungssatz

Sind die Partialsummen einer Zahlenfolge (xi)i∈N mit xi ∈ R bedingt konvergent mit ∑i∈N xi < ∞,
aber ∑i∈N |xi| = ∞, so gibt es für jedes x ∈ R eine Permutation p : N → N mit ∑j∈N xp(j) = x.

Beweis: Wegen |xi| = x+
i +x−

i und xi = x+
i −x−

i sind die Reihen der Positivteile x+
i = 1

2 (|xi| + xi) =
max {xi; 0} und der Negativteile x−

i = 1
2 (|xi| − xi) = min {xi; 0} divergent: ∑i∈N x

+
i = ∑

i∈N x
−
i =

∞. Für o.B.d.A. x > 0 und n ≥ 1 definiere zunächst i0 = j0 = 0 und i1 = min
{
i′1 ≥ 1 :

i′1∑
i=1

x+
i ≥ v

}

sowie j1 = min
{
j′

1 ≥ 1 :
i1∑
i=1

x+
i −

j′
1∑

j=1
x−
j ≤ x

}
. Anschließend setzt man die Umordnung induktiv fort

mit

in+1 = min

i′n+1 ≥ in :
n−1∑
m=0

 i′m+1∑
i=im+1

x+
i −

jm+1∑
j=jm+1

x−
j

+
i′n+1∑
i=in+1

x+
i ≥ x


sowie

jn+1 = min

j′
n+1 ≥ jn :

n∑
m=0

 im+1∑
i=im+1

x+
i −

j′
m+1∑

j=jm+1
x−
j

 ≤ x


Für die neugeordneten Partialsummen gilt∣∣∣∣∣∣

n∑
m=0

 im∑
i=im−1+1

x+
i −

jm∑
j=jm−1+1

x−
j

− x

∣∣∣∣∣∣ ≤ max
{
x+
in

;x−
jn

}

Da wegen der Konvergenz der Gesamtreihe lim
i→∞

|xi| = 0, folgt daraus die Behauptung.

8.4 Darstellung affiner Unterräumen als Grenzwerte von Vektorsummen

Jeder affine Unterraum v + Γ des Rn mit v ∈ Rn und einem Untervektorraum Γ ⊂ Rn lässt sich
als Menge Σ der Grenzwerte der Partialsummen ∑i∈N vp(i) aller möglichen Permutationen p : N → N
einer Folge (vi)i∈N ⊂ Rn von Vektoren darstellen, denn nach dem Riemannschen Umordnungssatz
gibt es für jedes 1 ≤ j ≤ m eine Permutation pj : N → N der Folge (xi)i∈N mit xi = (−1)i

i , so dass∑
i∈N xpj(i) = xj .

8.5 Eingrenzung von Polygonen

Für jede endliche geschlossene Vektorkette (vi)i∈I ⊂ Rn für I = {1; ...;m} mit
m∑
i=1

vi = 0 und

Beträgen ∥vi∥ ≤ 1, i ∈ I gibt es eine Permutation p : I → I mit p(1) = 1, so dass ∀j ∈ I gilt∥∥∥∥∥ j∑
i=1

vp(i)

∥∥∥∥∥ ≤ Cn mit C1 = 1 und Cn ≤
√

4C2
n−1 + 1.

Beweis durch Induktion über n: Für n = 1 und o.B.d.A v1 > 0 wähle die folgenden vp(2), vp(3), ... <
0, bis die Summe im Bereich −1 ≤ v1 + vp(2) + vp(3) + ... < 0 liegt. Anschließend wähle wieder positive
vp(i), bis die Summe wieder im poitiven Bereich liegt, usw., bis alle m Vektoren verbraucht sind. Wegen
∥vi∥ ≤ 1 kann man die vp(i) so wählen, dass die Sume die Bereich [−1; 1] nicht verlässt, womit sich die
Behauptung mit C1 = 1 ergibt. Für n > 1 wähle unter den 2m−1 möglichen Kombinationen die Summe
v = v1 + u1 + ... + us mit {u1; ...;us} ⊂ {v2; ...; vm} und maximaler Länge ∥v∥ . Man betrachtet den
Vektor v als positive Bezugsrichtung und zeigt zunächst mit Hife des inneren Produktes ⟨. . . , . . .⟩,
dass die v1, u1, ..., us in Richtung v ,d.h. ⟨v1, v⟩ , ⟨ui, v⟩ ≥ 0, und die übrigen Vektoren {w1; ...;wt} :=
{v2; ...; vm} \ {u1; ...;us} mit 1 + s + t = m und v = −w1 − ... − wt in Richtung −v, d.h.⟨wj , v⟩ ≤ 0,
orientiert sind:
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Angenommen, ⟨v1, v⟩ < 0, dann wäre ∥v1 + w1 + w2 + ...∥ ≥
〈
(v1 + w1 + w2 + ...) , −v

∥v∥

〉
= −⟨v1,v⟩

∥v∥ +
∥v∥ > ∥v∥ und damit v1 + w1 + w2 + ... eine längere Vektorkette als L.

Angenommen, ⟨ui, v⟩ < 0, dann wäre ∥v − ui∥ ≥
〈
(v − ui) , v

∥v∥

〉
= −⟨ui,v⟩

∥v∥ + ∥v∥ > ∥v∥ und damit
v − ui eine längere Vektorkette als L.

Angenommen, ⟨wj , v⟩ > 0, dann wäre ∥v + wj∥ ≥
〈
(v + wj) , v

∥v∥

〉
= ⟨wj ,v⟩

∥v∥ + ∥v∥ > ∥v∥ und damit
v + wj eine längere Vektorkette als L.

Sei nun u′ := u−
〈
u, v

∥v∥

〉
v

∥v∥ die Komponente des Vektors u in dem n− 1-dimensionalen Unterraum
{v}⊥ :=

{
u ∈ Rn :

〈
u, v

∥v∥

〉
= 0

}
orthogonal zu {v} :=

{
u ∈ Rn :

〈
u, v

∥v∥

〉
= u

}
. Wegen v′ = v′

1 +u′
1 +

... + u′
s = −w′

1 − ... − w′
t = 0 gibt es nach Induktionsvoraussetzung eine Permutation q auf {1; ...; s},

so dass ∀1 ≤ j ≤ s gilt
∥∥∥∥∥v′

1+
j∑
i=1

u′
q(i)

∥∥∥∥∥ ≤ Cn−1 und eine Permutation r auf {1; ...; t} mit q(1) = 1,

so dass ∀1 ≤ j ≤ t gilt
∥∥∥∥∥ j∑
i=1

w′
r(i)

∥∥∥∥∥ ≤ Cn−1. Die durch q bzw. r vorgegebene Reihenfolge der uq(i)
bzw. wr(i) gewährleistet, dass die Vektorketten beliebiger Länge orthogonal zu v nicht länger als
Cn−1 werden. Man sucht nun analog zum Beweis für n = 1 passende Teilketten abwechselnd aus
den uq(i) bzw. wr(i) so heraus, dass auch ihre Längen parallel zu v nicht länger als 1 werden: Man
beginnt in positiver Richtung mit v1 mit 0 ≤

〈
v1,

v
∥v∥

〉
≤ 1 und findet wegen

〈
wj ,

v
∥v∥

〉
≤ 1 bzw.

t∑
j=1

〈
wj ,

v
∥v∥

〉
= ∥v∥ ein 1 ≤ t1 ≤ t , so dass −1 ≤

〈
v1,

v
∥v∥

〉
+

t1∑
i=1

〈
wr(i),

v
∥v∥

〉
≤ 0. Anschließend

sucht man ein 1 ≤ s1 ≤ s , so dass 0 ≤
〈
v1,

v
∥v∥

〉
+

t1∑
i=1

〈
wr(i),

v
∥v∥

〉
+

s1∑
i=1

〈
uq(i),

v
∥v∥

〉
≤ 1. Als nächstes

kommt wieder ein t1 < t2 ≤ t , so dass −1 ≤
〈
v1,

v
∥v∥

〉
+

t1∑
i=1

〈
wr(i),

v
∥v∥

〉
+

s1∑
i=1

〈
uq(i),

v
∥v∥

〉
+

t2∑
i=t1+1〈

wr(i),
v

∥v∥

〉
≤ 0, usw., bis alle uq(i) bzw. wr(i) verbraucht sind. Die gesuchte Anordnung ist also(

v1;wr(1), ..., wr(t1), uq(1), ..., uq(s1), wr(t1+1), ..., wr(t2), ...
)
. Die Länge der Vektorkette in Richtung v ist

höchstens 1 und orthogonal dazu in Richtung v⊥ für die uq(i) bzw. wr(i) höchstens Cn−1 + Cn−1.
Insgesamt gilt also Cn ≤

√
4C2

n−1 + 1.

8.6 Umordnung endlicher Vektorketten I

Für jede endliche Vektorkette (vi)i∈I ⊂ Rn mit I = {1; ...;m} und
∥∥∥∥ m∑
i=1

vi

∥∥∥∥ ≤ ϵ sowie Beträgen

∥vi∥ ≤ ϵ, i ∈ I gibt es eine Permutation p : I → I mit p(1) = 1, so dass ∀j ∈ I gilt
∥∥∥∥∥ j∑
i=1

vp(i)

∥∥∥∥∥ ≤

ϵ (Cn + 1), denn die vi lassen sich durch vm+1 := −
m∑
i=1

vi zu einer geschlossenen Vektorkette gemäß

2.1 ergänzen, so dass
∥∥∥∥∥ j∑
i=1

vp(i)

∥∥∥∥∥ ≤ ϵCn und damit

∥∥∥∥∥∥∥∥
∑

1≤i≤j
p(i)̸=m+1

vp(i)

∥∥∥∥∥∥∥∥ ≤ ϵCn + ϵ.

8.7 Umordnung endlicher Vektorketten II

Für jede endliche Vektorkette (vi)i∈I ⊂ Rn mit I = {1; ...;m} und Beträgen ∥vi∥ ≤ ϵ, i ∈ I
sowie jedes 0 < t < 1 gibt es eine Permutation p : I → I mit p(1) = 1, und ein j ∈ I , so dass∥∥∥∥∥ j∑
i=1

vp(i) − tv

∥∥∥∥∥ ≤ ϵ
√
C2
n−1 + 1 mit v :=

m∑
i=1

vi .
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Beweis: Sei zunächst n = 1 und o.B.d.A v > 0 sowie 1 ≤ j ≤ m der kleinste Index mit
j∑
i=1

vi− tv > 0,

dann ist
j−1∑
i=1

vi − tv < 0 und wegen vj < ϵ folgt
∣∣∣∣∣ j∑i=1

vi − tv

∣∣∣∣∣ < ϵ, womit die Behauptung für C0 := 0

erfüllt ist. Im Fall n > 1 betrachtet man wie im Beweis zu 20.4 die Projektionen v′
i := vi−

(
vi,

v
∥v∥

)
v

∥v∥

auf den orthogonalen Unterraum {v}⊥ . Wegen
j∑
i=1

v′
i = v′ = 0 und ∥v′

i∥ ≤ ϵ lässt sich 2.1 anwenden

und liefert eine Permutation p : I → I mit p(1) = 1, so dass ∀j ∈ I gilt
∥∥∥∥∥ j∑
i=1

v′
p(i)

∥∥∥∥∥ ≤ ϵCn−1. Für

die Komponenten
〈
vi,

v
∥v∥

〉
v

∥v∥ parallel zu v gilt
〈
vi,

v
∥v∥

〉
< ϵ und

∥∥∥∥ m∑
i=1

〈
vp(i),

v
∥v∥

〉∥∥∥∥ = ∥v∥ = v, v
∥v∥ ,

so dass sich wie im Beweis für n = 1 ein j ∈ I finden lässt mit
∥∥∥∥∥ j∑
i=1

〈
vp(i),

v
∥v∥

〉
− t ∥v∥

∥∥∥∥∥ < ϵ. Die

Differenz
j∑
i=1

v′
p(i) − tv der beiden Vektorketten und in Richtung v ist höchstens ϵ und orthogonal dazu

in Richtung v⊥ höchstens ϵCn−1. Insgesamt gilt also
∥∥∥∥∥ j∑
i=1

vp(i) − tv

∥∥∥∥∥ ≤ ϵ
√
C2
n−1 + 1.

8.8 Umordnungssatz

Besitzt die Folge (Sm)m≥1 der Partialsummen Sm =
m∑
i=1

vi einer Folge (vi)i∈N ⊂ Rn von Vektoren

eine Teilfolge (Smk
)k≥1, die gegen ein S ∈ Rn konvergiert, so lässt sich die Gesamtreihe durch eine

Bijektion p : N → N so umordnen, dass sie gegen S konvergiert: lim
m→∞

∥∥∥Sp(m) − S
∥∥∥ = 0.

Beweis: Man verwendet 8.2, um die zwischen den Gliedern der konvergierenden Teilfolge liegenden
Vektoren vmk+1, ..., vmk+1−1 so umzuordnen, dass ihre Partialsummen und damit die Abweichungen
von Smk

minimal werden: Für δk := ∥Smk
− S∥ und ϵk := max {δk + δk+1, sup {∥vi∥ : i ≥ mk}} gilt∥∥∥∥∥mk+1−1∑

i=mk+1
vi

∥∥∥∥∥ =
∥∥∥∥(mk+1∑

i=1
vi − S

)
−
(
mk∑
i=1

vi − S

)
− vmk+1

∥∥∥∥ < δk+1 + δk + ∥vk+1∥ < 2ϵk. Gemäß 8.5

existiert eine Permutation pk von {mk + 1; ..., ;m− 1} mit
∥∥∥∥∥ j∑
i=mk+1

vpk(i)

∥∥∥∥∥ ≤ 2ϵk (Cn + 1) ∀mk + 1 ≤

j ≤ mk+1 − 1. Setzt man p(m) := pk(i) für mk + 1 ≤ i ≤ mk+1 − 1 und p (mk) := mk sonst, so folgt∥∥∥Sp(m) − Smk

∥∥∥ ≤ 2ϵk (Cn + 1) → 0 und wegen ∥Smk
− S∥ = δk → 0 schließlich die Behauptung.

8.9 Satz von Lévy und Steinitz I

Die Menge Σ der Grenzwerte der Partialsummen ∑i∈N vp(i) aller möglichen Permutationen p : N → N
einer gegebenen Folge (vi)i∈N ⊂ Rn von Vektoren ist ein affiner Unterraum der Gestalt Σ = Σ + Γ mit
einem Untervektorraum Γ ⊂ Rn.

Beweis: Für Σ = ∅ ist nichts zu zeigen. Sei also v ∈ Σ ̸= ∅, dann kann o.B.d.A. v1 durch v1 − v
ersetzt werden und durch diese Verschiebung der gesamten Summe erhält man 0 ∈ S. Es genügt nun
zu zeigen, dass Σ ein Untervektorraum ist:

s1, s2 ∈ Σ ⇒ s1+s2 ∈ Σ : Da es drei verschiedene Anordnungen gibt, die unabhängig von endlichen
Umordnungen gegen s1, 0 bzw. s2 konvergieren, existieren für jedes m ≥ 1 endliche Indexmengen
{1; ...;m} ⊂ Im ⊂ Jm ⊂ Km ⊂ Im+1 ⊂ ... mit

∥∥∑
i∈Im

vi − s1
∥∥ < 2−m,

∥∥∑
i∈Jm

vi − 0
∥∥ < 2−m und∥∥∑

i∈Km
vi − s2

∥∥ < 2−m. Die Summe bewegt sich also auf Im in Richtung s1, dann auf Jm \ Im wieder
zurück in Richtung −s1 bzw. 0 und schließlich auf Km\Jm in Richtung s2. Wenn man die Summanden
im Bereich Jm \ Im entfernt, werden die Restsummen gegen s1 + s2 streben: Mittels einer endlichen
Permutation p : N → N lassen sich die Indexmengen Im, Jm, Km und Im+1 aufsteigend sortieren, so
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dass es Indizes im < jm < km < im+1 < ... gibt mit Im = p [{1; ...; im}], Jm = p [{1; ...; jm}], usw. und

damit
∥∥∥∥∥ im∑i=1

vp(i) − s1

∥∥∥∥∥ < 1
m ,

∥∥∥∥∥ jm∑i=1
vp(i)

∥∥∥∥∥ < 1
m und

∥∥∥∥∥km∑
i=1

vp(i) − s2

∥∥∥∥∥ < 1
m . Wegen

∥∥∥∥∥ km∑
i=jm+1

vp(i) − s2

∥∥∥∥∥ =∥∥∥∥∥km∑
i=1

vp(i) − s2−
jm∑
i=1

vp(i)

∥∥∥∥∥ < 2
m folgt daraus für den Rest

∥∥∥∥∥ im∑i=1
vp(i)+

km∑
i=jm+1

vp(i) − (s1 + s2)
∥∥∥∥∥ < 3

m .

Wenn man den hinteren Abschnitt mittels p′ (p (i)) =


p (i+ jm − im) für im < i ≤ im + km − jm

p (i− jm + im) für im + km − jm < i ≤ km

p(i) sonst

nach vorne in die Lücke schiebt, ergibt sich eine Partialsumme
∥∥∥∥∥im+km−jm∑

i=1
vp′◦p(i) − (s1 + s2)

∥∥∥∥∥ < 3
m

und damit eine gegen s1 + s2 konvergierende Teilfolge, woraus nach 8.4 die Behauptung folgt.

s ∈ Σ ⇒ ts ∈ Σ∀t ∈ R: Man verwendet o.B.d.A s2 mit den Anordnungen aus Teil 1. und nutzt die
eben bewiesene Additivität, um sich auf 0 < t < 1 zu beschränken und damit 8.3 anwenden zu können:
Mit δm = sup

{∥∥∥vp(i)

∥∥∥ : i = jm + 1, ..., km
}

gibt es eine Permutation qm von {p (jm + 1) , ..., p (km)},

so dass
∥∥∥∥∥ km∑
i=jm+1

vqm(p(i)) − t·
km∑

i=jm+1
vp(i)

∥∥∥∥∥ ≤ δm
√
C2
n−1 + 1. Wegen

∥∥∥∥∥t· km∑
i=jm+1

vp(i) − ts2

∥∥∥∥∥ < 2
m und∥∥∥∥∥ jm∑i=1

vp(i)

∥∥∥∥∥ < 1
m folgt

∥∥∥∥∥ jm∑i=1
vp(i)+

km∑
i=jm+1

vqm(p(i)) − ts2

∥∥∥∥∥ ≤ δm
√
C2
n−1 + 1+ 3

m . Aus der Annahme Σ ̸= ∅

folgt lim
m→∞

δm = 0, so dass die Teilfolge der so umgeordneten Partialsummen gegen ts2 konvergiert und
aus 8.4 folgt wieder die Behauptung.

s ∈ Σ ⇒ −s ∈ Σ: Man verwendet wieder s2 mit den Anordnungen aus Teil 1. und betrachtet∥∥∥∥∥ jm∑i=1
vp(i)+

jm+1∑
i=km+1

vp(i) − (−s2)
∥∥∥∥∥ =

∥∥∥∥∥ jm∑i=1
vp(i)+

jm+1∑
i=1

vp(i) −
(
km∑
i=1

vp(i) − s2

)∥∥∥∥∥ < 1
m + 1

m+1 + 1
m . Analog

zu 1. lässt sich durch die Rückverschiebung der letzten jm+1 − (km + 1) Glieder eine gegen −s2
konvergierende Teilfolge von Partialsummen bilden, so dass sich mit 8.4 erneut die Behauptung ergibt.

8.10 Komponentenweise bedingte Konvergenz

Eine Reihe ∑i∈N vi mit vi ∈ Rn heißt bedingt konvergent, wenn es eine Permutation p : N → N
gibt mit

∥∥∥∑i∈N vp(i)

∥∥∥ < ∞ und komponentenweise bedingt konvergent, wenn die Summen∑
i∈N ⟨vi, w⟩ der Projektionen in alle Richtungen w ∈ Rn und insbesondere die Summen ∑i∈N vij der

Komponenten vij = ⟨vi, ej⟩ bedingt konvergent sind. Aufgrund der (Sesqui-)Linearität des Skalarpro-
duktes und der Schwarz-Ungleichung gilt

∣∣∣∣ m∑
i=0

⟨vi, w⟩
∣∣∣∣ =

∣∣∣∣〈( m∑
i=0

vi

)
, w

〉∣∣∣∣ ≤
∥∥∥∥ m∑
i=0

vi

∥∥∥∥ · ∥w∥ für alle
m ∈ N, d.h., eine bedingt konvergente Vektorreihe ist insbesondere komponentenweise bedingt kon-
vergent.

8.11 Folge der Summanden

Für eine komponentenweise bedingt konvergente Reihe ∑i∈N vi konvergiert die Folge der Summanden
gegen Null: lim

i→∞
∥vi∥ = 0.

Beweis: Angenommen, es gibt ein ϵ > 0, so dass die Menge E = {n ∈ N : ∥vi∥ > ϵ} unendlich
ist, und die Folge

(
vi

∥vi∥

)
i∈E

⊂ S auf der kompakten Menge S einen Häufungspunkt v∞ besitzt mit

einem n0 ∈ N, so dass
∥∥∥ vi

∥vi∥ − v∞
∥∥∥ < ϵ

2 für alle i ≥ n0. Dann gilt |⟨vi, v∞⟩| = ∥vi∥ ·
∣∣∣〈 vi

∥vi∥ , v∞
〉∣∣∣ =

∥vi∥ ·
∣∣∣〈 vi

∥vi∥ , v∞ − vi
∥vi∥

〉
+
〈

vi
∥vi∥ ,

vi
∥vi∥

〉∣∣∣ ≥ ϵ
(
1 − ϵ

2
)

= ϵ
2 für alle i ∈ E, so dass die Reihe ∑i∈N ⟨vi, v∞⟩

nicht in eine konvergente Reihe umgeordnet werden kann im Widerspruch zur Voraussetzung der
komponentenweise bedingten Konvergenz.
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8.12 Divergenzpunkte und absolute Konvergenz

Ein Punkt x ∈ S = {x ∈ Rn : ∥x∥ = 1} heißt Divergenzpunkt der Reihe ∑i∈N vi, wenn die Menge
NU :=

{
i ∈ N : vi

∥vi∥ ∈ U
}

für jede Umgebung U ⊂ S von x unendlich ist und die Teilfolge∑i∈NU
∥vi∥ =

∞ divergiert. Die Menge D ⊂ S aller Divergenzrichtungen einer bedingt konvergenten Reihe ist nach
Definition abgeschlossen in S und als Teilmenge der kompakten und insbesondere abgschlossenen
Einheitsspäre S auch abgeschlossen in Rn. Im Fall D = ∅ gibt es eine endliche Überdeckung U offener
Mengen U ⊂ S, für die jeweils ∑i∈NU

∥vi∥ < ∞ und folglich ∑i∈N ∥vi∥ ≤
∑
U∈U

∑
i∈NU

∥vi∥ < ∞,
d.h., absolute Konvergenz mit Γ = Rn, Γ⊥ = ∅ und Σ = {v} für v = ∑

i∈N vi.

8.13 Konvexe Hülle der Divergenzpunkte

Im Fall D ̸= ∅ enthält die konvexe Hülle

co(D) =
{

m∑
k=0

tkxk :
m∑
k=0

tk = 1, tk ∈ [0; 1], xk ∈ D, 0 ≤ k ≤ m, m ∈ N
}

den Koordinatenursprung, denn ansonsten existiert nach dem Satz von Hahn-Banach 4.2 ein w ∈
Rn und ein ϵ > 0 mit ⟨x,w⟩ > ϵ∀x ∈ co(D) sowie wegen der Stetigkeit des linearen Funktionals
⟨. . . , w⟩ : Rn → R auch eine Umgebung U ∈ U(x) mit ⟨x,w⟩ > ϵ

2∀x ∈ U , so dass ∑i∈N

〈
vp(i), w

〉
für

keine Permutation p konvergieren kann im Gegensatz zur Annahme der komponentenweisen bedingten
Konvergenz von ∑i∈N vi.

8.14 Konvexe Hülle der minimalen Divergenzpunkte

1

1

1

t

t

t

[0;1]

Ker

{t  + t  + t  = 1}

∆

1

2

3

1 2 3

3

Die minimale Teilmenge D0 ⊂ D mit 0 ∈ co (D0) ist affin unabhängig
und besteht daher aus höchstens n + 1 Punkten, denn im Fall D0 =
{xo, ..., xn+1} ist der Kern Ker∆ =

{
t = (t1; ...; tn+1) ∈ Rn+1 : ∆(t) = 0

}
der linearen Abbildung ∆ : Rn+1 → Rn mit ∆(t) =

n+1∑
k=0

tkxk ∧

t0 = 1−
n+1∑
k=1

tk für x0, ..., xn+1 ∈ D ⊂ Rn ein mindestens eindi-

mensionaler und höchstns (n + 1)-dimensionaler Unterraum des Rn+1

in der Form Ker∆ =
{
t ∈ Rn+1 : t = a+

n+1∑
r=1

srbr, s1, ..., sn+1 ∈ R
}

mit

a ∈ Rn+1 und linear unabhängigen b1, ..., bn+1 ∈ Rn+1 sowie b1 ̸= 0, der wegen 3.4 den Def-
initionsbereich [0; 1]n+2 der konvexen Hülle und für jedes 0 ≤ j ≤ n + 1 mit ⟨ej , br⟩ ̸= 0
seinen Rand

{
(t0, ..., tn+1) ∈ [0; 1]n+2 : ∃0 ≤ j ≤ n+ 1 : tj = 0

}
schneidet. Dabei kann man sich

das Urbild ∆−1 [co (D0)] der konvexen Hülle als mindestens eindimensionale und höchstns (n + 1)-
dimensionale Hyperfläche vorstellen, die durch den Schnitt der (n + 1)-dimensionalen Hyperebene{
t = (t0; ...; tn+1) ∈ Rn+2 :

n+1∑
k=0

tk = 1
}

mit dem Einheitswürfel [0; 1]n+2 entsteht. An jedem dieser
Durchstoßpunkte ist mindestens ein tj = 0 und 0 = ∑

0≤k≤n+1
k ̸=j

tkxk ∧
∑

0≤k≤n+1
k ̸=j

tk = 1 erfüllt, d.h.,

0 ∈ co (D0 \ {xj}). Die minimale konvexe Hülle enthält damit sogar eine offene Umgebung
des Ursprungs: 0 ∈ U ⊂ co (D0) für ein U ∈ U(0), denn falls der Ursprung auf dem Rand{

m∑
k=1

tkxk ∈ co(D0) : ∃1 ≤ j ≤ n+ 1 : tj = 0
}

liegt, könnte wieder der entsprechende Divergenzpunkt

xj entfernt werden, d.h. 0 ∈ co (D0 \ {xj}) im Widerspruch zum minimalen Charakter von D0.
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8.15 Lineare Hülle der minimalen Divergenzpunkte

Sei X0 =
{

m∑
k=1

tkxk : x1, ..., xm ∈ D0

}
die lineare Hülle von D0 = {x1; ...;xm} mit der Projektion

pr0 : Rn → X0, wobei pr0(v) =
m∑
k=1

〈
v, xk

∥xk∥

〉
xk

∥xk∥ und X1 = X⊥
0 = {y ∈ Rn : ⟨x, y⟩ = 0∀x ∈ X0} das

orthogonale Komplement mit der entsprechenden Projektion pr1 : Rn → X1, wobei pr1(v) =
n∑

k=m+1〈
v, xk

∥xk∥

〉
xk

∥xk∥ für die Basis {xm+1; ...;xn} von D⊥
0 . Dann gibt es eine Teilmenge Ω ⊂ N mit∑

i∈Ω ∥pr1 (vi)∥ < ∞ und ∑i∈Ω∩NU
∥vi∥ = ∞ für jede Umgebung U ⊂ S aller xk ∈ D0

Beweis: Für jedes n ∈ N und v ∈ Bn := B2−n(x) ⊂ S gilt ∥pr1 (v)∥ = ∥pr1 (v − x) + pr1 (x)∥ =
∥pr1 (v − x) + 0∥ ≤ ∥v − x∥ < 2−n. Für jedes xk ∈ D0 ⊂ D ist NBn unendlich und ∑i∈NBn

∥vi∥ = ∞.
Daher und nach 3.2 gibt es eine endliche Teilmenge Fn ⊂ NBn mit n <

∑
i∈Fn

∥vi∥ < n + 1. Für
Ok = ⋃

n∈N Fn gilt dann∑i∈Ok
∥pr1 (vi)∥ ≤

∑
n∈N

∑
i∈Fn

∥pr1 (vi)∥ = ∑
n∈N

∑
i∈Fn

∥∥∥pr1

(
vi

∥vi∥

)∥∥∥·∥vi∥ ≤∑
n∈N

n+1
2n < ∞ und für Ω =

m⋃
k=1

Ok folglich die erste Behauptung. Für eine beliebige Umgebung U ⊂ S

von xk ∈ D0 gibt es ein n ∈ N mit B2−n (xk) ⊂ U und damit Fm ⊂ NBm ⊂ NU für alle m ≥ n, so dass∑
i∈Ω∩NU

∥vi∥ ≥
∑
i∈
⋃

m≥n
Fm

∥vi∥ ≥ sup
m≥n

m = ∞, womit die zweite Behauptung gezeigt ist.

8.16 Näherung der linearen Hülle der minimalen Divergenzpunkte

Es gibt eine positive Konstante C, so dass für x ∈ X0, ϵ > 0 und jede endliche Teilmenge F ⊂ Ω
eine weitere endliche Teilmenge E ⊂ Ω \ F existiert mit ∥x−

∑
i∈E vi∥ < ϵ und ∥

∑
i∈E′ vi∥ ≤ C ·

max {∥x∥ , ϵ} für alle E′ ⊂ E.
Beweis: Nach 8.5 gibt es ein δ < 1

4 mit Bδ(0) ⊂ co (D0) und Bδ (xi) ∩ Bδ (xj) = ∅ ∀xi, xj ∈ D0.
Seien x ∈ X0, ϵ < δ und die endliche Teilmenge F ⊂ Ω gegeben. Für c = 1

δ max {∥x∥ , ϵ} folgt
x
c ∈ Bδ(0) ⊂ co (D0) und damit x =

m∑
k=1

c · tkxk für x1, ..., xm ∈ D0 und 0 ≤ tk ≤ 1 mit
m∑
k=1

tk = 1. Auf der sphärischen Kreisscheibe Sk = Bδ (xk) ∩ S gilt zunächst x, y ∈ Sk ⇒ ⟨x, y⟩ =
⟨x, x⟩ + ⟨x, y − x⟩ ≥ 1 − ∥x− y∥ > 1 − 2δ ≥ 1

2 , woraus für den zugehörigen Richtungskegel Ŝk =
{t · x : x ∈ Sk, t > 0} die Abschätzung x, y ∈ Ŝk ⇒ ∥x+ y∥ ≥

〈
x+ y, x

∥x∥

〉
= ∥x∥ + ∥y∥

〈
y

∥y∥ ,
x

∥x∥

〉
≥

∥x∥ + 1
2 ∥y∥ folgt. Nach 8.6 sind die Mengen Ωk :=

{
i ∈ Ω : vi

∥vi∥ ∈ Sk
}

=
{
i ∈ Ω : vi ∈ Ŝk

}
für 1 ≤

k ≤ m unendlich und ∑i∈Ωk
∥vi∥ ≥

∑
i∈Ωk∩NU

∥vi∥ = ∞. Da wegen (vi)i∈Ωk
⊂ Ŝk auch ∑i∈Ωk

vi ∈ Ŝk
und außerdem lim

i→∞
∥vi∥ = 0 gilt, lässt sich für eine gegebene endliche Teilmenge F ⊂ Ωk eine weitere

endliche Teilmenge Ek ⊂ Ωk \ F finden, so dass sk = ∑
i∈Ek

vi ∈ Ŝk und c · tk − ϵ
2m < ∥sk∥ ≤ c · tk.

Damit folgt ∥sk − c · tkxk∥ ≤
∥∥∥∥sk∥ · sk

∥sk∥ − c · tk · sk
∥sk∥

∥∥∥+
∥∥∥c · tk · sk

∥sk∥ − c · tkxk
∥∥∥ = ∥∥sk∥ − c · tk∥+ c ·

tk
∥∥∥ sk

∥sk∥ − xk
∥∥∥ < ϵ

2m+c·tk · ϵ2c und für die endliche Teilmenge E =
m⋃
k=1

Ek ⊂ Ω\F folgt ∥
∑
i∈E vi − x∥ =∥∥∥∥∑i∈E vi−

m∑
k=1

c · tkxk
∥∥∥∥ ≤

m∑
k=1

∥∥∥∑i∈Ek
vi − c · tkxk

∥∥∥ < m∑
k=1

(
ϵ

2m + c · tk · ϵ
2c
)

= ϵ
2

(
1+

m∑
k=1

tk

)
= ϵ.

Für die zweite Behauptung sei E′ ⊂ E und E′
k := E ∩ Ek. Dann ist ∑i∈E′

k
vi ∈ Ŝk mit

∥∥∥∑i∈E′
k
vi
∥∥∥ ≤∥∥∥∑i∈Ek

vi
∥∥∥ ≤ c · tk ≤ c, also ∑i∈E′

k
vi = t · y mit y ∈ Sk und 0 ≤ t ≤ c, so dass ∥

∑
i∈E′ vi∥ ≤ c · δ ·C =

C · max {∥x∥ , ϵ} mit C := 1
δ sup

{∥∥∥∥ m∑
k=1

tkyk

∥∥∥∥ : 0 ≤ tk ≤ 1, yk ∈ Bδ (xk) , xk ∈ D0

}
.

8.17 Die Richtungen absoluter Konvergenz

Die Richtungen absoluter Konvergenz sind orthogonal zur linearen Hülle der Divergenzpunkte: Γ =
{y ∈ Rn : ∑i∈N |⟨y, vi⟩| < ∞} = {y ∈ X1 : ∑i∈N |⟨y,pr1 (vi)⟩| < ∞} = Γ1
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Beweis: ⊂: Angenommen, ∃y ∈ Γ \ X1 , dann existiert insbesondere ein xk ∈ D0 mit ⟨y, xk⟩ ≠ 0
und die Menge NU :=

{
i ∈ N : vi

∥vi∥ ∈ U
}

für die offene Umgebung U = {x ∈ S : |⟨y, x⟩| > |⟨y, xk⟩|}
von y ist unendlich und ∑

i∈NU
∥vi∥ = ∞. Damit folgt aber |⟨y, vi⟩| > ∥vi∥ · |⟨y, xk⟩| ∀i ∈ NU und

folglich ∑i∈NU
|⟨y, vi⟩| = ∞ im Widerspruch zur Auswahl von y. ⊃: Für y ∈ X1 ist ⟨y,pr1 (vi)⟩ =

⟨y, vi⟩ − ⟨y,pr0 (vi)⟩ = ⟨y, vi⟩ − 0 = ⟨y, vi⟩, woraus sich die Behauptung ergibt.

8.18 Satz von Lévy und Steinitz II

Die Menge Σ aller möglichen Summen ∑
i∈N vp(i) zu den Permutationen p : N → N einer Folge

(vi)i∈N ⊂ Rn von Vektoren ist ein affiner Unterraum: Σ = Σ + Γ⊥, wobei der Untervektorraum Γ =
{y ∈ Rn : ∑i∈N |⟨y, vi⟩| < ∞} die Richtungen absoluter Konvergenz und Γ⊥ = {x ∈ Rn : ⟨y, x⟩ = 0∀y ∈ Γ}
das orthogonale Komplement zu Γ beschreiben. Dabei gilt Σ ̸= ∅ genau dann, wenn ∑i∈N vi kompo-
nentenweise bedingt konvergent ist. Im Fall absoluter Konvergenz mit ∑i∈N ∥vi∥ < ∞ ist Σ = {v}
mit v = ∑

i∈N vi sowie Γ = Rnund folglich Γ⊥ = ∅.

Beweis durch Induktion nach n: Aus der komponentenweise bedingten Konvergenz von ∑i∈N vi
in Rn folgt nach 8.8 die komponentenweise bedingte Konvergenz von ∑i∈Ω pr1 (vi) im Hilbertraum
X1 ≃ Rm mit der Dimension m < n, falls keine absolute Konvergenz vorliegt. (vgl. 8.3). Nach einem
geeigneten Basiswechsel kann die Induktionsannahme auf ∑i∈N pr1 (vi) angewandt werden, so dass die
Menge Σ1 aller möglichen Summen ∑i∈Ω pr1

(
vp(i)

)
die Struktur Σ1 = Σ1 + Γ⊥

1 ∩X1 = Σ1 + Γ⊥ ∩X1

besitzt, denn nach 8.8 gilt Γ1 = Γ = {y ∈ Rn : ∑i∈N |⟨y, vi⟩| < ∞}. Man kann nun zeigen, dass für
die Menge Σ aller möglichen Summen ∑i∈N vp(i) gilt Σ = Σ1 +

(
Γ⊥ ∩X1

)
⊕X0 = Σ1 + Γ⊥, wobei die

Gleichung
(
Γ⊥ ∩X1

)
⊕ X0 = Γ⊥ mit Hilfe der Zerlegung x = pr0 (x) + pr1 (x) sowie der Beziehung

Γ ⊂ X1 eingesehen werden kann. Die Inklusion Σ ⊂ Σ1 +
(
Γ⊥ ∩X1

)
⊕ X0 ergibt sich trivialerweise

aus der Zerlegung Rn = X0 ⊕ X1. Für die Umkehrung ist zu zeigen, dass für jedes x ∈ X0 und
y ∈ Σ1 eine Permutation p von N existiert mit ∑i∈N vp(i) = x + y. Die gewünschte Permutation p
wird zweckmäßigerweise durch eine Wohlordnung ≼ auf N gemäß p(i) = max≤ [0; i]≼ definiert, so dass
p(i) ≤ p(j) ⇔ i ≼ j und ∑≼

i∈N vi = x+y, d.h., für jedes ϵ > 0 existiert ein k ∈ N, so dass für alle j ≽ k

gilt
∥∥∥∑i≽j vi − (x+ y)

∥∥∥ < ϵ. Nach Induktionsannahme gibt es eine eine Permutation p von N mit∑
i∈N pr1

(
vp(i)

)
= y und damit wie eben beschrieben eine Wohlordnung ≼1 auf N und insbesondere

auf Λ = N \ Ω mit i ≼1 j ⇔ p(i) ≤ p(j). Damit erhält man bereits ∑≼1
i∈Λ pr1 (vi) +∑

i∈Ω pr1 (vi) = y.
Auf Ω ist der Grenzwert der absolut konvergenten Teilreihe ∑i∈Ω pr1 (vi) ∈ X1 unabhängig von
der Permutation bzw. Wohlordnung und erlaubt daher weitere Anpassung der Wohlordnung ≼1
auf Ω, so dass die endgültige Wohlordnung ≼ auf N = Ω ∪ Λ auf Λ mit ≼1 übereinstimmt und wie
bisher ∑≼

i∈N pr1 (vi) = y gilt sowie zusätzlich ∑≼
i∈N pr0 (vi) = x. Dazu konstruiert man induktiv die

absteigenden wohlgeordneten Mengenfolgen (Λk;≼)k∈N und (Ωk; ≤)k∈N sowie eine aufsteigende Folge
(Fk)k∈N mit den folgenden Eigenschaften für k ∈ N:

1. Λk+1 = Λk \ {min Λk}

2. Ωk+1 ⊂ Ωk \ {min Ωk}

3. Fk+1 = Fk ∪ {min Λk} ∪ (Ωk \ Ωk+1)

4.
∥∥∥x−

∑
i∈Fk+1

pr0 (vi)
∥∥∥ < 2−k

5. ∀E ⊂ Fk+1 \ Fk : ∥
∑
i∈E vi∥ ≤ C ·

(
2−k +

∥∥vmin Λk
+ vmin Ωk

∥∥).

Nach 8.7 lässt sich eine endliche Menge F0 ⊂ Ω finden mit
∥∥x−

∑
i∈F0 pr0 (vi)

∥∥ ≤
∥∥x−

∑
i∈F0 vi

∥∥ < 1.
Damit definiert man Ω0 = Ω\F0 und Λ0 = Λ = N\Ω. Für breits konstruierte Fk,Ωk,Λk sei ak := x−
pr0

(
vmin Λk

+ vmin Ωk
+∑

i∈Fk
vi
)

∈ X0 mit ∥ak∥ ≤
∥∥∥x−

∑
i∈Fk

pr0 (vi)
∥∥∥+

∥∥vmin Λk
+ vmin Ωk

∥∥ < 2−k+∥∥vmin Λk
+ vmin Ωk

∥∥ wegen 4. Mit 8.7 lässt sich eine endliche Teilmenge Ek ⊂ Ωk \Fk ∪{min Ωk} finden
mit

∥∥∥ak −
∑
i∈Ek

vi
∥∥∥ < 2−k−1 und für jede Teilmenge E ⊂ Ek gilt ∥

∑
i∈E vi∥ < C·max

{
2−k−1; ∥ak∥

}
≤
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C ·
(
2−k +

∥∥vmin Λk
+ vmin Ωk

∥∥). Definiere nun Fk+1 := Fk ∪ Ek ∪ {min Λk; min Ωk}, Ωk+1 := Ωk \
(Ek ∪ {min Ωk}) und Λk+1 = Λk \ {min Λk}. Auf ⋃k∈N Fk = N wird nun die angpasste Fortsetzung
≼ der Wohlordnung ≼1 defniert mit i ≼ j ⇔ ∃k ∈ N : i ∈ Fk ∧ j /∈ Fk. Aufgrund der abso-
luten Konvergenz von ∑i∈Ω pr1 (vi) undabhängig von der Ordnung gilt nach wie vor ∑≼

i∈N pr1 (vi) =∑≼
i∈Λ pr1 (vi)+∑≼

i∈Ω pr1 (vi) = y. Wegen 4. und 5. sowie 8.2 gilt nun aber zusätzlich∑≼
i∈N pr0 (vi) = x,

womit x+y ∈ Σ bewiesen ist. Die Behauptung ergibt sich nun aus Σ+Γ⊥ = (X0 ⊕ Σ1)+
(
X0 ⊕ Γ⊥

1

)
=

X0 ⊕
(
Σ1 + Γ⊥

1

)
= X0 ⊕ Σ1 = Σ.

8.19 Beispiel I

Das erste Beispiel zeigt, dass die Mengen X0 ⊂ Γ⊥ bzw. Γ ⊂ X1 nicht zusammenfallen müssen:
Für Reihe ∑i∈N vi mit vi = (−1)i

(
i−0,5

i−1

)
ist ∑i∈N |⟨y, vi⟩| = ∞ u.a. für y = ( 0

1 ), aber der einzige
Divergenzpunkt ist x = lim

i→∞
vi

∥vi∥ = ( 1
0 ). In diesem Fall ist X0 = {( x0 ) : x ∈ R} , X1 =

{( 0
y

)
: y ∈ R

}
,

Γ = {( 0
0 )} und Γ⊥ = R2. Die Menge der möglichen Summen bzw. Grenzwerte ist Σ = Σ + Γ⊥ = R2.

Auch orthogonal zur linearen Hülle X0 der Divergenzpunkte können also Divergenzrichtungen liegen,
d.h., der Vektorraum Γ der Richtungen absoluter Konvergenz ist i.A. eine echte Teilmenge von X1.

8.20 Beispiel II

Das zweite Beispiel zeigt, dass die Mengen D0 ⊂ D bzw. Γ ⊂ X1 nicht zusammenfallen müssen:
Für die Reihe ∑i∈N vi in R3 mit vi = (−i)i

i

( 1
1
0

)
sind die Divergenzrichtungen identisch mit dem

Einheitskreis in der x-y-Ebene: D =
{( x

y
0

)
: x2 + y2 = 1

}
. Eine minimale Teilmenge, deren konvexe

Hülle den Ursprung enthält, ist z.B. D0 =
{( 1

0
0

)
;
(−1

0
0

)}
mit co (D0) =

{( 1−2t
0
0

)
: 0 ≤ t ≤ 1

}
und

X0 =
{( x

0
0

)
: x ∈ R

}
. Das orthogonale Komplement ist X1 =

{( 0
y
z

)
: y, z ∈ R

}
. Offensichtlich ist

aber Γ =
{( 0

0
z

)
: z ∈ R

}
und die Menge der möglichen Summen bzw. Grenzwerte ist Σ = Σ + Γ⊥ ={( x

y
0

)
: x, y ∈ R

}
. In diesem Fall gilt also X0 = Γ⊥.
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absolutely continuous, 33
absolutely continuous measure, 32
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absorbing set, 9
adjoint, 33, 45
affinely independent, 16
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algebraically closed, 5
almost everywhere, 9, 22
annihilator, 44
approximate identity, 40
Arzela-Ascoli theorem, 28, 48
atomic support, 36

Baire space, 13, 14, 30
Baire’s theorem, 13–15, 30, 47
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Banach algebra, 49
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Banach-Alaoglu theorem, 23
Banach-Steinhaus theorem, 13, 14, 16, 35
basis vector, 5
bedingt konvergent, 56
bilinear map, 16
Borel measurable, 13
Borel measure, 22, 32
Borel-σ-algebra, 31
bounded, 4
bounded mapping, 7
bounded variation, 33
Brouwer’s fixed point theorem, 18

category theorem, 13–15
Cauchy sequence, 5, 15
closed graph theorem, 15, 41
compact, 4, 14
compact convergence in all derivatives, 35, 40
compact operator, 48
compact-open topology, 13
complement, 49
complete labeling, 16
continuous, 4
convergence in distribution, 23
convergence in mean, 22
convex, 6, 14, 23
convex combination, 22
convex combinations, 24
convex hull, 6, 16, 24, 25
convolutions, 39

cuts, 16

d-bounded set, 7
diameter, 7
differentiable functions, 27
differential operator, 27, 33, 36
differential quotients, 27
Differentiating under the integral sign, 39
dilatation, 5
dilation principle, 47, 50
Dini’s theorem, 27
dirac measure, 33
disc, 6
distribution, 30
distribution derivative, 32
dominated convergence, 31
dominated convergence theorem, 23, 26
dual space, 19, 21, 24, 25
dual vector space, 23

eigenspace, 50
eigenvalue, 50
eigenvector, 50
equicontinuous, 13, 14, 28, 48
evaluation functional, 23, 28, 33, 36
extreme point, 25, 26
extreme set, 25

Finaltopologie, 29
finite dimensional vector space, 8
first category, 5, 30
first countable, 22, 31
fixed point, 18
Fredholm operator, 51
Fréchet space, 15, 16, 24
Fréchet space, 11
Fubini’s theorem, 32, 33, 38, 39
functional, 43
fundamental theorem of calculus, 33, 38

graph, 15

Hahn-Banach theorem, 19, 20, 38, 41, 45, 47,
49, 52, 57

Hahn-Banach-theorem, 21, 45
Hausdorff, 21
Hausdorff maximality principle, 25
Hausdorff space, 22
Heaviside function, 33
Heine’s theorem, 18
Heine-Borel property, 13, 27
Heine-Borel theorem, 24
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Heine-Borel-property, 29
Helly-Bray-theorem, 23
holomorphic function, 13
homeomorphism, 4
homomorphism, 4

inductive limit, 29
initial neighbourhood filter, 23
initial topology, 21–23
injection, 29
Inneres Produkt, 53
integrable, 13
integral, 26, 43
integration by parts, 32
Invariance, 4
invertible, 49
isomorphic, 23
isomorphism, 8

Kern, 57
kernel, 25
komponentenweise bedingt konvergent, 56
konvexe Hülle, 57
Krein-Milman theorem, 25

Lebesgue differentiatiom theorem, 33
Lebesgue measurable, 31
Lebesgue measure, 26
Lebesgue σ-algebra, 32
Lebesgue spaces, 44
Lebesgue’s dominated convergence theorem, 22
Lebesgue-Radon-Nikodym theorem, 23, 44
left-continuous, 33
Leibniz formula, 34
Leibniz rule, 36–38
linear combination, 17, 26
linear functional, 8
lineare Hülle, 58
linearly independent, 16
local basis, 4, 12
local neighbourhoods, 23
locally compact, 48
locally convex, 6, 19–21
locally integrable, 31

Lp-space, 13
mean value theorem, 37, 38
measure, 26
measure space, 9, 13
measures, 23
Milman’s theorem, 27
Minkowski functional, 20
Minkowski functionals, 9
mollifier, 40
monotone convergence theorem, 23

Montel’s theorem, 13
µ almost everywhere, 13
multiplication operator, 4
multiplication with scalars, 4

neighbourhood filter, 22
norm, 5, 13, 28
nowhere dense, 30
null sequence, 4

open mapping theorem, 15, 46, 47, 49
operator, 43
order of a differential operator, 33
order of a distribution, 31
origin, 4, 6
original topology, 22
originally bounded, 44
orthogonales Komplement, 58

partition, 26
partition of unity, 36
pointwise bounded, 14
polar, 23, 24
precompact, 24
product topology, 23
projection, 12, 23
Projektion, 58

quotient space, 11
quotient topology, 12

Radon-Nikodym, 38
Radon-Nikodym derivative, 32
Rand, 57
real linearity, 19
real seminorm, 9, 20
reflection, 39
reflexive, 44
regular, 4
regular decomposition, 16
Riemannscher Umordnungssatz, 53
Riesz representation theorem, 22, 23, 32, 44
ring, 49

Schwarz-Ungleichung, 56
second category, 14, 15, 47
second category, 13
seminorm, 9, 19, 27
separately continuous, 16
separating, 10, 22, 23, 25
separating family, 21
Separation axioms, 4
separation axioms, 25
separation properties, 20
sequential continuity, 31
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sequentially compact, 13, 48
sequentially continuous, 16
spectrum, 50
Sperner labeling, 16
Sperner’s lemma, 16
square integrable, 9
sub-additivity, 9
subbasis, 23, 26, 27
support, 28
support of a distribution, 36
supremum norm, 13, 22

test function space, 28, 29
test functions, 30
topological vector space, 4
topology of comapct convergence, 27
topology of compact convergence, 13
topology of compact convergence in all deriva-

tives, 27
topology of weak convergence, 22
totally bounded, 48
trace topology, 23, 29
translation, 39
translation invariant metric, 5
translation invariant neighbourhood filter, 4
translation operator, 4
triangle inequality, 9
Tychonov’s theorem, 24

uniformization, 4
uniformly bounded, 13
uniformly bounded set, 14

vector addition, 4
vector topology, 4
vertex, 25

weak closure, 22
weak convergence, 22
weak topology, 22
weakly bounded, 22, 24
weakly* continuous, 23, 24
weakly*compact, 23
weak* convergence, 35
weak* topology, 23, 26, 44
weak*-convergence, 40

Zorn’s lemma, 20
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